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PREFACE. 



A KNOWLEDGE of this branch of the Pure Mathematica 
Ì8 absolutely necessary, before anyone can successfuUy 
undertake the perusal of works on Naturai Philosophy, 
in which the effects of the observed laws that govern 
the material world are reduced to calculation. 

For Students deficient in this knowledge, yet anxious 
to obtain as much as may enable them to master the 
chief analytical difficulties incident to the study of 
Elementary Treatises on the Mixed Mathematics^ this 
hook has been written : and with the hope that by its 
means^ a subject of high interest may be rendered 
accessible to an increased number of readers. 

The Table of Contenta which accompanies the work 
will sufficiently exhibit its pian, as well as the subjects 
treated of in it : 

And if it be considered necessary to offer an in- 
ducement to any one to enter upon the study of a 
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science which is the result of one of Newton's most 
brilliant discoveries, let him know *that it is a high 
privilege, not a duty, to study this language of pure 
unmixed truth. The laws by which God has thought 
good togovem the universe are surely subjects of lofty 
contemplation ; and the study of that symbolical lan- 
guage by which alone these laws can be fuUy de- 
cyphered is well deserving of bis noblest efforts.' * 

* Professor Sedgwick on the Stadies of the University. 



Eing's College, Londok. 
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CHAPTEE L 

1. One quantity u ìs said to be a functìon of another x 
when the yalae of the magnìtade of u depends upon the 
Tarìation of x, Tbus the area of a trìangle is a functìon of 
the base, when the altìtude remains unaltered, since the 
area will ìncrease or decrease wìth the increase or decrease 
of the base. 

And ìf ussax^+ bx, where a and b are Constant qaan- 
tìties, and x a variable one, u is said to be a function of x, 
since if X changes, the vaine of u will be altered : this 
relation between u and :r is usually expressed bj writing 
u =/(«) or 0(a:), the symbols/ and ^ expressing the word 
function. 

The quantities expressed by the letters a and 6 are 
omitted in the equation u=f(x). Since, although they 
determine the particular kind of function, they remaia 
unchanged, while x passes through every degree of mag- 
nitudo. 

The quantity x is called the ìndependent variable, and u 
the dependent variable. 

ji 2. Functions are called explicit and implicit: u is an 
ezplicit function of x, when u is known in terms of x, as 
in the equation u = ax^ + bx, An implicit function is when 
u and X are ìnvolved together, as in the equation u^x — aux 
-|-^a?2 = 0. An implicit function is written /(«, x) or 
^ {Uf x) = 0. - 

3. Functions are also divìded into algebraical and tran- 
scendental: 

Algebraical functions are those where u may be expressed 
in terms of x, by means of an equation consisting of a finite 
number of terms. 

Thus u = ax^ + òa?"*-^ + &c. + gx^ +rx+8 where (w) is 
finite, is an algebraical function of x. 

A Transcendenlal function is one where u is equal to an 
infinite series, the sum of which cannot be expressed by a 
limited number of terms. 

B 



DEFINITIONS. 

TLus M=log (1+a?), wbìch 

l { x^ se^ x^ \ 

=^|a?--2+-3 --^ + «e. to infinity L 



<m3 jr^ /• • ì 

and M =8Ìn x=x-~ 4. &c. to infinity L 

2.a ^2.3.4.5. ) 

are transcendental functions of x.* 

4. Functions are also called continuous or discontinuous. 
A function is continuous, when it undergoes a graduai 
change ; it is discontinuous, when the change is net graduai, 
or when the function changes suddenly from one value to 
another very difierent value. Thus when the difference 
betweeny(x) and/(ic+A) may, by the continued dimìnu- 
tion of A, be made as small as we please, f(x) is a continuous 
function ; but when under the sanie circum8tances/(a:-f A) 
difFers widely from /(a?), the latter is a discontinuous func- 
tion. We may familiarly liken a continuous quantity, to a 
stream of water fiowing equably and steadily through a tube, 
and a discontinuous one, to water falling interruptedly, or 
in drops, from a height. 

5. The equatìon u=f(x) expresses the relation between 
the function u and the single variable a;, and the values of 
u solely depend upon the change that may take place in x : 
but if we bave an equation between three unknown quan- 
tities, such as u=ax^i/—bxy^, where x audy are independent 
of each other, i. e. not connected together by any other 
equation ; then the value of u depends upon the change, 
both of X and ^, and u is said to be a function of two 
variables; this is expressed by writing u==f(x, y), 

As an instance, we may again take the area of a triangle, 
the magnitude of which depends upon the rectangle of the 
base and the altitude, which lines are totally independent of 
each other. 

It is obvious that there may be functions of three, four, 
or of n variables. 

6. But to return to functions of one variable ; let 
u=f{x) express the relation between the function and its 
independent variable x, 

Let X increase and become a;+A, then the value of u will 



* i£«l+ar+ar' + af* + &c. to infinity is an algebraical fohction of x, 
since the sum of the series is expressed by 



1-x 



PRINCIPLE8. 3 

most probably be altered. Lei the new value be represented 
by Mj, then Mj==/*(a:-f A), 

and u =f(x\ by hypothesis ; 
/.ttj-M =J{x-\-h)-f{x). 

Now Ui — Uj or the difierence between the functions of 
x-\-h and x, must depend upon h, and we shall first shew 
that it may be expressed by a series of the form 

^A+J5A2-fCA3-h&c.; 

and /. that«i=3M+^A +-BA2+CA3 + &C., 

or that Ui is eqùal to t<+ a series of terms ìnyolving positive 
and integrai powers of A, which ascend from the simple 
power : the primary object of the Differential Calculus is to 
find the coeffieients Ay B, C, &c. 

7. We will first shew that Ui may be expressed by a 
series of the above form by a few particular examples : 

(1) Let u =xi^; 

= M + Say^A + 3a;A2 + A3, 
which is of the required form. 

(2) Next, let M=a;" ; 

by the Binomial Theorem. 
Or, putting u for a:», 

a series of ascending powers of A. 

(3) Lettt==^a:"4--5a:» + Ca*+&c.; 

/. tti=^(a;+A)"»+-B(a?+ A)'»+ C(a?+A)P+&c. 

=^ {«« 4- roaj^^A + wi ^^""^^ a?"^A» + &c.} 
+ jB(aJ» + na^^h + w^^zJ-Ww + &c.) 
+ C(ajP 4-;>a^^A +;}£zia:P-2A* + &c.) 

+ &C. 

-h (m-^^x"»-^ + w^o;*»-^ + &c. )A 

b2 
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+ {«^^^^. ^«^ + /""^^ga"-» + &c.} A» 

+ &C. +&C. 

by writing u for ita vaine, -4ar"+^aJ** + &c., and putting/;, 
5', &c. for the coefficients of A, A^, &c. 

(4) It may also be shewn that (f^\ log (« + A), sin («+A), 
can be ezpanded into serìes of the form 

tt + ^A + J9AH CA», &c 

bui we proceed to demonstrate the following general Pro* 
posìtion. 

8. Prof. If ttt=/(a:), and f^i be the vaine of ti when x be- 
comes j;+A, then shall 

where u is the originai function, and Uh^ represents ali the 
terms that follow Ah. It is however necessary to prove, 

(1) That «1 or/(ar+A) can only contain powers of A with 
positive indices. For if 

«i=illf+^A-+^A-^+&c.=illf+-4A-+:^ + &c. 

when A=0, u^ instead of becoming =tiy wonld be infinite. 

(2) That none of the indices of A can be fractional ; 
for if possible let 

tti±=ifcr4-Ì'A'^+-B. 

then '.* A» or V A*" has n difierent values^ let Aj and h^ be 
two of them ; 

/. «i=illf+PAi + .B; and«i=-W-f PAa+i?; 
/. subtracting, P(Ai— A2)=0; .*, P=0; or there is too 

term of the form PA». 

(3) That the first term of the expansion =^ti. 

For let «1 or/(a7-f A)=JI!fH-^A* + &c. then let A=0; 
/. /(a;)=«=ÌI!/, or M=u ; and «iS=«+-^A*+&c. 

Let /. «1 or/(a?-f A)=M+^A-+^A'*+CA''+&c, 
where a is the least of the indices of A, and fi the next in 
magnitudo, and A^ B, &c. are functions of x, 

Now whether x becomea; + A, or A become A+A or 2A, 
«1 will become/(ic+2A), and the expansions on either sup- 
position must be ìdentical. 
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(1) Let h become 2A, and let u^ he the valae of u^ ; 

=ii+2MA*+2^m^+&c (1). 

(2) Let ap become a?+A, then «j is as before/(a;+2A) or 
«2 ; also let (u\ {A), (J3), &c. represent the valaes of ti, A, 
B, &C9 for these undergo change, V they are functions of a? ; 

.\ «2= W + (^)^* +(^)A^+ &c. 
But (u) ìs the same as u^ for it 18/(07+^)9 

/. {u)=u+Ah'-\-Bh^+kc. 

Also (^), (-5)» &c. being what A,, -B, &c. become by putting 
27+ A for X, must he of a similar form ; 

.\ (^)=^ + v4,A*»+AsA^»+&o. 
(B)=B+ B,h^ + J8^^« + &c. 

then multipljing {A) by A" and (J5) by A^, and substituting, 
u^=:U'\-Ah +Bh^ +Chr +&c. 
+^A- +4,A*"'"' +^2A-*^ + &c, 
+J9A^ +J9iA''+^+&c. 

=«+2^A-+^iA-*-» +2J5A^ 4r&c. , . (2), 

Equating the coefficients of A* in series (1) and (2), 

2A==2'A; 2=2*; .\ a=ì, 

and tìi=/(a:+A)=M-f.^A+^A^+&c. 

whence ìt appears that the second term of the expansion of 
f[X'k'K) corUains the first power of A only, 

Hence also aj = 1 for AJi'^ is the second term of the ex- 
pression for A when x becomes x-{-hy 

.\ «2=« + 2-4A+-4iA2+25A^ + &c. from (2) 

=ti4-2^A+2^ ^A^+&c (1). 

Now, since in series (2) a term is found involving A*, some 
corresponding term i^ust be found in series (1); and as (} is 
less than any index that foUows it, )3 must = 2 ; 

.-. Wi=/(a?+A)=«+^A+^A2-hCA''+&Ct 

=« + ^ A -f (5 + CA"-* + &c.)A2 

=u-{-Ah+Uh^. 

Cor. From this it foUows that /3i=:2; and therefore a-f 

/3|=3; and therefore -Hi 2^**^^ =-^2^^» which being a term 
in series (2), there must be a corresponding term in series 
(1); whence y=3, and similarly the next index =4, and so on ; 
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it will afterwards be shewn, by a Theorem, called Taylor's 
Theorem, that the coefficients, A^ By C, &c. haye a depend- 
ence on each other. 

9. The second term of the expansion, or Ah, is called the 
dìfferential of u: differential being the diminutive of dif- 
ference ; for Ah is the first term of the difference between 
Ui and Uy and is consequentlj a part only of the difference : 
but the difference and differential differ the less, the less h is, 
and in cases of approximation, the latter is sometimes taken 
for the former. 

Instead of writing differential at fall length, the letter d is 
used, thas du is put for difierential of t^, and thus du=:Ah : 
but as then h is called the differeniial of x, therefore for 
symmetry of notation dx is pùt for h, and thus du=Adx, 

A is called the first differential coefficiente and is expressed 
by the symbol -j-, when u^=f{x), 

QX 

Hence we defìne a differential to be the second term of the 
expansion o£f{x'{-h)y and the differential coefficient to be the 
coefficient of the first power ofh, 

du 
The process by which -4, or ^ is found is called differen" 

tiation, 

From these definìtìohs we see that the differential of it, is 
the product of A into the differential of a; ; or calling the 
first quantity lu, and the second Ix^ we bave 

ex ax 

or the ratio of the differentials of u and x is equal to the 
ratio of the differential coefficient to unity. 

The letter l is bere used only to avoid confounding the 
differentials with the differential coefficient, but in general 
we make use of the letter d. 

10. Again, since Mi=w-f ^/i4- tlh^ 

.'."hlZl^A+Uh^ 
a 

but Wi*-w is the increment of «, and h is the increment of x ; 
therefore the ratio of the increment of the function, to the 
increment of Xy z=A + Uh ; and as h decreases, this ratio 
tends to 2^ as its limit, and when h vanishes actually = A. 



FRINGIPLES. 7 

That ìs, ^ or — is the limit of the ratio of the increment 

dx 

of the function to that of the variable upon which itdepends. 

Cor. Hence, the ratio of the differentìals of u and x^ 
equals the limit of the ratio of the incrementa of u and x. 

11. Hence we have a method of finding the differentìal 
coefficient which is frequently very convenient. Expand 

f{x-\-h\ subtract f{x\ divide both sides by A, make A=0; 
and the term or terms remaining of the expansion wìll be 
the coefficient required. 

12. We bave seen that if u be any function oi x^ and x 
become ar+A, 

f(x^h)=:U^^h^Uh\ 

Similarly, if z, v, &c. be functions of x, they will respec- 
tively become when x is made x-\-hy 

z-]-^h-\-Zh\màv-\-^h+Vh^, 
dx dx 

where Zh^ and Vh^ represent ali the terms after the first two. 

13. Thus it appears, that in order to find the dìiferential 
or differentìal coefficient, we have merely to put x-^-h for x, 
and expand f{x-\-h) accordi ng to the powers of A, and the 
term correaponding to Ah will give us at once both of the 
objects of our enquiry. But such a direct process would 
always be tedious, and often almost ìmpracticable. We 
therefore proceed to investigate rules which will not only 
greatly diminish the labour of differentiation, but render it 
a simple algebraical operation ; but we will first apply the 
general process to the function 

ò + a?' 

a-^-x h 



a-\-x+h b-\-x b-\-x 

tl.= ! — 

ò-\-x+h 1 , A 



1 + 



b-\-x 



= /^g+a?^ h \ 1 
\b-\-x b-i-xj-, h 

'^b + x 
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. du_ 1 __ a+x __ ft— a 
dx'^bTx {b-^x)^'~{b+x)^' 

Again, since t^=T ^> ^^ ^^ h2kYQ hj the same process 

and ?^= |i:^+;,A+^A«+&c. ; 

and by making A=0; as in Art. 11, 

du ò— a 

dx^ip^xf 



Rules far finding the Differential Coejfficient 

14. We repeat the definì tion of Art. 9, that if u=f(x) ; 
— ìs the coeflicient of the first power of h in the expansion 

uX 

of Mj, or of/(ar+A). 

Let u=ax9 a beìng a Constant quanti ty; 

/. tti=a(a?+A)=aar+aA=M+aA; 
. du d(ax) 

dx dx 

Cor, If M=:a?; /. -t-=1, V a=l. 

16. Let t^=aar+6, where a and b are Constant ; 
.', Mi = a(ic + A)+6=aa?+A + aA=ti+«A j 

/. -7- =a, that is, -^^ — --^ ^ =a. 
cu; aiv 

But bj the preceding Artide, -^—Jzz^a ; 

. d{ax +b)__ d(ax) ^ 
* * dx dx 

that is, Constant quantities connected with a variable one by 
the signs + disappear in differentiation. 
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16. Jjetu=aaf^. Then, 

«1 =a(a? + hy=a . (aT + nuf^^h -f &c.) 
=aa^ 4- »iaaf*-^ A + &c. ; 

cu; 

or to find the differentìal coefficient of ctat^, multipla hy the 
index and then diminish the index hy unity. 

Ex. u^òa? ; /. ^=35««. 

dx 

17. Let u^zaz where 2; is a function of x ; 

therefore if x become x-^-h^ 

dz 
z becomes, z + -^h + Zh^ ; 

dx 

dz 

. c/t£ dfaiz;) dz 
** dx dx ' dx 

18. If v=^aZ'j'b, a and 6 being Constant quantìties^ 

., du dz 
then --=a.— -, 

aa; air 

, d{az-^U) adz d(az^ 

c;/!r c/;r (/;r 

19. Let w=2;H-t;-f-tr4-&c., «, v, t(;, being functions of a;; 

.-, w+^A + &c.=2r+^A+v+^A + tr+^A + &c.; 
a.r ao; oo; dx 

. du^dz dv dw.^ 
dx dx dx dx 



• • 



<f.(2?H-i?4-W7+&c.) dz . dv , dw , Q 

or ^ ^ 7 ^ — ^=3-+:r +3-+^c- 
ao; dx dx dx 

Or the differentìal eoefficìent of the sum of anj functions 
equals the sum of the differential coefficients of each func- 
tion, 

20. To find the dìfferential coefficient of the produci of 
two functions. Let u^=izv ; 
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ax ax 

dv . dz 



V cix dx) 

where-6=Zr+ Vz'\-- — -; 

dx dx 






du dv dz 



dx dx ' dx* 

or the dìfferentìal coefficient of the product of two functions 
equals the sum of the products of each function into the 
differential coefficient of the other. 

21. To fìnd the differential coefficient of the quotient of 
two fanctions. 

T ^ s! du , dv dz 

Let«=-; /, vu^=z;v — + w- 

V 



"-dx 


' 1 


dx 


dx 


du 1 

dx V 


dz 
dx 


u 

V 


dv 
* dx 


1 


dz 


z 


dv 


V 


dx 


t^ 


'^'dx 


V, 


dz 
dx 


-z. 


dv 
dx 


^~ 


\ 


t;2 


é 



A simple expression, the form of which is more easily 
remembered than the enunciation. 

22. Let Ui=iZvWy writing vw for v in Art. 20 ; 

. du divw) , dz 

dx dx dx 

T> j. dAvw) dw , dv 

dx dx dx 

. du dw , dv , dz 

dx dx dx dx 

Similarly maj the differential coefficient be found for the 
product of n functions, and it will be equal to the sum of the 
n products of the differential coefficient of each of the func- 
tions multiplied bj the remaining n—l functions. Thus, 

d,{z,v,w.s..,(n)} f ^^dz , , ^^ dv 

aa? ^ dx dx 

+ 2rw ...(«— 1 )-=-+ &c. 

dx 
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23. LfiMMÀ. If t^ be a function of Zy and 2; be a function 
of X. tben 

du du dz 

dx dz dx 

For ìf luy Iz, dx be tbe corresponding dìfferentials of u, 
Zy and x; 



eòe ex èz ex 

-D . 3m É?M^ du du ^ Iz^dz ^ 

Ix dx* hz dz' Ex dx^ 

. du du dz 

dx dz dx 

an important tbeorem, of wbicb we sball bereafter givo 
another demonstratìon. 

24. Let «=z", z beingt==/'(a?) ; find --. 

dx 

du^ n I . rftó É?M C?2r ,^_j Cr;2^ 

— W2r~ ; •* — — ^-— -,— _ — wz • j~>' 

02; u;i: dz ax dx 

or, te find tbe differential coeflScient of z", multipli/ hy the 
indexy diminish the index hy unityy and then multiply hy the 
differential coefficient of z. 

Ex. If M=(a2+a?2)» tben z^o^^-t? and ^=2ar; 

dx 

.-. ^=rn(a2 + ar2)»-».2a:. 
dx 

25, The rule for findìng tbe differential coeflScient of z^ is 
perfectlj general» but when n=^ it bas a vaine wbicb it is 
useful to remember. Tbus, 

dz^ 

c^a? ^ c/a; 2V2;' 

wbence tbis mie. To find tbe differential coefficient of tbe 
square root of anjquantitj^ divide tbe differential coefl&cient 
of the quantitj under tbe square root, by twice tbe square 
root of the quantity itself. 

Ex. Let M= ^/a-i-bx-^-cx^ ; 

^ du ò 4- 2cx 



dx 2Va-\-hx-^ex^' 
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Examples. 

(1) u^Zx^^ /. ^=34.ic^*=7:c^. 

dx "* 

(2) «ssar^^aj^+x + l; 
^=3a?2+2a? + l. 

(3) «=(a?H-a).(a?+6); 
g=(.+a)l?^)+(.+*).^) Art. (20) 

=a74-a + a?+^=2a?+(a + 6), 

(4) «=ar(l-ha?2)(l+a:3)^ 

= (l4-ar2)(l+a?3)+<l+ic3).2(» + ar(l+a?2)3a;2 
= l + 3a?2H-4a;3H-6a;». 

(5) ti=;—=a**ar-"; --5?: — «a«ar-*^^ =—l-L • 

.-. if w=? ???=— ?L. 

(6) «=|^; See(Art.l3). 

(7) tt=-Ì^ ; 



. <?M__(ar-|-l)"*.wa?"*-^— a^.wi.a; + l 



m-\ 



• • 



<3te (ar+l)*"» 



a;-|-l>+» a; + ll 



m+l 



(8) u=Vì-\-x^i 

:7- = = — ===. Art. (25). 

«^ 2Vl+a?2 >v/l4-a?2 ^ ^ 
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/. 2m— = 1+ — 



dx Vl + x^ Vl+a?» Vl-i-x^ 

dx ^ >v/l+a?2 






(10) ii=:r-^x^. • ^2=: ^, 



•• ^ (aa-x2)^ (a2«a?2)2' 

. du 2a^x Va^--x^ 2a^x 



dx (a2-.a;2)Va2+a;a (a^^x^)^ Va^ + x^ 
Qjx \/l +a?+ Vi— «:__( Vi -f-ojH- '/l— ar) 



2 



a/1 +a?— Vi -a? 2a? 

_14-V1^. 

y 

X 

— a?2 



;^^_-.(i+ Vi-it2) 



du a/1— a?2 «2+ a/1— a<'2 + l-a;5 



• • 



dx x^ x^Vì-x^ 



__ 14. Vl-a;S 
«^a/I-x^ 



(12) «ss=a?(l+a:2). A/l-a!2=(a;+a?2) a/I-j? 



rfa? "^ ^ a/1— «2 

l4-3a?2— a:2— 3a^-a;2-a^ 



Vl-ar2 
l4-a;2_4ar4 



Vl-a;2 

(13) tt=(2a?+3)(5a?+7); ^=20a;4-29. 

(14) tt=(l-a;2)(l-a?3); ^=^2x-3x^-^5x*. 

CLX 

(15) tt=(«*-a?2 + l)i2. ^=24a:(ar4-a;2+l)n(2a:2-l> 
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(16) «=(2aa;+ar2)"'; p=2m(a-\-x){2ax+x^)"^K 

ux 

(17) w=aj2(l+x*); ^=2a?(l+3x*). 

dx 

(18) u={l+2x*){l+4x>)i p=4x(l+3a:+lOa^). 

UX 

(19) tt=2ar(l+:r)^^=(2 + 7ir)(l+a:)^ 

(20) «=(l+a:)ni+ar2)^ 

^=4(1 +a?)3(l +a:2) (1 +jp + 2a;2} . 

(21) «=(a+a;)(6 + a;)(c + ap); 

(22) M=(l-2a:)(l-3a:)(l-4a;); 

du 

.-. ^=-(9--52ar+72a?*), 

(23) «=(l+a?>)3(l+ar3)2 

^=6ic(l +a;2)2(l +^)(1 +a:+2ar3). 

(24) «=(1 +a7"*)''(l +ar")". 

•'• dx^^^^^ +«*")*-* (1 +a:")"*^^ {««-^ + ar^^ +2jf^»-^} . 

(25) tt=(l+a?)^/l^=^; 

du 1 — a?— 2ar2 
dx Vl^s^ 

^^ ""ÌM^' 5i""(a^ + l)2' 

(27) «=- ^ ^« ^ 



Vl+a;2 cto (l+a?2)f 

iOQ\ ». x*'-2 ,- du x^ 

(28) u=~—-^i^x^i 



dx Vi-j-x^' 

(30) t.= _£=;-^=_^ . 
Vì'\-x^ dx (l+ar*)| 

r3n ,,_ a;*-ar2 + l . rfM_ 4a.'(a:^-l) 



(32) w= 
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Vì+afi dx (l+a:6)l 
(33) ^^ vTTg-^1 . j«^ 2A/ITg~l)^ , 

(34) tt=(^ì±l)! • ^=(^z:2)vWl. 

Vaj-l ' flte (a;- 1)1 



(35) «=/\/| 



— \/aj du 1 

— 5 



+ Va? É^a? 2(1+ vi) a/ a;-a?2 

(36) u= — .- ; — = ^ . 

Vl+a? + a;2 dx 2(l+a:+a?2)l 

(37) «=-^^^^2 ; -= ^'-^ 

VH-a?H-a?2 c?^ (l-ar+a;2)*(l+a: + a?2)i 

du 

(38) Let tt^ar— w+ar2— a^—o ; find ^, this is an implicit 

functìon ; put v=:u^x, and differentiate ; 

... ^_^+2:r=0: but^=2«*5^+«« (20); 
ax dx dx dx 

^ du ^ du ^ _ 

.•• ^(2«a;-l)=-(«H2*)=- ^— • 

, c?M___«-f-a?* + a^ 
** dx 2ux^'-x 

(39) w3~3tta?2+a;3=0; find ^; 

oa; 

/. 3M2^-3a72^-6Ma; + 3a;2=:0 ; 
dx dx 

, tìfw__2Ma?— a?2_M 

dx~~ u^—x^ x 

(40) 2«a;+.aw2_^a.2=0; ^=-. 
^ "^ efor a? 

(41) ««4+03^-60:4=0; ^^«f^'^h^). 

du^ u^oc 

(42) tM;=(a+«) Vb'-u^ ; di-~f,a+u){ab^-^u»Ì 

(43) M=v «+«+ 'v^a+ar+ Va+« &c. «» «»»/f«. ; 
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du 1 






dx v'l+4a+4a; 

26» In the preceding examples, differential coefficients 
have only been obtaìned ; but by the definìtions, the dìffer- 
entìals maj be found bj multìplyìng the dififerential co- 
efficients by the increment of the independent variable. 

Thus to find the differential of the product of two func- 
tions z and v, if u=zv, then 

du dv , dz t . ^ . , - 

-=-=2r-=- + »-=- ; let car=increment of x ; 

dx dx dx 

/. d(zv):=.z-;^hi-\-v—-lx. 
dx dx 

But -— ^27=dìfirerentìal of t?=cfr, 
dx 

and --3a;=differentiàl of z=^dz ; 
dx 

/, d(zv)=zdv-\-vdz; 

and in the same manner, 

vdz—zdv 



■©= 



t;2 



and d, {z^)=nz'^^dz. 

27. It will now be naturai for the student to enquire 
what is the object to be attained, bj finding the differential 
coefficient, but it will be difficult at present to gif e a com- 
pletelj satisfactorj answer to the enquiry, without intro- 
ducing subjects wìth which he can bave no acquaintance. 
Lacroix says : " Il serait fort difficile d'expliquer clairement 
la nature du Calcul différentiel à ceux qui n'en ont pas les 
premières notions." Yet perhaps he maj be told, that if y 

be the ordinate and x the abscissa of a curve, -r is the tri- 

gonometrical tangent of the angle^ which the tangent makes 

with the axis of x ; that if u be the area of the same curve, 

du 

^=y; an equation by which hereafter the area of the 

curve may be found. Again, if s represent the space de- 

ds 
scribed by a point in a time t, that — represents the velocity 

oc 

(v) with which at the end of that time the point is moving, 

and -=- , the force which either accelerates or retards the 
dt 
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point's motion. And again, if u=zf(^x) be an equatìon ad- 

flit 
mitting of maximum or minimum values, that — will fur- 

dx 

nish an equation, bj whìch the values of x that make u a 

maximum or minimum may be found. And lastly, if u=f{x) 

=0 be an algebraic equation of which the roots are a, b, e, 

du 
&c., then — =0 will give the limiting equation^ the know- 

IJLX 

ledge of the roots of which is so useful in determining the 
roots of the originai equation. 

28. We shall conclude this Chapter by a few simple appli- 
cations. 

(1) The radius of a circular piate of metal is 12 inches ; 
£nd the increase of area when the radius is increased .001 
inch. 

If w= area of a circle, radius =a?; 

.*, w=7ra?^; and du=^2irxdx, 
Make a?=12 ; dx^=,00\ ; then c?w= increase of area ; 
/. c?w=3.U16 X 24 X .001 =.0753984 of a square inch. 

(2) A cube of metal of the same thickness is similarly 
increased ; fìnd the cubi cai expansion. 

M=a:3 ; /. du^^x^dx=iZ x 144 x .001=.432 cubie inch. 

Cor. Divide byw; /. — = — . Now — is in chemistry 

u X u 

called the cubical, and — the linear expansion ; hence the 

X 

cubical is three times the linear expansion. 

(3) As an instance of finding the ratio of infìnitely small 
quantities. Upon AB describe a semicircle, draw a chord ^P ; 
draw PN perpendicular to AB ; then prove that AP^=.PN 
ultimately ; i.e. at the moment when the are ^P vanishes. 

Make AN^x, AB=2a ; 

/. AP= V2axy PN^ V2ax^x^ ; 
.AP_ V^x _ ^2^ . andifor-O 

• • yj^T-— — :— » alili IL •*— Vj 

^-^ V'Zax-x^ ^/2a—x 

:d?=J^=l; or ^P=PiV ultimately. 
PN V2a ^ 

(4) The limit of the ratio of sin x\ sin - is 2 : 1. 
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CHAPTEE IL 



Differentiation of Angular, Exponential, and 

Logarithmic Functions. 



29. To find the diflferential coeflBcient of w, when 

uz=i sin X, cos a?, tan x, sec Xy &c. 
The foUowing Proposition must first be proved. 

If h be an angle, — -— , or — = — = uni tv, when A=0. 
^ h h ^ 

It is well known, that A>sin A, < tan /* 

or h lies between sin h and tan A, 

or sin A, A, and tan h are in order of magnitude ; 

/. tan A — sin A, is>A— sin A, or >tan A— A. 

If therefore tan A— sin A ever = 0, or -■=. 1 ; àfortiori 

sin A 

will A— sin A=0, and tan A— A=0; or — - — = 32 1. 

' A A 

XT sin A cos Al, i_ T f\ 

Now j= =_ = 1, when A=0; 

tan Ali 

--— and —j — also respectivelj =1, if A=0. 



• • 



30. Let M=sin ic ; find — 

dx 

For a?, put x-\-h, /. u becomes u-\- -r-A+ C/A^, 

ax 

and w + — A + t/A^ =sin (a? -j- A), 
dx 

and u =sin x ; 



/, — A + C/A2=sin (a? -j- A) — sin a: 
cte 

= 2 cos (a?+i A) . sin ^ A*. 
.•.^+CT=co8(«+iA).?!ai* 



♦ Since sin .4 -sin ^«2 cos . ^^^^ . gin ^^. 
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and making A=0 ; .%^'"^^=1; 

. ^'^—«^o « ^« fi? . sin a? 
• . -7- =cos a:, or — - — =cos x. 
dx dx 

31. tt=cosar; find—?; 

dx 

.\ «+^A+ C^2=co8 (ar+A) ; 



€lx 

dx 



du 
*' d~^'^ Uh^=cos (x-hh) — co8x 

= —2 sin (x + ^A) sin ^A ; 

.•.g+rfA=-sin(x+iA)'-||^; 
.-. making A=0, ^=^:i£!5= -sin a:. 



32. tt=tana:; find~; 

/. «+^A4-C^2=:tan(a?+A); 

.•. ~A+ C/'A«=tan(a;-fÀ)— tana? 

_ tanA(l-Han^a ;)^ 
1— tana;. tanA 

• ^x/JA— **°^ (1-htan^a;) 
cte A *' 1— tana?.tanA' 

make A=0 ; /. tan A=0, and *-?5-^= 1 ; 

A 

, rfw d.tanx , . ^ o « 1 

•• T"~ — 3 ^=l+tan2ir=8ec2ar= — ^— , . 

dx dx cos* X 



33. w=secar=— L- ; find — ; 

cos X dx 

— «f.cosa: 



• • 



du_ dx sin re __sina: 1 

dx (cosir)2 ""(cosa:/ ~cos x' cos a:^ 

^ d . sec re ^ 

or — =tan x . sec x. 

dx 

02 
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34, M=ver • sin a;= 1 — cos a; ; 

du d . cos X 



dx dx 

cosa? 



= sin X, 



35. t^=cotan x= 

sin X 

du__ __ (sin xY 4- (cos xy 
dx (sin xy 

= — , . — -=— (cosec xy= —(ìi-eot^x). 
(sma?)^ 

36. u = cosec x = ; 

sin X 

dfsin a? 

^ du dx — cos a? 

»*--= ,■ vj! ==7": — ro=— cotaj. cosec ar. 
dM . (sin a?)-* (sin xy 

37. Hence coUecting the results, 

li tf=sina?, — -=cosa:, 

dx 

du . * 

t<=cos X, -^ = — sm X, 

dx 

u=iaxiXy -- = l-j-tan2a:= 



dx cos"^ X 

du 
«= sec X, __=sec x , tan a:, 

dx 

tt=it; . Sina?; /. — =sma;, 

dx 

w=cot X, __ = —(l -f- cot^ .r)= — , 

dx sin^ X 

du 
u = cosec a?, -_. r= — cosec x , cot a?. 

dx 

38. Next let M=sin z, where z=J'{x), 

rriu c/2^ du dz 

^^'""di^ di' di' 

■n .du . du dz 

Bu t -— = cos 2? ; •.-!-= cos z-r* 

dz dx dx 

39. Let M=cos 2; ; find -r-, 

dx 

du . du , dz 

--- =— smi?; ,%-^=— smar. --. 

dz dx dx 
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Ex. (1) LetM=sin3a;; /. -— = i3cos3a?. 

dx 

tJu 

(2) Let «=cos(aa?+ò); /. — -=— a.sin(flra?H-ò). 

dx 

40. Let w=tan z ; /. -5-=! H-tan^ z ; 

02: 

... ^=(l+tan^z)^. 
dx dx 

41. And if M=sec<e:; -— =:8ecz.tan ^.--, 

dx dx 

du , dz 
u=iVSiD.z; — =sin<2r.-— , 

ax dx 

«=cot z ; -— = — (1 +cot* z)~-r* 
dx dx 

du . dz 

t£=:cosec z\ -7- = — cosec z>coiz. — . 

dx dx 

42. To find the differential coefficients of the angle in 
terms of the sine, cosine, tangent, &c. 

Before we do this it will be necessary to shew that if u 
be a function of x, or if u=f(x), and consequently x a 
function of u (since it is a mattar of convention which of 
the two is the independent variable), or as it is written 
f~\u)y where/-^ is called the inverse function, 

du 1 

dx dx 
du 

Let du, dx, be the difierentials of u and x. 

Then smce-=-; /. ^=t- 
00 ex ex 

a du 

But since the ratio of the dìfferentials is equal to the ratio 
of the differential coefficient to unity ; 

. du__du^ dx^dx X A ' ^^ ^ 
dx dx* du du dx dx 



• • 



du 

43. Hence*, if «=sin-^a;, cos-^a?, tan-^a;, &c. find -—. 

dx 

* By uassinr;* x is meant, u is an angle whose sine is x. Similarly, 
vstan"' X is an angle u of which the tangent is x; these are called 



22 DiFFEBEarriAnoK of ahgulab functions. 

(1) tt=8in-'ar; .\ar=8Ìntf; 
. dx 



. . — =cofl«= v'I — sin* tt= Vi — x^i 
du 

du 1 1 



'* cto fifa: Vi— a:** 
di 

(2) «=cos-* ar, or ar=cos u ; /. -— = —sin u ; 

du 

du l 1 



/. dx sìnu Vl—x^' 

(3) tt=tan-*ar; /. x=tantt; /. --=(1 -ftaniti); 

ati 

da: l + tan^tt l+a;*' 

(4) tt=sec-^ar; /, a:=secM; .'. -y-=sectt tan w; 

, du ì 1 



d!ic sec tf tan u x Vx^ — l 

dx 
(5) »=cotr-^a?; /. ar=cot«; /. — =— (l+cot^ti); 

Cwtv 

^ du \ 1 



• • 



rfa: l+cot^ti l+a:^ 



(6) «=cosec-*j?; /. a:=cosecM; /. — - = — cosecti.cotM; 

du 






du — 1 



c/a? cosec u qqìu x Var^ — l' 
(7) »*=t7.8in-^a?; /. a:=r8Ìnw; 
dir 



.% -r-=sin«= Vi— co82tt=V(l— co8«)(l+ costi). 

But 1— co8 2«=a:; 1+cos M=2-a?, 

- da? /ji ^ j ^^ ^ 

= V za:— a?^ and 



• • 



du dx v^2x—x^ 



inverse fhnctions. Thns, if ««log a:, then u»log-* x espresse» (hat v 
il a namber of which the logarithm ìa x. 



Hence 
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d.sm-^x 1 



dx Vl-ar^' 

d.cosr^x —1 

dx ■" Vì^x^ 
d. tan-^a? 1 

dx "^l+x^ 

d.secr^x 1 



dx l-\-x^ 

d,cosec-^x — l 



dx xVx^ — V 

d.v6m-^x 1 



dx V2x-x^ 

X ' X • 

44. Again, if M=8in-* - ; /. -=8m ti ; 

a a 






(1) 



. d«_J__ 1 



dx dx ^/a^—x^ 
du 



(2) ifM=C08-^?, ^=- ^ , 

^ ^ a dx >v/a2— a;» 

(3) If«=tan-^-; /, -=tanM, 

a a 

_-=a(l + tan'M)=a( IH — :, )= ; 

du ^ ^ \ a^J a 

d(uu-\'^\ 
. V a) _ a 



• • 



dx a^-^x^ 



(4) Sùnilarly. -A_-fZ=-_=. 

45. Alfio, if M=sin-^^, where z^J{x\ to find — . 
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dz 


du 1 


du du dz dx 


dz Vì-z^' " 


dx dz dx //i— .;j2* 


1 . du 


dz 
— 1 ^ du dx 



Let M=cos-^2f; /. — = 



> • • 



dz Vi— ^2 c^iP Vi— -2^* 

dz 
Lett.=tan-»z; .-. ^'^^ ^ • • ^'^- ^x 



1 • • 



dz ì-\-z^ dx 1 -j- ^2» 

and in the same manner for the other circular functionsl 

46. To find the differentials from the difFerential co- 
efficìents : 

</ . (sin 0?) = cos X . dx, 
e?.(cosir)=— sin x,dx, 
d.{iB,nx)={l+tSLn^x)dv, 

nnd dJsìrr-^x)^ — 

dx 



^'*.2' 



d . (tan-* x)= 

d,(sec-'^xy. 



xVx^—i 

Ex. Find that angle (a?) which increases twice as fast as 
its si ne. 

Let tó=sin x\ du= cos x , dx. 
Bui du=^dx', ,". cosa;=^; .'. a? --=60°. 



Exponential and Logariihmic Functions* 



between a number u and its logarithm x, find -j-. 



47. Let u=a^, which in general expresses the relation 

da 
dx' 

Since«=:a*; .•. Mi = a=^+*=a^.a*. 

But a*=l+^A + i^^^2 + &c. where ^=logea: (Alg. 269); 

dl/b 

/, — = ^a* and (^m= -^a^^ . dx. 
dx 
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Cor. If a=e=2.71828, A=\og^ e=l ; 

d €* 
.'. — ^j — =e^; 2knàdué'=:e^dx, 
dx 

48. Next let t£=log a: ; .% ar=a'*; /. -_ ==i4a'*=i4. j?; 

ali 

** dx dx A x' 
du 

If the base be (e), -4=1 and -=-=-! or dAog x= — . 

dx x X 

du 

49. Again, if u^a^'y find -y- , 

dz ^ ** dz dz dx dx 

Cor. If a=c, or ^=1, /. ^=e« . ~ . 

fi^;r ax 

50. li u=\og {z\ ^nà -^- . 

dx 

du_^ 11. . du__du dz^ l l dz 

dz Az* ** dx dz' dx A'z'dx' 

dz 

Tc A 1 d.Cioct z) dx j j /i ^ dz 
lì A = l — 1—^ — ^=— ; and d,{\og z)= — . 
dx z z 

From the former of which equations, we obtain this rule : 

The differential coefficient of the logarithm of a function 
equals the differential coetficient of the function, divided by 
the fanction ìtself. 



Ex. M=log Vx^ +a?^ + 1 

du 23^ 4- x 

Observe in future, whenever log is used, the Napierian 



logarithm is meant. 



Examples. 



(1) tt=(8Ìn xy ; -^=:«(sin a;)*^* cos x, 

dx 

(2) w=sin nx ; — - :=» cos nx* 

dx 
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(3) M==(tan^)3; ^=3 tan2ar seccar. 

(4) tt=sin3ic.cos2a7, 

du rt 

^=3 C03 3a? cos 2x'^2 sin Zx . sin 2a? 

=cos Sx cos 2a'-f 2 (cos 3a; cos 2a;~8in Sx sin 2ar) 
=cos 3x cos 2ar + 2 cos 5x. 

(5) tt=:sin (cos a7)=:sin z, if ;?=cos ar ; 

, du_du dz 

* ' ai~'5^'^'^^°^^-V-sìn^)="-sina:cos(cosa?). 

(6) t.=sin- --^=.=sin- ^, if z^ ^' , 



X' 



Vì-^x^"— 

rf;2f A/l-frc2 1 



• — =-Jl>_ 

(7) tt = log (X + a/IT^) =:log ;j. 

dz 
du dx ______ 

^.^ ^ =14. ___?__ _:^^I+^^Ti 

(8) «=log (log ar)=log ,2: ; 

. du^du dz__l 1_ 1 
dx dz dx z'x xlogx* 



z 
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(9) tt=af, where z=f{x), 

1 I , du 1 dz-, ,1 

ax u dx X 

du 






dx 
(10) «=2^, z and t; beìng functions of a?. 

1 1 ^ du l dv. , dz ì 

Q>X te e**]/ 



c/a:'^ ' 



. du -, f c?v 1 , V dz 
cfe Vflte z dx) 



(11) «=e*^=c«, if ;?=€*; 

du dz . ' 

(12) tt=2:^, where 2:, t?, and y are functions of a?. 
Let t7*'=t7i ; /, M=2;''i, 



and -— =2f^i ]log2f. 



rfa? 2? * dx) ' 



But V v,=^; /. ^'=»' (logt..^ + y.$| ; 

dx \. dx V dx) 

=.'.^l,og..io8..|+?io,..*+i.g. 

(13) «=log(a:+l + ^2^:K^); /. ^= ^ 



dx V2a?-t-a;2 



/,^v 1 ^/a;^H-l-— a; du 2 

(14) tt=log — — --^ ; =— — . 

Vx^+l+x dx Va?2-j-l 



(15) w=log 

(16) M=log 



du 1 



1 



v^a:2 + l4-a?' dx x Vx^'-\-ì' 

X du l 

Vx*+l+x' dx xVx^ + l' 

(17) «=(log xf ; .: ^=» . (log xy--' . l . 

(tX X 

(18) w=a*; ^=ar«{l4-loga:}. 

dx 
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(19) «=(8in a:)<'o»* ; 

. du 
dx 



•sm 



^icosxj — sin a? log Sina? + ■ 

^ sin X . 



(20) «= 



log tana;; — = . 

dx sin 2x 



(21) M= 



log./i±^Ì!If;^=J__. 
V 1 — Sina: dx cosa? 

(22) «=log(cosa;+ V-i Sina:); ^='^— 1. 

(23) «=c-(a:4-4a!3+12a?2-24a?+24); ^==ar*.c^. 

da; 

(24) «=8in3a? cos x ; -?=8Ìn2ar (3^4 sin^ x). 

f»X 



{25) M= 



cosa? ^ C?M 810 37(2 + 008 23?) 

cos 2x ' c?a? (cos 2xy 

(26) u=zé^ . cos a: ; -^=c^ (cos a?— sin a?). 

oa? '^ 

(27) w=sin-^(3a?-4a!3) ; ^== ^ . 

c?ar Vi— a?2 

cos-^(4a?3-3a?); ^= ""^ . 

dx a/1 — ar2 



(28) «= 



(29) M=tan-^ 



2x du 



(30) u. 



l-a-s' da? l+a?2* 

J^^.cos-Y^l^^^^l; 
'^2 — ^2 Va + 6cosa?y 



de^ 



1 



' ' dx ai-b, cos a? ' 



(31) «=€-»"'=. cosa?; ^=c*»«(l-sina?-sin2a?). 

oa; 

(32) «=log./lz:£2ff;^=J-. 



(33) «= 



sin-'(2*-l); ^=^i^. 

da? Vx—x^ 
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(34) «=(8Ìn xY ; —- =(sin xy {log sin a: + a; cot x] . 

É?M , 1 

(36) «=tan->(Vl+^-a5);^=-^j-j-p. 

du 

(37) «=log^/sma; + log vcosa?; ^=cot2ar, 

(38) «=^/r=ii+8Ìn-'«;g=^i=|. 

I 

(39) «= — ^sin-^- -; -j-=- ^. — - 

^ "^ V3 V a/3 y ^ l+a:+a;2' 

o / i3ZT «^«^ 2a:2 

(41) «=iog^-^;^=^«-j. 

/^rt\ l. du x^ . fe\ 

(42) «=*';^=^i<'g(-j- 

(43) «=log -==— — — i; 



//x+l.(a:+3)5 rfa: «* + 6«* + ll«+6* 



(44) «=log</}±| + ètan-.;^=^_i-^. 

/.i«-\ e^'Casina?— cosa?) c?m „ . 

^ ^ a^+l do? 



+ 

du ^ -v/a2— ir2 



(46) «=a log (^+ ^;'""'^') - a/^^=^ ; 

(47) «=a (sin «— cos x) ; — = A/2a2— m». 

dx 

(49) «=a:a**--^-, ^=e*--^x /<1±^±^Y 

(50) t<=sin (log a:) ; ^=- cos (log a;). 

dx X 



dx 



X 
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(51) M=a(2r + 8Ìnr); x=a(l—co3z); 

du^ Ì2ax—x^ 

(52) 1.=^^/^^;^=^ ^-^' 

^ A^ l-x' eia; (l-x)i^/^^:^• 

(53) «=-i-i?^-8cot2a:;^=. L— _, 

(siu xy dx (sin xy (cos «)* 

(54) M=sin-^ (2x v^T=^) ; ^=— =£_. 

(55) w=2c^^(xt-3x+6v/i«6); /. ~^xe^'\ 



(56) u=x^', — =af"a?«-»log(ca?»). 

(57) «=a?^; ^=«"'«^j^ + log«.log«}. 



1^ 



X ~ 

(58) «=n ^^= — « sin-' . af ; 

Vi-*" 



8 

du_ af* 
dx 2 3 



x(l-sif^)^ 

(59) If « >v/r=^+aj VT^^=a^. 

du, V'I— w2 
T7~"T- — ~o 



(60) If A/l-ar2+>/l-tt2-=a(a.-t^). 

du_ Vl—u^ 
dx VjT^* 
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CHAPTEE HI. 
Successive Differentiation. Maclaurin's Theorem. 



51. If u=if{x)\ —, or as it ìs frequently called, its 

derivative may aJso be a function of a?, as /'(^), and is 
capable of being differentiated. 

For suppose that -^= », and for x put x+h, then — 

dx dx 

d. (^) 
becomes ^+ -^Ì:A+&c.=/>H-^ A + &c. (by writing 

dx dx 



du\ 

dp 

"dx dx 



/•(£) 



So also -^ may be a function of ar, equal to 7, 

OfX 



and 



^^ ' \dx) _ 



dx dx dx 



dx 



and so on for other differential coefficients. 

This prooess is called successive differentiation, and -— , 

CLX 

P -3.^ &c. are called the first, second, third, &c. differ- 
dx dx 

entìal coefficients, or the first, second, third, &c. derivatives 

oi u. 

A more convenient notation than that above is used, the 

reason for which may be derived from the consideration of 

differentìals ; and bere we may remark that dx as well as A, 

is always considered to be invariable, when u=/(x). 

For since —-=0; .*. du=pdx; 
dx 

/. d(du)=:dpdx: but dp=qdx; 

/. d{du)=gdx^. 
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But because d(du) is the symbol for shewing that ti has 
been twice dififerentiated, and since il ìs the symbol of dìf- 
fereniìation ; therefore <Pu will fitly express the fact of u 
being thus twice operated upon ; 

/. cPu=zqdx^. 

Sìmilarly d(cPu)= d^u =^dqdx^ = rdsc^y 
d{d^u) = d^u=drdx^=zsdx*, 
&c. ; 

** dx dx^* 

dq _^ __d^u 

dx dx^ 

dr __ __d^u ^ 

dx dx** 

and the n^ differential coefficient is - — 

Observe — ;, — , &c. are most commonly read, second du 
dx^ dx^ 

hy dx squared, third du by dx cubed ; but sometimes, d two 
tt, by dx gquared, d three u, by dx cubed, &c. 

Er. 1. Let M=a:*+a^* + a:^ + a?+l, 

dx 

^==3.4ar«-i-2.3x+2, 
dx^ 

^=:2.3.4a?+2.3, 
dx^ 

^'"=2.3.4, 



dx* 
d^u 



=0. 



dx^ 
Ex. 2. Let M=-=; 

X 



d^t-^^-^^ 

_ 2.3ar-_. -^ 
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^'«=2.3.4a:»=2.3.4 



dx* 



ehi 



a? 






Ex, 3. Let w=sin(aa:+ò); find 



de** 



du 



dx 
d^u 



=zacos(ax-\-b)y 



dx^ 
d^u 



= — a* sin (ax-{-b)y 



dx^ 

dhi 
dx^ 



=s— a^C08(aa:+ò), 



= a* sin (ax + ^) = «* w. 
d^ 



Ex. 4. Letw=c^; find-j—. 

CUT 



• • 



dx^ dx 

d*u ^du , -2. . 
oo:^ dx 



m • 



daf^ 



=a"e«"=a"M. 



Ex. 6. Let r^=2;t7 ; to find dhiy éPn, &c. 

V du=zdv-^vdz (1) j 

/. d^u=id{zdv)-\-d{vdz), 

But from (1), d(zdv):=zd^v+dzdv, 

d (vdz) = t?rf^2? + dvdz ; 
/. rf2|^ = zd^v + 2c/zrft7 -f- i?cP2P . 
/. dhL=d{zd^v) + 2 . d(dzdv) + d{vd^z). 

B\xtd{z.d^v) =^zd^v + dzd^Vy 
2d (dzdv) = 2d^zdv + 2cfzflP^, 
e? . lvd^z)=zvd^z + dvd^z ; 

/. d^u=zd^v{-Mzd^v-\-Sdvd^z+vd^Zf 

and d^u^zd^v+édzd^v + ed^zd^vi-éd^zdv+vd^z. 
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Since tbe law of the numerical coefficiente is apparentlj 
that of the coefficients of (a f by ; 

a theorem due to Leibnitz, and which may be used to find 
the differential coefficient of the product of two functions. 
To prove the law of the coefficients. Let 

»— 1 
chi=szd''v + ndzd^^v + n — —- . (Pzd^'v + &c. ; 

+ n^!^.{d^zd'^^v+d^z .d^v)-^kc. 

=zzc^*'v+(n-\-ì).dzd^v+^^:i^^.d^z.d^v + kc^ 

which shews that if the theorem be true for «, it is true for 
9Ì+1, and it has been shewn.to be true for n=2, and n=3', 
it is /. true when w=4 ; and /, when n is any integer. 



Expansion of Functions. 

52» If u=:f(x) can be expanded into a series of the form 

where A^ By C, &c. are Constant, to find these coefficients. 
Thìs is Maclaurin's or Stirling's Theorem. 

Since w=^ + j5ar+GB2 + i>a:3^jE;ar4+&c. 

By successive difierentiation 
du 



dx 
d^u 



=B+2Cx+SDx^+4E.x^+&c. 



=2C+2.32>a;+3.4^.a:2 + &c. 



dx^ 

— =2.3.D+2.S.éE.x+hc 
da^ 

^=2.3.4jE:+&c. 
dx* 
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Make a?=0, and let U^ Z7i, U^^ U^ &c. represent the 
resulting values of «, -^, -r-^, &c. 

ose CuC 

.'. U,=Ai Uy=Bi U^=2C; .'. C=-^ 



£73=2.32); .\ D^U^ 



1 
2.3' 



iE^=^4-24^>&c.=:&c.; 



CoB. The general term is obviously U^ . 

1 • 2 • 3.«.7t 



Examples of the Expansion of Functions. 

(1) Let M=(a?+a)^; .% Z7o=a4; ifa:=0; 

c/m 



dx 
cPu 

dhi 



=4.3(a?+a)2; ,.^ U^^SAa^y 
=2.3.4(a'+a); /. £73=2. 3. 4o, 



^=2.3.4; .\ £7-4=2.3.4, 

^=0; /. J75=r0, and U^, £7-, &c. 6acfa=0; 

dx^ 

=a* 4- 4a3aj + Gà^x^ + 4aa:3 + a?*. 
(2) Expand (a+bx+ cx^y. 
M=(a-f òa;+ca?2)"; /. £7i=a*, 

^=«.(a+òa;+ca?2)*-i(6+2ca?); /. Z7i=«fta»-», 
dx 

^=71 (w- 1) (a +^aj+ ca:2)«-» (ft +2cj?)H2c« . (a +^ar+ca;2)'»-i . 

CuC 

d2 
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/, J7j=«.(ii— l)a"-»ò2+«.2c.a»-', 
^=n . (n-1) . («-2) (a + òar+ca?>)*^(6+2car)» 

+2« . (»— 1) (a+^«+<^a:^)"^2c . (ò+2ca?) 

+ 2c .«(n- 1) . (a+bx+cx^)'^(b+2cx) ; 

/. J73=«(n-. l)(n-2) . o»-«ò»+2 . 3» . (n-l)a'^be, 
&c.=&c. 

4-&C. 

(3) Expand sin or and cos x in terms of a;. 
K tt=sm;r, If «=cosa;, 

-^ =co8 0?, -— = —sin X, 

dx dx 

d^u d^u 

^=+8m;^ _=co8«, 

After the 4*'' difièrentìation the values recur. 
Make x^O, then in the Beries for sin x, 
U,=0, Ui=\, Z7s=0, £78=- 1, U^=0, Cr,=l, &c^ 
and in the series for cos x, 

C7.=l, J7,=0, Ui=-\, Ui=0, Ut=l, &c. 

^ico.x=l-^^+^^-i^ 

Cor. The series for cos x maj be derived from that of 
sin or by differentiating the latter. 
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(4) Similarly, if «=tan x, we maj find tan x in terms of 
X ; but more readilj in the foUowing manner.* 

Ijet u=tsmx=a^x-\-a^oi:^+a^afi-\-a^x'+&c; 
.-. ^=l+tan2a:=ai-f3à3a?2 + 5a5a*4-7a7aJ«+&<% 

But H-tan«ar=l+(fli«+a3af'+«6«*+&c.)^ 

=1 + Va;H 2aia3a:* + (038 + 2aia5)a?« + &c. ; 
therefore equating coefficiente of the like powers of x, 

01 = 1,308=0,2; /. 03=1, 

2 2 

5a^ =2oi03==g ; .% «^=3^ 

1 4 17 17 

7a.,=a,2+2o,o«=-+— — =— -; /. o»= — — - : 

^ "3 T^ 1 5 9^35 5,9» 7 57,9' 

•• *'"^^rr3+375^5:y:9^*'^ 

(5) In a similar manner maj sin x be found. 
Let sin a?= Ojo: + a^ai^ + Ogor* + &c. ; 

.% C08 a?=Oi+ 3030;* +5o5ÌP*-f&c.; 
/, — sinar=2.3o3a:+4.5o5a!?^ + &c*; 
= — o iflj — 030;^ — OgX® — &C. ; 

. ^ — ^1 «a <^i . 

..«» 2.3'"» 475-2.3.4.5' 

/. sinar=Oifa;— --- + x— ir-:— p— &c. 1; 
A 2Ì.3 2.3.4.5 / 

. Sina? ^ /^ a* . o,^^ 
ifa,=0; ?Ìaf=l; .-. a,=l; 



* That tan * can only involve odd powers of (:«:) may be thus shewn: 
Let tan x = a^x + b^x^ + a^j^ + A^a:* + a^^x'^ + &c. ; 
.•. tan (— Jr) « - ai^c + 62^— «8^ + 64**— agx* + &c. j 
. *. tan jt: — tan ( — x) « 2aia: + 203** + Za^x^ + &c* 
But tan (-Jr)^ -tan (ar); .'.tan ar-tan(-x)«2 tan ar; 
••. tan *=«aja? + a^x^ + agor* + &c« 
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Vl-x^ 2 2.4 2.4.6 



(6) «=8in->ar, whence if a?=0, Z7o=sin-^ 0=0, 

^2fj_ 1 /, „0N^ 1 . l_o . 1.3^ . 1.3.0 

dx 

but from Maclaurìn's Theorem, 

/. CTi^l, CT.^O, |§=^; /. «73=1, tr,=o, 

■ ^^g rrlj, £75=1.32 C76=0, 
2.3.4.5 2.4' ^ » 6 > 

7Z7y ^ 1-3. 5 , . 7T, = 12 32 52. 

2.3.4.5.6.7 2.4.6' '* ' ' 

• 1 ^ -L ^-32ar» ^ 12.32, 52. g^ ^^ 

.\ sin- x-a? + j-g-g + 1 2,3.4.5 "*" 1.2.3.4.5.6.7"^ 
, 1 a:3,1.3aj«,1.3.5jr7 

^1.2 3 ^2.4 5 ^2.4.6 7 ^ 
the general term of this series (Newton's) is obviouslj 

1.3.5 (2w~3) a?^^ 

2.4.6 (2«-2)'2«-r 

B7 this series, the measure of an angle may be found ; 

thus, let Bin-*a:=^ ; .*. 0?=- ; and 

6 2 

6 2 1.2 3x8^2.4 32x5 

(7) The same series may be also obtaìned, thus» 

let u = sin**** = a^x -f Ojar^ + Oga:* + a>jx^ -\- &c. ; 
for sin~^aj cannot contain even powers of x ; 






dx y/i —a;» 



.•. «i = l> 3a3=-; /. «3=2-3» 

. _1.3 . _1.3 1 
°''*"2T4' ••''*-27Ì-5' 
». _1.3.5 . 1.3.5 1 

^''^-2:4:6' ••''^=2T4r6'7* • 
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(8) ti=tan-^«; a?=0, Cro=tan-^0=0; 

-ET +2/7 *+ ^^^V '*^***+ ^^«'^ +&C 

^^ 1; A £75=2.3.4; 



2.3.4 

. ^^^Jix» 2.8.4»» _^^ 

or tan-' x=x — ^ + &c. 

3 5 

Gregorj's serìes for the are in terms of the taDgent. 

53. Hence maj be found approximate expcessions for the 
leDgth of the are of a circle. 

(1«) Let tan-»ar=^; /. a:=tan^=l, 

4 4 

{2«) Since ^=tan-»lH-tan-»i, 

4 ^ <j 

andtan-»^=--l.L+_i &c.; 

2 2 3 2» 5.2« 

tan-i 1=1-1.1 +-1 &c.; 

3 3 3 33^5. 3« V 

••• l=(M)-KI-.4.)^J-a4.)-*- 

(3°) A verj eonvergent series ìs given bj Machin's 
formula, 



ir . . . l . . 1 



that ^=4 tan-^ . i—tan-» . 



4 5 239 

To prove this, let -4=4 tan-*-=4a. 

5 
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4 4 



rrii X >* 4tana— 4tan'a 5 125 

Tnen tan ^= ^ 



1—6 tannai- tan^a i_j6 _l_ 

25*^625 

_ 4(125-5) _4xl20_120, . j 
"625-150+1 476 119* ••^* 

120_j 

.j, r j ir\ tany4-^l 119 1 

and tan 



\ 4/ 



tan^+1 120, , 239* 



.-. ^--=tan->47?; 
4 239 . 

/. T=4tan-^l-tan-'-l. 
4 5 239 

f J^_l 1 . 1 _1 « } 

"1239 3 '(239)» "^5 '(239/ j* " 

54. Lo^ X cannot be found hj Maclaurin's Theorem, since 
Uo, Uit Ù^t ètc. are infinite : but log {l-i-x) maj be. 
Suppose the logarithms to be Napierian, where A= L 

ti=log(l + aj); /. O;=log(l)=0, 
dx ì+x 

1 -./1 1 \ «« , 2.r» 2.3«* , 2.3.4a!» . a 

... «=log(l+a,)=«:-_+_-^-^+^3-^ + &c 

a^ , x^ x^ , afi t 

Cor. Had a been the base, then (Art. 48), 
-p= - . r-, and if Ioga be a log in that system, 

uX ^jL X "^ X 



J 
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m 

where ^= legga, the factor - is called the modulus. 

A 

The series just obtained does not converge, but from it 

converging series maj be derived. See Algebra, p. 270. 

55, Expand a^ in ascending powers of x, 
u^c^y «=0; /. J7o=l 

^=^.a* \ U,=Ay 

ax 

S=^'«' ••• ^«=^*' 

S=^'«- .-.^73=^», 



• 



^=^-a* .-. £7,=^»; 

COB. 1. If a=e; ^=loge€=l ; and 

c*=l + a?+-^4--^+ ?^H — + &C. 

^ ^1.2^2.3^2.3.4^2.3.4.5^ 

56. In the expansion for e', 

put successi vely for a?, xV — i, and —« \/ — 1 ; 

2 2.3 2.3.4 2.3.4.5 

r-V3=l-«V31-g+g^^+^L- ^^-ì -&C 

2 2.3 2.3.4 2.3.4.5 

Therefore first bj addition and then bj subtraction, 
e«vrì+e-^vri=2{l-J+— ^-8tc.}=2co8*. (1). 

€*Vifi-.e-*Vzì=2^/3I{a?-^-f &c.} =2>v/^ sinar. (2). 

Again^ adding and dividing hy 2, 

É*^'^ = cos 0? -h -/ — 1 sin «• 



42 LOOAKiTmnc series. 

Also bj subtraction and dividing^bj 2, ' 

c-^-i=:cosa?— V— 1 Sina:. 



CoB. 1. Hencecosa7= 



and sin 07= 



2 



2a/^ ' 
A tana:=-^ ^g~^f ^^i^|^g!::f^^ ' 

Cor. 2. These equations bave been proved independentlj 
of tbe value of ar, we may tberefore put tnx £or x; 

,\ cos «ia?4- y^ sin fwa;=c'»*^-^=«*V-i]"* 

=(cosx+ vZ—l Sina;)"*, 
the formula of De Moivre. 

57. V log(l+«)=«_«%|'_« +&C,; 

2 3 4 



For « write c»'^^ ; /. logtt=a?V^; 

=2a/ — lisina;-- ^8in2a?+^sin3a:— &c.}; 
.*. 2=^^^ ^""i sin 2a? + ^ sin 3a: — &c.; 
/. i=cosa?— cos 2a?-f cos 3ar—&c., differentiating. 

58. Bvdiviaion, ^"^"^ -^^wn^ cog^+v'^sina: 

^^^-* cosa?-\/-lsina: 

^^ l-fA/HJ tana: 
1 — a/— 1 tana: 

2a:^/^=log (1 + ^/TTI tan «)-log (1 - A/ritan a;). 
But log(l+«)-log(l_«)=2{«+^+«'+&c.} ; 
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.\ 2a;\/^^=2{V^tana?+J(Virrtana;)» 
+ (V^tana?)«-f&c.} 
=2 a/ — 1 (tan a; — J^ tan^a; + ^ tan*a: — &c.) ; 
/, 07= tan a;— J tan'j;H- j^ tannar— &c., (Ex. 8.) 
59. Let «2— itóc— 0^=0; find u in terms of ar. 
Ifa:=0; « becomes O^o 5 /. (CTo)^— a*=0; C7o= + a. 

Differentiating, 2u——x - — «=0 ; 

dx dx 

makea;=0; /. M=-fa; .•. 2aC7j— a=0; 0^i=^. 
Differentiatìng a second tìme, 

i2«— a?) h2 — —2 — =0 ; 



1-1=0; /. £^2=+! 
4 ~"4a 



/. ±2aC72+2.i-l=0; /. U^=^±.', 



■■■ <^"-)SH^^')SH^s-^)S='' 



/o vO^M , etfndu J\d^U ^ 

if a;=0; V 2^71-1=0; /, C73=0 ; 

l a?2 
/. tt=4-a+^+ -f &c. 

~~ 4a 1 . 2 



Examples. 



(2) If u- ^ • ^-Ml±i^ 

^/l-ar2' d^ (l-x2)5 

(3) If ti=sina;; -— =sinf ar-f-n^ ]. 
For — =cosa?=sinr^— a; j=sin[a? + ^) ; 

=cos(a:+^)=sing+a; + ^j=sin^a:+2^), 



dx^ 
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(4) Iftt=cos«; ^=:cos/^a:+«-V 

dar \ 2J 

(5) If tt=a:».c»; ^=c*{a:»+4»ic»-H6ii(n-l)a*-« 

+4n . (n~l). (n~2)a!»-»+«(n- 1) («-2) («-3) . a;»-*} . 

(6) If tt=: e^ sin a:, — - =2e* co» ar, 

c/a:* cte* cte*2 

(7) «=^:£=5Mloge«:)^ + 3a<logea.)-l}. 

(8) 8Ìn(a+òa:) = sma + &a:co8a— ^.sina— ^-^C08a+&c 

(9) cos(a+fta;)=co8a— òicsina— -^ .cosa + — ^8ina + &c. 

^ 2.3 

(10) log(«+6:c)=loga+*?-f^%^_&c. 

a 2a^ oar 

(11) 8ec«=l+f+2^+&c 

(12) (co8:r)»=l-?|!+!|l-&c 

(13) (tana:)«=«4+la*+f«*+&c. 

o o 

^ '^ ^ ^2 2.3.4 2.3.4.5^ 

(15) c*seo a?==l 4-a?+a?H ^+&c. 

^ ^ k 22 1 2* 1.2^26 2.3^ j 

(17) Sin(a4-5a?-fca;2)=:sina+òa?cosa 

+— (2c C08 a- ò^ sin a) — ^r—^ {Qbc sin«+P cos a)— &c. 
^ 2.3 

(18) If C08(m)— co8(»i+y)=ar, 

sin»i ^ Vsin»»y 
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CHAPTER IV. 
Taylor's Theorem. 



60. If u^f{x), and tii=/(aj+À), then by Taylor's 
Theorem, so called from its ìaventor, 

The proof of this theorem maj be made io depend upon the 

proposition, that if tii=/(a?+A); ^=^, 

dx ah 

or the coefficient of h is the same in the expansiony*(a;-|-2A}, 
whether ìxL/{x-\-K)y x become a:+À, or A become A+A. 

Let a:+A=a:i; .-. u,=f(-xO and ^=14^- 

dXi ax^ 

But *L«=^i.^=al80 *^.Ì^. 
rfar, da; <£ri <^A <&, 

But A Constant, t— ==1 ; ^ Constant, — =1 ; 

dxi dx^ 

, du^ dui 

dx dà 

d!(^) d.(^) 

Hence J^ = ^f ^; or ^=:^ . 

and 5?!!!^=^ 
flfcB* c/A» 

61. Let /. tti=t«+^'A+PA2+QA3+m*+&c., 

since we bave proved in Art. 8, that the indices of A in 
the expansion of/(x-^h) are the naturai numbers, 

dx dx dx* dx dx 

^i=^+2PA+3QA2 + 45A3+&c. 
dh dx 

whence equating the coe£Gicients of the same powers of A, 
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q^_rfP_i éPu . Q_ 1 cPu 

. du, ,d^u h* ,d?u h? .a. 

Cor. From the theorem of Taylor we may deduce that of 
Maclaurin. 

For making aj=0, ti. becomes /(A) and «, -^, --?, — ^, 
&c. become Uq^ Vi, U^ ZJg, &c. ; 

.-. /(À)= z7o + cr,A + tT-, ^ + cr, Jl + &c. 

or puttìng X for A, in which case t< may be put fory*(a;). 



Examples. 

62. To expand sin {x-\-h\ cos («+A), log (a?+A) and 
(a:+A)", by Taylor's Theorem, 

(1) t«=:sina?; 

. du d^u . d^u d^u 

• — =003 a?, — = — sm ar, — = — cos ar, — =sin ar. 
rfa; 'c/x2 ' dx^ 'dx^ ' 

after which the values recur ; 
,*, Ui=:BÌn(x+h)=sìnx+coBX.h^8Ìnx — -— cosa?^ — 

-f-smaj-— — — -4-cosa?;--- -— &c 

2.3.4 2.3.4.5 

(2) «=co8ar; 

du , dhi dht . d^u 

^-=s —sin a, -5-r= —cos a:, — _ =sin x. — - =cos a:, 

dx dx^ dx^ dx^ 

h A2 

.*. Mi=cos(a?+A)=cosa?— sina:.- — cosaj -— - 

A3 , A* - 

+8in a? . ----H-cos a?.——— — &c 

2s.Oa J.o.4 • 
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CoB. If in the two expansions we make x=zO, we have 

sin A=A h — «e. 

2.3 2.3.4.5 

C09A=l-_+^-^-^-&C. 

(3) w=log (rr) ; 

.•. ^=l=a^i ^=-ar^ ^=2ar», — =-2.3aH; 

Let a:=l ; .*. log a?=0 ; 

.-. log(l + A)=:A-iÀ2+|A3-iA4+^A«-&c. 

(4) w=sa^; 

• _^n(^^l)(n-^2)^^^,_^g^^^ 

63. The foUowing Proposition is ueed in some demon- 
strations of the parallelogram of forces. 6Ì7en that 

f{x).f(h)^f{x h)-^/ix-^h); find/(a?). 
Let u be put foT/(x) ; 

Now since A is independent of x, the coefficients — =— -' 

1 d^u 

— -rii, &o., which cannot contain A, must be Constant. 

u dar 

^ l d^u ^ d^u „ d^u ^d^u . 

M dx^ dx^ dx^ dx^ 

Hence/(A)=2 {1 -^' +^^^ - &c.} =2 cos aA, 

and /. f{x) = 2 cos ax ; and/(a?+ A) = 2 cos (cuc + aA), 
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which maj be yerified hj the formula 

2 cos -4 . 2 C08 B=z2 cos (il+5)+2 cos (A-5). 

64. Taylor's Theorem maj be used to approximate to the 
roots of equations. 

Let X=0 be an equation, of which x is one of the roots» 
and a an approximate value of x, so that x=za-\-hy h being 
a verj small quantitj, hence since Xs=0 is a function of x ; 

,. ^=0=/(«+A)=/(«)+M£);i+^ _iL + &e. ; 

but since h is assumed very small, we may neglect the terms 
after the second, and so obtain an approximate value of A ; 

... o=/(a) + l:Z(l)A; .-. A=^:Lgf}=Z^AfLX 
^ da a .f{a) p 

da 

and x:=a — iLJ. 
P 

If this value of x he not suffici ently near the true one, let 
it be put =01, and the process repeated : we shall at length 
arrive at results more and more near the true one. 

Ex. 1. a^— 3ar+l=0. By trial 1.5 is found to be near 
one of the roots. 

/(a)=a3-3a-fl=(1.5)3-3x(1.5) + l=-..125, 

14^^=3a2-3=6.75-3=3.75 ; 
da 

/. A=±£?=.033; .-. a?= 1.5 + .033 =1.533. 
i>.7o 

Ex. 2. ar"= 100. Since 3^=27 and 4^=256; i lies be- 
tween 3 and 4 ; let a^3.5. 

Now x log a;— log 100=0=w ; /. 1 +log a?=-r- ; 

dx 

/. /(a)=3.5 log (3.5)-log 100 ; ^jZ^=l +log (3.5). 

da 

But log, 100=4.60517 ; log, 3.5=1.25276 ; 

/j^a)=3.5 X 1.25276-4.60517= -.22051;M^)=2.25276; 

da 

.\ A= '^fffA ,=. 09832 ; and a;= a +A= 3-59832; 
2.25276 



Thus loge 100=-,-,A^=4.60517. 
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a more exact yalue maj be obtained by puttìng 3.59832 
for a. 

The Napierìan logarithms are obtained from the com- 
mon logaritbms by dividing each logarithm by the number 
.43429. 

2^ 

.43429 

65. Transfonn the equation «*•— j9a?*-^-f ^a?"-*— &c. =0, 
into one whose roots Bhall be diminished by a Constant 
quantity z. 

Let x=Z'{'y'y X=:f(z+ì/)y and let Z=:f(z) ; 

dz dz^ 1 . 2 d7^ 2 . 3 

Or if Zi, Z29 ^3, kc....Zfa be put for the difierential co- 
efficients, the transformed equation becomes 

where Z is the vaine of Xy when z is put for x ; 

.•. Z =«**— p2J*^^+92;*-*— &c. 
and Zi =»^«-i-(n— l);?j8*-*+(«-2)yz»^-&c. 

Z^i=n(n-'l){n-2)...3.2z^{n-ì).{n-2),..2.p, 
anà Z^ =n(n— l)(n— 2)...3.2; 
therefore, after writing the terms in an inverse order, 

y" + (nz-'p)i/^^ + «ce. + Z=0. 

Cor. This equation is used to take away any particular 
term of an equation, by puttìng any of the coefficients 
Ziy Z2J &c.=0, and substituting in the others the value of 
z derived from it. 

Ex. Transform 3«*+15a?*-|-25aj— 3=0 into an equation 
wanting the second term. 

Here Z ^Z'^y +^ + ^'=0, (for ^^=0), 

Z = 3«3 +152^2 +25«-3, 
^1= 9«2 +30« +25, 
Zi=-\%z +30, 
^3=18, and ^4=0. 

E 
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But Za=0; A z=-.??=Z:^; 
* 18 3 

Zi =25 -50 +25=0, 

^ 125,125 225 « -152 
^="-9-^-3 3-"^=-^-- 

. -152 18^ . ^_152_^ 



(1) Tan(x+À)=tan«+A.8ec^ar+Às.tanar.8ec2ar+&c 

(2) Sm-Vx+À)=8m-»x+--^L=+_i-5— 

a/1-x» 2(1 -ar«^ 

2.3(l-a^)l 

^ ^ ^ ^ ^ì+x^ (l+«*)2 2 

, 2(3^^-1) J^^^ 
^ (l + x=^)3 '2.3 

(4) Prove that if tt=/(x), 

/./x\ _rf« X cPu x^ _dPu afi j, 

•^Ir+gy rfr'l+g da;2'2(l+ar)2 ^'2.3(1+0:/ "*" 

(5) Approximate to a root of the equatìons 

(1) a?3-12a?-28=0. Ans. ar=4.302. 

(2) ar*+x- 3=0. Ans. «=1.165. 

(6) If u=f(x)y and if when x=za; «=ò ; then 

^cte"^ ^ c/ar2 2 ^^^3 2.3 

In/(a?+A), for x+h, put a and the theorem (Euler's) ìa 
found. 
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CHAPTEE V. 



Failure of Taylor's Theorem : Limits of the 

same Theorem. 



■♦ — 



66. By Taylor's Theorem we can expand/(a?4-A) into 
the serìes 

f{x) -{-ph + qh^ + rh^ + «te. 

where the powers of A are integrai and ascend. 

Indeed we have proved, (Art. 8), that so long as x retai ns 
its general value, the expansion /{x-^K) cannot contain 
fractional powers of A. As this proposition is an important 
one, we here give the reasoning commonlj made use of to 
establish its truth. 



m 



Assume/(a?+A)=«+i%'» +-B, 
where R represents the sum of ali the other terms. 

Tben since jc+A enters /(a;+A) in the same manner as 
X enteT8f{x), it ìs plain that both functions (undeveloped) 
have the same number of values, and that the -developement 
of y*(a?+A) ought to contain no more than /(x) or f{x-\-h) 
does. But if particular yalues he given to x, which will 
make P neither infinite nor evanescent ; then to each value 



m m 



of X there will correspond n values of PA", since A" has n 
different values; and consequently the expanded function 
will contain n times as many values as the unexpanded one ; 
and therefore n times as many as f{x\ which is manifestly 
contradictory. 

67. If then such a value as a given to a; in f(x + A) 
makes the unexpanded function /(a + A) contain fractional 
powers of A, we cannot expect that Taylor's Theorem will 
give the required developement. Now the hypothesis that 
j;=a introduces a fractional index of A into /{x + h), sup- 
poses that in the originai function there must have been 



m m 



some such term as (x^a)*', which becomes (a?— a+A)** in 



m 



Ui, or A* when 07= a. In such a case it is clear that some 
of the difierential coefficients will become infinite, when 
o?=a. 



m 



Thus, if tt=ò + (a;*-a)"; 

E 2 
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• • 



^=-(a;-«). 



cPu 

d^ 



-K-n-'y-"^"-' 



n 

+«.C«_iy(a,-«)^-". *L+&c. 

« V» J \n ^ r 1.2...;? 

where if — </> and >/> — !, the (/> + l)*^ term and ali that 

follo w it will become infinite when x=a. 

Thìs circumstance of the differential coefficients becoming 
infinite wben a;=a is called the Failure of Taylor's Theorem, 
an improper phrase, since it is rather an index that the 
function cannot he expanded in integrai powers of A. 

68. Again, as the general expansion of /(x+A) neyer 
contains negative powers of A, for ify*(a; + A) could 

if A=0,/(a?-|-A) instead of becoming /(a?), would he infi- 
nite, we may he led to expect that if rr=a introduces into 
the unexpanded function /(a:+A) a term involving A-*, the 
expansion bj Taylor's Theorem will indicate some absurdity. 
Now it is clear that to bave such a term dependent on A-^, 

we must originally bave had such a term as r- ; for 

^ " (x — a)" 

putting a; + A for x. , becomes ; r-=Tz* when 

® «—al" (ar+A— a)" A» 

a7=a. .^ not being supposed to yanish when x^^a. 

Here ali the derivatives of ^ r- are infinite when 

x=ia. 

69. The theorem therefore fails whenever x=a makes 
some surd disappear from u^/(x)y and therefore introduces 
into tij==/'(a?+A), a term involving a fractional power of A ; 
or when a?=a renders the originai function infinite. 

As an example of the first case, let «=(+ Vx^a^ 
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Vx—a (a?— a)à '■•^ 

Make x=ia ; /. u=zb, ttj=:6+ '/A, 
and the expanded function coutains infinite terms. 

1 



As an example of the second case, lett<= 



x— a 



x — a-^h x^a {x-^ay (x^a)^ 
where t/=:QO > t^i=-, and the terms of the expanded func- 

tion are infinite, when x=^a. 

70. Should howevery(aH-A) contain, when expanded, in> 
tegral powers of A as far as the («— 1)*^ and after wards 
fractional powers, the first (n) coefficients may be found bj 
mean*s of Taylor's Theorem. 

where a is a fraction between n— 1 and n, 

Now since the coefficients A^ B, C, N, do not contain h 
we may obtain their values by Maclaurin's Theorem, by 
finding the difierential coefficients of/(a+A) with respect 
to A, and then making A=0 ; thus 

^!l^J±A)==2C+&c. + («-l)(«-2)iV%'-^+a(a-l)^^ 

*I^+Ì^=.-..(«-l)(«-2),..2.1iVr+a.(a-l)...(a-n + 2)rA*-»+^ 

^?j4?±A)=a(a-l)(a-2)...(a-«+l).i%-^+&c. 
aA" 

Now if A=0, since a>»— 1, but <w, the terms involvinjx 
P will vanish from the first (»— 1) equations, and the («—1) 
diffierential coefficients will be found. 

But since o— » ìs negative, then when A^O 

rf"./(fl + A) _ a(a~l)(a-2)...(a~n^l).P .g infinite 
rfA" A»-* 

71. Again, should the substitution of a;=a introduce necr- 
ative powers of A, ali the difierential coefficients will be 
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infinite. This, as it has been observed, is the case, when 

u=.f(x) contains a terra , for then, ìf xbecome a; + A, 

^ ^ ^ {x—af 

A A A . 

r-=-T ; r-=-7- when x'=a, 

(x—a)"" (x^h—àf A"» 

Let then/(a4-A)=^A-"»H-&c ; 
. dJ{a^h) _ ^mA ^ 
•• dh liJ^^ + *^" 

■ • 

, rf"./(a4-A)_ — w(m4-l)(»» + 2)...(»H-« — 1).-^ 

which it is manifest becomes infinite if A=0. 

72. Hence if the m*^ derivative become infinite when x:=-a^ 
the trae expansion contains a fractional power of h lying 
between (w— 1) and (w) ; and if a:=a makesy*(a?) =:x , the 
true expansion contains negative powers of h. • 

p 
Ex. If M=òar"*-|-c(a?— a)-^. 



du 



=am.òa^-^-f ^.(aj— a)« , 



dx q 



(iX 



■*-i-(?-0-(?-"+0-(*-'')' 



and let^<«but >«— 1. Then , is the first differential 
q daf* 

coefiicient which becomes infinite, and there oaght in the 

true expansion to be a terra involving h*", which there is ; 

for by putti ng x-^-h for x, and after wards writing a for x^ 

p 

we have/(fl4-A)=^.(a + A)"* + cA^. 

If m<n, the valùes of the difierential coefiicients until we 
come to the n% will disappear when x=a, 

73. In functions of this kind recourse must be had to the 
common algebraical methods. 

Thus, suppose u=2ax + a Vx^^a^ ; 



/. /(a+ A)=2a(a -fÀ) + a \/2aA t h^ 



( 
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A NI 

1 + ^ ]° is to be expanded by the Binomial Theorem. - 

74. The Limits of Taylor's Theorem. 

1£ f(x+h) be expanded hj Taylor's Theorem, and we 
stop at the n^ term, the sum of the first n terms maj difier 
widely from the true vaine of/(a?-|- A); it is therefore neces- 
sary to calculate the amount or limit of the error which 
arises from neglecting the remaining terms of the series. 

To do this we must premise the foUowing articles. 

75. If M=/(a?)=0 when a:=0, then u and -- will bave the 

dx 

sanie sign while x increases from to a, if a be positive ; 

but contrary signs, if a be negative; -j— being supposed 

ax 

neither to change its- sign, nor to become infinite, while x in- 
creases from to a. 

Let a be divided into n equal parts, each =A, or a=nh, 
Then 8ince/(a; + A) =f(x) + ^A + PA» (I ) ; 

uX 

du 
if Ux andP, be the valuea 01-3- and P, when x^=0, 

f{h)=U,h+P,hK 

Now if U„ U^ U,... UÀ ^ ^^^ ^^^^ ^f ^ ^^ p 
■^ » * 3* ■« «•••■' «' dx 

when h, 2h, 3h..,{n—l)h are put for ar; .•. from (1), 

/(A+ A)-/(A)= UMPJ^\ 

. • 

/{(n- 1)A+A} -/((n-2)A+A} =I7„A + P„A2 ; 
whence, by addition, 
finh)0Tf{a)^iU,+ Ui+ J73 + &C.+ f7„)A+(Z^ + Pa+&c+PJA2; 

and by dimìnìshing A, the first term( Ci + t/j + t/i + &c. -f U^)h 
may be rendered greater than the second, and therefore the 
algebraical sign off (a) will depend only on the first term. 

Also/(A) will bave the same sign as C/i, which is -^ 

CLX 

when a?=0 ; or, since — does not change its sign, /(A) 

dx 



1 
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du 
will bave the same sign as — . Abo/(2A)— /(A) will bave 

CLX 

the same sign as U^, which is the value of — - when a:=A=- ; 

dx n 

and therefore the same sign as -— . 

dx 

And therefore /(a) which has the same sign as the sum 

of the products ( CTi + C/^ + JT^ + &c. + U^ - will have the 

n 

same sign as —, if a he positive, but the coiitrary sign if a 

he negative. 

76. Ijetf{x) and (x) he two functions of a?, Xi and a^i -f A 
two given vaiues of x, to find the value of the ratio 

/(^i+A)-/(^i) . 

it being supposed that the functions f{x) and (a?), con- 
stantly increase or constantly decrease, for everj value of x 
from x=sxi to x=Xi+hy or in other words that their deri- 
vati ves have constantlj the same algebraic sign. 

Suppose therefore that the derivative of f{x) or f^ {x) is 
alwajs positive between those limits : and let A and B he 

the greatest and least value of the ratio ' ^ / between Xi and 

<p{x) 

a?! + A ; hence 

•^<^and>5; 

.-. f\x)-A . ip'(x)<0, anàf(x)'-B. ^'(ar)>0. 

But/'(a?) — -^^'(a:) is the derivative of /(a;) — -^40 (a?): and 
therefore this function constantly decreases fromar^ toa?i + A: 

.•. /(«i -f ^) -^0 (xi +h) </(a?i) -A<i> (xi) ; 

. /(^i-hA)-/(a:0 ^_^ 

•>(a7i + A)-K^i) 

Similarly : /fai +A)-./(a:0 ^ ^^ 

Kari+A)-0(xi) 

/•'Cari 
Then since the ratio of* ^/ M s continuous between the given 

<l>\x) 

vaiues of x, there must he some value of x i lying between 

Xt and x.+h, which will make it equal to" ^^^^ )-^J\^ì) 

01^a:i-i-A)-9Cxi) 
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which lies between the greatest and least yalaes of ^ ; . 
Let this value of x be Xi + dh where 9 is < 1. Then 

1( f\x) had been constantlj negative, the inequalities 
will exchange their valaós, but the result wìll be the same. 

77. If there be some vaine of x as Xi, which makes 
y(arj)=0, and also ^(a:i)=0, the formula becomes 

Ax,+h) _ f(x,+eh) _ fXx+h,) ^^^^ 

<p{xi+à) ^'(a?i-h0A) 9'(a:+Ai)' ^ 
If al3o/'(ari)=0 and ^' (ajj)=0, then similari/, 

. /«i+A)_/»-(*i+A»). 



• • 



9(a?i+A) ^^.(ari-i-Aa) 

and then finallj, if also/«(«)=0, 0^1)=^ ? 

and/*-*(ari)=0, and ^"-^(a?i)=0, 
/(a^i + ^j ^ /'-fa^ + QA) 

78. If as an example we make ^(a?)=(a?--«i)"; 
and /. i>(x^ + h)=h'' ; but <i,\xi)=0 . . • ^«-i(ari)=0 ; 
^».(ari + A)=w(n— l)(w-2)...3.2.1. = /. ^*» . (a?i + 0A). 
And if at the same time/'(iri)=0 . . J'^\xi)=:0, 

1 • z • o • . . /i 

Hence, if A be a small quantitj tending to zero^ or as it 
is called an ìnfinitesimal, and if at the same time /** . (0;^) 
is finite: the increment of /(x^) will be an infinitesimal of 
the n^ order. 

If also/(^i)=0 the formula becomes 

and if now we bave at the same time a;i=0, 

A** 
/(A)=— — . (Oh), or writing x for A, 



/(*)=.r^./".(«'^)j 
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in sudi a case as this, in which x ìs an infinitesimal, f{x) 
will be one of the n^ order, if/** (6a?) be finite. 

Ex. Lei t<=a;— sinar, x tending to zero. 
Here a:=0, /(a:) =0, /'(«)=! -cosarlo ; /"(a?)=sin a;=0, 

and is an infinitesimal of the third order. 

79. We now proceed to determine the value of R in 
Taylor's Theorem, R being the remainder after n terms. 
For R put ^ (A). 

/./(a; + À)=/(a;) + A./(a:) + ^/'(a;) + ...+2;-^^ 

Now the difièrential coe£Scients of both members of thia 
equation with regard to h are identical ; and since it is ob- 
VÌ0U8 thaty(A) (being a term- multiplied by A") vanishes 
wben A=0, as do also its (n— 1) derivatives; 

.-. ^«(A)=/".(a;+A); 

.-. «,=/(x+A)=/(;r)+A/(a!) + |V'(ar) + &c.+g|^./«. (a. + flA) ; 

which is the complete form of Taylor's Theorem. 

Cor. If a?=0, and if we write x for A, we may deduce 
the theorem of Maclaurin, and exhibit the value of the 
remainder: for 

/(x)=«o + u,x + u^'^ + «,|L + &c. + ^-|_ ./•• {dx). 

Neither in this nor in Taylor's Theorem is it necessary to 
know the exact value of 0, only tbat it must be between 
and 1. 

Ex. Let M=a*; find R after n terms, when Wi=a*^"*; 

2.3. ..n 2.3...n 

if the same be required in the expansion of a% 

2.3.n-' ^ ^ 2.3...» 
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CHAPTER VI. 
Vanishing Fractions. 



80. When the substìtution of a particular value for the 
unknown quantìty, makes both the numerator and denomi- 
nator of a fraction vanish, the fraction ìs called a vanishing 
fr action. 

Thus ^ "" becomes - when «= 1, but since by division, 

=x+l ; the trae value of the fraction when x=l, ia 

x — l 

1 + 1=2- 

Here both the numerator and denominator vanish if 

x^=l, because they both contain the factor x—l, which 

vanishes on the same supposition. 

x^ — \ 

81. That the value of the fraction tends to 2 as its 

x—l 

limit as x tends to 1, may he shewn by actual substitution; 
put for X successively the numbers 

3, 2, H, ItV. hh^ IttAhp ^' 
then the values of the fraction become 

4, 3, 2i, 2tV, 2t^, 2^\^, &c. 

which sufficiently shew that as x approaches unity, the value 
of the fraction approaches 2. 

82. We proceed to shew that the values of these frac- 
tions may be finite^ nothing, or infinite ; and thus the term 
vanishing fraction is used with great impropriety. 

p 
(1°) Let «= — be a fraction involving integrai powers of 

X, and no surds ; and let x^^^a make P=0, and Q=0; then 
P and Q are both divisible by x—a, or its powers* ; 

/, let jP=p . a;— al"*, and Q=iq . x— a|" ; 

q x—a\ 



* For divide P by x^a, and let m be the quotìent and n the re- 
mainder, if any ; ,'.P^(x^a)m + ni make x^a; .•. P«0 by hypo- 
thesis ; .'. 0»m(a— a) + »; r.n^O', or Pis divisible by *— a. 
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(1) Let fff=:it, /. «=?; and =^ yrhenx^a^ 
which Ì8 finite, since neither p nor q contain x^a. 



(2) Let97t>n; /. «=-.«— a | =0; ìi x=za. 
(3)Let«i<«; /.«=:£.=__.=- =00, if ar=o. 

83. Hence it appears the true vaine of such a fraction is 
found bj getting rid of that power of (a;— a), which is 
common both to the numerator and denominator. 

When m and n are whole numbers, the yalue of the 
fraction may be found by successive differentiation. For 

hi dx ax ax 

Let x=^a ; /. Q=0, bj hjpothesis ; 

dP 

'' ~di'"di' •• """3«' 

dx 

or is equal to the ratio of the differential coefficients of the 
numerator and denominator, a being put for x. 

But if x=^a, also makes -^-=0 and -^=0 ; then by 

dx dx 

repeating the process, 

dx \dx ) dx^ 



d^ rdQ\ ^ 
dx' \dx ) dx^ 

and the dififerentiation must be continued until one of the 
dilferential coefficients becomes finite when x=ia, 

If both be finite at the same time the fraction is finite ; 
it is nothing, if the difibrential coefficient of the denominator 
be first finite ; and infinite when that is the case with the 
difierential coefficient of the numerator. 

4 84. If fractional powers of a;— a be also found in the 
numerator and denominator, this method is inapplicable, 
since x=za will make one of the difierential coefficients 
infinite. 
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Thu8,ifti= ^ L =^x-\-a= A 2ci; 

VX — a 



dx Vx^—a^' dx 2^x-a 

both of which become infinite when x^a. 
In such a case we maj use the foUowing method. 

p 

(2°) Let -^ be the fractìon, where P and Q vanish if a;=a. 
Q 

For a; put a+A, and expand the numerator and denomi- 

nator bj the Binomial Theorem according to the increasing 

powers of hy so that the fraction becomes 

-4iA*i +^,A^J ^-CiA"! +&C.' 
which is of the proper form ; V if A=0 it becomeB -. 

There will be three cases, a^a^ a>aij and a<a^. 
(1) If a=ay divide each term by h% and we bave 

SS--J-, or finite if A=0. 



• • 



A 1 + B^h^^ 4- CjA'^— + &c. ^ 1 

(2) a>a^, then the fraction 
^A— 1 +5A^— 1 +&c. 



A^-YByh^'-^^ +&C. 
(3) o<ai, then 



=0, when A=0. 



^ + 5A--^4.&c. =^^^,^henA=0. 



A lA*^-- + ^1 A'*'-- + &c. 
Cor. 1. If ti=-^=— , when a?=a, it = -. 

JP P 00 

Cor. 2. If «=1-1=1—1-; it al80 = ?. 

For 1—1= ^""^=?, when «=«• 
P Q PQ 0' 

Cor. 3. Next Px Q=Ox » =?. 
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For Q«^, if Qi=0, when x^a\ 

a?* — 1 

Ex. 1. Find the yalue of «=-- — — --, when ar=l, 

ar»-f-2a:'— a?— 2 

P=aH^-l; .•.^=s3a:2=3. when «=1, 

dx 

Q=x3+2a:«-aj-2; .% ^=3a:«+4a:-l=6, if a?=l ; 

Cut 

. -0_3_1 
•••'-5^6"2* 

Ex, 2* Find the vaine of , when x=zO. 

X 

P^à^^b", and Q-x, 
— -=a* log a^lF log 6s=:log a— log ft=log y, when a:=0, 

and^=:l;/.«=log(j). 

Ex. 3. u^ , ^""f =^ifa:=l. 
1— «-floga? 

P=ar*'— ar, and Q=l— x-hloga?, 
^=a:«'(l+loga?)-l=0, ifaf=l, 

^=-1 + 1=0, ifa:=l, 
eoe X 

5?=af(l +logar)« + -=2, if a;=l, 
^=-i = -l if*-l- 

.•.«=^=—2. 

85. We may often dispense with differentiation. 

Ex. 4. «=?!l±=Ml±f)=0 when:r=0. 

a:* 
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1.2 2.3 
log(l+a:)=ar-^+^-^ + &c.; 

1 2 
Ex. 5. If«=- — i=oo — 00, whena:=:l. 

_H-x-~2 (l-x) 1 1 -r , 



1— a: l-a?2 2_^2 2__ar2 l-j-a? 



Ex. 6. If tt=^-__!!_^ 5 find it, if ar=0. 

4a! 2a?(e *-|-l) 

Here«=f .^=9,ifar=0. 

2 

Expand e'* by the formula c*=l -|-z+-— +&c. 



Leta;=:0; /. tt=^=^. 

Ex. 7. w==-^^ ; find it, when a;=:x * 



x 



Letloga;=y; /. a:=ey, 



«=^= ^ 



^1.2^2.3^ 

1 1 1 A r 

= — =0, if y=x. 



Similarly, if «=_ h_; and a:=oo, ti=0. 

a;" 

±jX. 8. tt= — = 1___^=-, when x=a. 

Va— a?-h Va^—3i^ ^ 

—-and — -^ are infinite jvhen a:=o, and we may use the 

CmZT fjLX 

second method ; let x^a^h. 



Vh+ Vh^a^-^-ax-^x^) 1 + Va^-tax+a^ 
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Let x^a, or h^O. Then «= ^'^^_ 

We mìght divide at once bj Va—Xy and then 
^a-\-x-¥ Va— a? \/2a 

Ex. 10. « = l-riP»+co»^^i. a;='. 

sin 07 4-008 27—1 2 

Ex. 11. u^rr-z — TT, — , ^ =t; a?=c. 

17^ IO cosa?— Cosma? 1— w^ ^ 

Ex. 12. tt= = ; a:=0. 

cosa;— cosna; 1—»^ 

Ex. 13. «=?!=^n8^±12=l. ^=2. 
«*-9«''+4a:+I2 3' 

Ex. 14. w=f_4 — =1; a:=0. 



!?▼ M^ ^, tana;— Sina? 1 ^ 

Ex. 16. ,.^ ^~i^ + ^)'<^+ri.a^ njn^l) 

{\-xf 2 ' * ^• 

Ex. 17. «= ^-g^'+Q^-T^+g 

a;*-6x»i- 12a!«-l(te+3 * ' 



•Sn— 1. 



Ex. 18. ^= 7. "^73^ =^; a:=0. 

(sin a:)^ " 

Ex. 19. ^= , ^7"^"* =2; «=0. 
log(H-a:) 

a— a?— a log [ — j 



Ex. 

a— >v/a*— (a— a?)* 

ira? l— a; _2 

2 • ^a? TT 
CQty 

Ex. 22. « = (l-a?)log(l-a?)=0; a?=l. 



Ex. 21. « = (l-a?)tan^=JL;:f-=5; «"=1. 
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Ex. 24. tt=-l--_^ =![!.a.=0, 

2a?« 2a: tan Tra: 6 

Ex.25. i.==_4±^i:|!zf! =l;:c=-l. 

Ex. 26. ,,- ^+3a:»-7a?^~27a.--18 
ai4-.3a^~7a:2 + 27a?-18 

= 10; ifa:=3;=^; ifa:=-3. 
Jbx.27. w= — — = — l;a;=0. 

6^ — 1 

T, „-, aj3— 4aa?2 + 7a2ar— 2a3— 20» v'2oa?~o2 

jCìX» i60* tt SS ■ 

«2— 2aa:— 0^+20 \/2aar-a:2 
= — 5a; x-=.a* 

Ex.29. «=:_^-^=i; a?=l. 
a:— 1 Ioga? 



Ex. 30. w=?L!!!r::^=iogf?V ar=i. 

Ioga: °Vcy 

Ex. 31. «=: — .tan — =~; a?=0. 
4a; 2 8 

Ex. 32. If tt*-96a2tt2 + lOOaSa:^— a:4=0, 
.« ^ du ,5 /2 

Ez.34. «=>2«Ì5Ef =1 . ^=0. 
log tan 2a? 

Ex. 35. t/= Va»— «2 cot ( ^a / ^^^ ] =— ; a:=a. 

V2 V «+a:y ir 

^/x — ^/a^\^ ^/ax — x^ , 

Va:2-a2-h \/2a2~3aa:-|-a!2 



Ex. 36. 



Ex. 37. 



Ex. 38. 



(a5--a)\/ar— c+ Va:— « , 
«= ^ ^ — ==~ =1 ; a;=a. 

V2a— \/a:4-a+ Vx—a 

Vi^ZIa^ + a- >v/2aa:-a2 
tt= — ^ . — =0: ar=a. 

Va:3-a»-Va:'-»-a2 
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CHAPTER Vn. 
Maxima and Mìnima. 



86. If u=^f{x) express the relation between the fanc- 
tion Uy and the yarìable Xy then if ar=a make /(a) greater 
than hoth /{a+K) and /(a— A); u::^f{d) is said io be a 
maximum; but if f{a) be lesa than both f{a+h) and 

f{a^h)y it is called a minimum» 

Hence the value of a function is said to be a maximum 
or minimum^ according as the particular value is greater or 
less than the values which immediately precede and foUow it. 

From this definition it appears, that if a quantitj eitber 
continually increase or constantlj decrease, it does net pos- 
sess the propertj of a maximum or minimum. Also as the 
words maximum or minimum are used in a relative and not 
in an absolute senso, functions maj possess manj maxima 
or minima. 

For we maj easilj conceive that a quantitj after having 
reached a maximum value may decrease to a minimum 
value, and afterwards again increase^ and thus many maxima 
and minima may exist in the same function, but which it is 
obvious must succeed in order. 

Thus the alternate elevation and depression of the waves 
of the sea will with regard to a horizontal line give maxima 
and minima altitudes. 

87. In the circle the sine* which=0, when the arc=0, 
increases as the are increases, till the are =90^, when the 
8ine=radius ; from this value it decreases» till at the end of 
the second quadrant it becomes=0. 

At 90°, therefore, it is a maximum ; for any two sines 
drawn on opposite sides of the sin 90°, and equidistant from 
it, will be both less than the radius. 

In the parabola» the line drawa from the focus to the 
vertex, is less than either of two focal distances which can 
be drawn to the curve on opposite sides of it ; it is therefore 
a minimum» 

* By the sine is here meant the Bemichord to wMch the sino of the 
angle is proportionaL 
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Bj reference to figures 1 and 2, we perceive that 
NP in fig. 1^ 16 a mazimuin, 
iVP 2, Ì8 a minimum. 




(2) 




88. One of the chief applications of the Differential Cal- 
culus, is that which affords rules for the discoverj of these 
valnes. 

But the foUowìng proposition must first be established. 

If y^A^h-^AJi^ + A^h^ + hG.+ A^h^+A^^.h^^' + &c., 
where the ratio of anj coefficient to the one immediately 

preceding is finite, L e. — j^ is finite, h may be so assumed 

that anj one term shall be greater than the sùm of ali the 
terms that foUow it. 

Let r be > the greatest ratio between the coefficients ; 
.% -r <*■' ^^ A^KA^ry 

^<r; .\ A^KA.r', 

4^<r; /. A^<Aii^, 

&c. 
/. AJi+A^^'\-AJi^+hQ.<A^h'\-A^rK^-{-A^f^h}+ÌKfi. 

<^iA{I+rA4-r2À2-|.&c.} 
1 



<AJi 
Let M=i, orA=-—; 



r^^ 



1 



• • 



=2; 



2r' " l-rh 
.\ Axh-\-AJì^+A^h^+h(i.<2A^h; 

similarly may AJi^^ be shewn to be > AJi^+AJi^+hQ. 

t2 
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We haye supposed the series to proceed to infinity : if it 
extend to n terms, it is evident, àfortioì^ that anj one term 
is greater than the sum of ali that foUow it. 

In two of the followìng series the theorem is, and in one 
it is not, applicable. 

a:-|-2a:«-|-3«»+4a?* + 5a5-l-&c {\\ 

x+\ . 2x^-^2 . 3a:8+2 . 3 . 4a:* + &c.... (2), 

a:+2>.a;»+3^a:»-f-4».ar* + &c (3). 

89. Prof. If u^f{x) be a maximum or minimum when 

x=a. Then on the same supposition, -t-=0. 

cCx 

Let Ui=f(X'\'h), and U2=f{x—h). 

Now at a maximum or minimum, u=f(x) must be greater 
or less than both /{x-\-h\ and f{x—h)y or greater or lesa 
than both u^ and tig, and hence u^—u and U2^u must both 
bave the same algebraical sign. 

and ...«,_„=-_*+_. _-_._+&c 

by writing — ^ for ^ in the value of t/j — w. 

Hence, since the first term of the expansion can be made 
greater than the sum of ali the terms that follow it, (if x=a, 
does not make any of the dififerential coefficients infinite,) it 

is clear that whilst the term -j-h exists, Ui—u and Uo—u 

dx 

will bave a difierent algebraical sign : i. e. u^ and u^ cannot 

be both greater or both less than u» Therefore, if there be a 

maximum or minimum, -r-=0, and 

dx 

* dx^ 1.2 dsc^ 2.3 

dhi h^ d^u h^ , ^ 

fio 1<=^-^ . -T-z . ;r + «C. 

^ dx^ 1.2 da^ 2.3 

d^u 
Now if x=^a does not make -— =0, the sign ofui^^u and 

«2— w, since h^ is positive, will depend upon that of -— . 

d^u 
/. if ^-g be +, «1— f« and Wa— w are both + . 
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If-r-^be— , «1— w and tfs— «are both—. 

éPu 
If-p--be+> ti\ and u^ are both >u\ or t< is a minimum; 

if —-- be— , Ui and tf» ^® ^oth <,u ; or u is a maximum. 
ose* 

Hence this rule. To find whether u=f{x) contain any 

du 
maxima or minima, put -7-=0, substitute the values of x 

dx 

llius found in — —, if the resulta be positive, there are 

dx^ 

mìnima ; if negative, maxima. 

90. Should however -r-s=0 when x=za. 

dx^ 

^ ^dx^ 2.3^ 

d^u h^ 

and Ui^u and u^^u bave again different signs ; and there- 

d^iÀ 
fore there will be no maxima or minima if -=-^ exist. Hence 

dar* 

it is obvious that there is a maximum or minimum onlj 

when the Jirst differential coefficient that does not vanish is 

of an even arder. 

CoB. 1. If tf= maximum or minimum, any Constant 

multiple of u is one also. Forif--=0, a -=- 18=0; and 

dx dx 

•*• if ti=maximum, au is a maximum. 

CoB. 2. If/(ar) be a maximum or minimum, {/(«)}", 
where n is integrai, is also a maximum or minimum. 

For let u=f(x), and £/•= {/(a;)}»; but ^=/' (a:)=0 ; 

élTT 
/. — - s=« [f{x)} »-y'(aj)=0; or Uis a maximum or minimum. 
dx 

Cor. 3. If u=f(x) be a maximum or minimum, log u is 
sometimes a maximum 'or minimum. 

T * rr 1 . dU l du -n 4. du ri • ^^ n 

Let U=ìogu; ... ^=- .^. But -=0; .-. ^=0. 
or UÌB9k maximum or minimum, unless a?=a makes u=0. 
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91. If t<=mazimum, • is a minimum, and ccm^^ersely. 

•DI 1 A 1 ^ dv \ du 
u dx u^ dx 

dh) 2 du^ \ d^ \ d^u . 

— -=-- . ~~^—^ . ^5-= — z . -rz-r , wnen ti=maximiim. 

dx^ tt» dx^ tt» d^x u^ d^ 

Therefore, if ^-^ be negative, -=-s is positive, or if « be 
ax^ dx* 

a maximum, - is a minimum. 
u 

92. In the succeeding examples the foUowing results will 
be found useful. 

(P). Let a=radius of a circle, then 

Arearsrra^ • circumference=29ra. 
Area of sector of a circle =^ rad x are 
Soliditj of sphere=fira^ 
The surface of 8phere=47ra^. 
Convez surface of 8egment=29raj; ; x being altitude. 

(2^). Let 2a, and 2b be the axes of an ellìpse ; 

•% area of ellip8e=ira& 

(8^). Let a=axis, 2h greatest doublé ordinate of para- 
bola; 

/• area=|^ax26=:^aò. 

Solidity of paraboloid=^ TTÒ^a. 
(4^). Let a = altitude ; 6=radius of base of cjlinder. 
Solidity of cylinder=7r^2a. 
Convex surface =29raò. 
Whole surface=27r6«-|-2ira5. 

(5^). Let asaltitude, and 6=cradius of base of cene. 
Solidity of cone=^7r62a. 

Convex surface * = t J v 6^ + a\ 



Whole 8urfaceasir6*H-7r^ V6*+a*. 



* The surface of a cone when unwrapped becomes the sector of a 
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Examples. 

(1) Let tt=aj»-6flrHlla^— 6; find the values of x whìch 
ma^e u a maxìmam or minimum. 

^=3a?«-12aj+ll=0; 
dx 

^=6a:-12. 
Let x^2'\ — — . •^ 'Tlr^^ "^^ indicates a minimum, 

*=^"~-Q— 5 •*• ^-3=— 2 v3 ...•.•... a maximum. 

x^ 

(2) Let y=a:tanO— .— -—; find x that y may be a 

4A cos^ a 
maximum or minimum. 

^=tan6-— ^— • ^=— 1— 
cfe 2ACO820' eia:» 2Aco8^e^' 

From ^=0, a:=2A tan cos» a=2À sin 6 cos B ; 
or 

also -=-^ is negative ; .*• y is a maximum, 

and y=2A tan . sin cos Q.^A'sin^Ocos^O 
^ 4A cos* a 

=2A 8in« e- A sin» 0= A sin» 0. 

This is the equation to the path of a projectile, and the 
maximum Talue of y is the greatest heìght aboTC the hori- 
zontal piane. 

(8) tt=(sinic)"'. {8in(a— a?)}" ; find x that u may be a 
maximum or minimum. 



circle, of which the centro is the yertex of the cone, and radins the slant 
side, and are the circomference of the base of the cone. 

Bat sector = ^ rad x are ; and radins = a/6^ + a* ; are « 2w6 \ 

.'. Convex surface =• irh Vb^ + a". 
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du 



=1» (sin xy^^ sin {a^xy . cos x 



dx 

— « (sin «)"• . sin (a— x)"-* cos (a— ic)=0 ; 
/. m sin (a— ar) . cos a? — « sin a: cos (a — a:)=0 ; 

, sin (a— ar) . cos x « , 



• • 



cos(a— a:), sino; m 

. sin(a— a:)co8a?— cos(a— a:)sina;_n— f» ^ 
** sin (a —a?) cosa: + sin a? cos (a —a?) w+wi' 

, sin (a— 2a:) «— w ^ 

Sina «+m* 

a — 2x and .*. a; maj be found from the tables. 
(4) ti=— i-? ; find X that « maj be a maximum. 



X 



du 1— loffar ^ . . i i « 

^= ^2^- =0 ; /. log «= 1 =log e ; 

.*. 07=6, and M=:> . 

e 

(5) Find that fraction which exceeds its second power by 
the greatest possible number. 

Let X be the fraction ; 









u^^x—x^ is a maximum ; 

du 

dx 
d^u 
dx^ 



= l-2a:=0; /. a:=^, 

= —2, or a;=^ is a maximum^ 



(6) Find the distance of P from 
-4, when z. CPB is a maximum. 

AB=a, AP=^Xf 

AC=:b, Z.CPB=:e; 

/. e=Z,CPA^/LBPA 

=:tan-»^-tan-i?, 

X X 







</a; 



a;-' 



+ 



a 

X 



2 



1+^^ l-4-?[! ^*+«' ^^+^^ 
a;2 "^aj^ 



=0; 
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.*. APtouches the circle circumscribing the A PBC. 

(7) Of ali triangles upon the same base, and having the 
same perimeter, the ìsosceles has the greatest area ; 

2P the perimeter and a the given base, 
X and y the remaining sides ; 

/. area= VP . (P- a) . {P-x) . (P-y) ; 
\'P and P—a are Constant, and if y/u he a maximum, u is 
also a maximum. 

Let w=(P-a:).(P-y)=(P-a?).(a+ar-P); 



du 



• • 



= _(o + x-P) + P-ar=0 ; .-. x=P -% 



dx ^ ■ ' '2 

or the triangle is isosceles ; area=^ 'JP{P—a). 

(8) Divide a number a into two such parts, that the 
product of the nfi^ power of the one into the «*** power of 
the other maj be a maximum. 

X one part ; a— a: the other ; tt=a:™ . (a —a?)** ; 

ux 

=«:'»-* . {a-^xf-^ {ma-'im + «) . a:} =0, 

whence a?=0, x-=ia^ and ar^ ; 

^ = {(w - 1) . aj«-« . (a~a?)»-i -(«- 1) . ar"^^ (a -a?)»-«} 

cia> 

{ma— (iw 4- «) . a?) — (w + n) . a:**-^ . (a —a;)"-*, 
which vanishes when a;=0 and a?=a, but if a7=: 



97ia 
/, aj= gives w a maximum. 

2=0 and a;=a will give no results unless m and n are even. 
And then !^=w . (wi— 1) (m— 2)...2 . 1 . (a— a?)«+0(a;), 

^=« . (n- 1) («-2)...2 . 1 . fl:"'-h0(a-ar), 

dar 
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and — -=in.(«i— l)(«i-2).„2.1 .a», when «=0, 



and 






daf 



=».(n— l)(n— 2)...2.1.a* when a;=:a; 



both of which correspond to minima. 

(9) tf'— 3aua;4-ai^=0; find x when « is a maximum. 

uff/ ^* 

But ^=0; .*. «•— a«=0, or «=!-. 
Substitute in the originai eqnatìon, 
?!-8a:»+a:8=0...(l); /. «a=2a»; /. a:=a.V2. 



Differentiating a second time, 

du 
dx 



à^u , o \ , àu fn du V du , n ^ 






d!ir 



dx 



But ~=0, and «^ — aa:= ----ars= * (a^^— a»)=aa? ; 



d^M — 2a? 



• • 



.8/0 -.2 8 



2 
a 



whence a;=a>/ 2, gives u-^aX/ 4, a maximum. 

From(l)a:=0; /. t*=0; ^=-f^=? ; if a:=0. 

ox^ u^—ax 

Treating the fraction as a vanishing one, 

^1— re , =-, if a;=0; /. tf=0, is a minimum, 
dic^ n du a 

aa; 

(10) Bisect a triangle by 
the shortest line. 

^BCthe triangle, and PQ 
the shortest line. 



CP=^x 

CQ^y 
PQ-u 



a, by e the three sides 
of the triangle, C 
the Z. BOA. 




Then V A AB 0=2^ CPQ ; b 



... ?^=2.^^=«3^sin(75 .-.«6=2x2,, 
t|2 — a;2 -|-y2 — 2xt/ eos C= a^ + -— — — aò cos C=minimum ; 
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dx 2«» ' 

. a»6» /òft , ab /òF 

... ««=^+^_«icosC=ai.(l-cosC)=£!zÌ£Z*I% 

(11) Descrìbe about a given 
circle ABCy the least ìsosceles tri- 
angle. 

i>PQ the triangle. 

I)0=x\ OA=a; .\ DJ= Vx^-aK 

DA Vx^—a^ 

.-. ADPQ=zPBxDB 

a(x+à) / . V 
= — ^rr^^ X (a? + a) 

=a .-^— ===iniminum. 
Vx—a^ 




Whence, if w= 



x-^a 

(12) Fìnd the greatest area ìn- 
cluded by four straight lìnea. 
Let Oy by Cy d be the four lìnes, 
6 the Z- included by a, 6, 

^ ... L e, c^ 

i> the diagonal ; 

ab . sin 9 
.•, tt=area= — 

Si 

, c£? . sin 
-h — ^=maximum ; 



, 2;=2a, and A=:a2.3\/3. 




/. ^=1 . (ab . eoa 6 +«<? • eoa ^ . ^^ =0. 

But c2 + ^-2cJ eoa ^=Z>2=a2-|-ò2_2tìò2, cose ; 

e?^_ j, sin ^ 



.'. cd.-^=iabi-: 



de 



Bin^ 
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EXAHPLES. 



.% substitutiDg this value, and dividing by ??, 

/. sin ^ . cosO +sin 6 . cos ^=8in (^ + 0)=O=sin ir ; 

or the quadrilateral may be inscribed in a circle. 

(13) Through a given point D to draw the shortest 
line PQ terminated by two 
given straight lines AB^ AC\ 
the angle A being a right 
angle. 

AQ=x; AE=^a% u=PQ, 
AP=i/;ED:=b; 



,-.«= Vx^ -hy^,aminimum (1), 

and -4- -=1 ; which is 
X y 

the equation to PQ,... (2). 

From (1) «+y^=0; from (2) \^ ^^=0; 

ax x^ y^ dx 




</\ 



51 ^ 

.-. ?+'5Lf!É'=l; .-. a:=Va.(a»+6»); 

XX \ • /» 

(14) Cut the . greatest a 

ellipse from a given cone. 
^5Z>thecone. PStheeUip- 
tic section. 

AC^a, CN^x, 

PB the axis-major==2a, 

and axis-minor=26. \ 
Now area of ellip8e=iraò. 
And 2Ò= VPQxBD 

= V2x X 2/3=2 V/S, 
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2a= ■y/JiN»+NI»= V0+xy+J>fI^. 



.-. 2a=^(J}+xy+^-xy i 



.'. area =^:5^.^03+«)» + ^(/3-«)« ; 
.-. u =x{(j3+a?)2 + — . (/3— a:)2}, a maximum ; 



a^.n NO . « r/i . „ a^ 



whence ^^^^^ -^ , ^(-^/)- = ^(a^-hffl); 

3(a2+/32) ' 

and tbe problem is possible if a*— 14/Pa2+/3* is positive. 
The limit of possibility is when the surd disappears. 

Then a< - 1 4fS^a^ + 49i3< = 48/3* ; 

/. a2=7/32+ V45/3*=/3«(7±4V3}; 
/. a = /3(2+ V3), 

and:c=?^ 6+4V|_^ 3+2/3 fi 
3 •8±4V3""3*2-h V3" V3' 

(15) The content of a cone being given, find its form 
when its sarface is a maximum. 

X the altitude, and i/ the radias of the base. 

Let ^^ be the given content =.%^^^-5, 
3 3 

Then u = surface = convex surface+base ; 



/. I*=gry\/ar2 4-y2+wy». 
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X X 

•••«='«'{ 5 {' 

whenoe because -— =0 ; a?--2a^=^2c? V«*+a3 . 



« 2' ''Va 



(1) Let w=a:8— 7a?>+8a?H-32. 
a?=4 ; if= 16 a minimam ; 
arss^ ; tt=d4^ a maximum. 

(2) «=a:3-.3a;«— 9ar+30. 

Ar= — 1, gìves tt=35 a maximum ; 
a; =3, gives if=3 a mÌDimum. 

(3) te=siii^Ar. cosar; jp=60; usa maximum. 

(4) Divide a number into two sucli parts, that their pro- 
duct multiplied bj the difference of tbeir squares shall be a 
maximum. 

2a the number, a+rc and a—x the parta ; 

/, u = (a*— a?*) . Aax = maximum» whence x = — = 
^ V3' 

(5) Divide a number a into two such factors, that the sum 

of their squares shall be a minimum ; 07=: Va. 
1^ 1 

(6) «=3^^; «=«; ti=e^ a maximum. 

(7) Into how many equal parts must a number a be di- 
yided that their product maj be the greatest ? 

a s 

e 
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(8) Let u=s (mx-\-n).(ny + m) he a maximum, and 



•««(?) 



^""Ìog(a»») • 

(9) u=er^^€r'^y a minimum: a>by and shew it as a 
minimum. 

sin X • •» A^a 

= a maximum ; if x=4o^. 



(10) u = 



l+tano; 



(11) u =^^?!^'= a maximum ; if «=22*» 30'. 

(12) « s sec « . (a— & tan x)^ a maximum or minimum. 

tan x=^{a± Va* -24*2)^ 

tbe upper sign gìves a maximum ; the lower a minimum. 

(13) u = Sa!^-2Sax^-\-S4a^sc^-'96aix+4BbK 
x = a; w=48^— 37ó* a minimum ; 

ar = 2a ; m=486*— 32a* a maximum ; 
0? = 4a ; ti = 48è* — 64a* a minimum. 

(14) M = a? (a^xy (2a-ar)3. 

a? = ^(5— '/T3) ; ttis a maximum; 

fi is a minimum ; 



6 
a; =50; 



* = g(5+ a/13); tt is a maximum. 

(15) att'— tf2a;*-|-ar*=0 ; u = a minimum ; find x, 

(16) u = ax-^a^ . sin - . cos - a maximum if ifw^2a. 

X X 

(17) Inscribe the greatest reet- 
angle in a given triangle. 

AD=za,BC=:byAN=zx; .\ PpJ'A 

a 

bx / X . €L 
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EXAMPLES. 



(18) Inscrìbe the greatest isosceles trìangle in a gìven 
circle. 

Let a = radiusy the trìangle ìs equilateral^ side = a \/3y 



(19) Inscrìbe the greatest parallelogram within a given 
trìangle ABCy A being one or the angles of the parallelo- 
grani. AEz=z\ AB^ then AE is one of the sides. 

(20) Of ali equiaDgular and isoperìmetrìcal parallelograms, 
the equilateral has the greatest area. 

(21) Of ali trìangles on the same base, and having equal 
vertical angles, the isosceles has the greatest perìmeter. 

(22) Given the base and vertical angle of a trìangle, shew 
that when it is isosceles its area is a maximum. 

(23) Of ali trìangles on the same base and having the 
same area, the isosceles has the least perìmeter. 

(24) Inscrìbe the greatest rect- 
angle in a semicircle. 



CN-x, CA=a, NP=z Va^^x^ ; 
.-. u=2PM. CM=z2xVa^^x'^; 




BN" 



a 



,\ a?= — -^ and tt=a^ 

(25) The same construction applies to any curve. 
AC=b, AM=^x; .\ FM=f{x), màu=2{b-x) ./(x). 

If BAD be a parabola ; «=4 (b—x) Vmx. 

(26) If BAD be a circular segment ; 

/. u=z2(b--x)V2aX''xK 

(27) If A be the vertex, S the focus and P a poìnt in a 
parabola, find the vaine of the ratio of AP: SP, when it is 

greatest. Batic = — ^. 

(28) In an ellipse find when CP+ CD is a maximum. 

r= CP=—- VòH^. 

éy/2 
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(29) Cai the greatest parabola from a given cone. 

(30) Bequired the least trìangle TCt 
wbich can he described about a given 
quadrane 

C/4=a, CM=zXt CN=yi 

* y f A N 

and if tt=maxmium, a;=^ and /iACP=^^S^. 

(31) Let APB he a parabolic are and C the focus. 

AN=^x, AC^a, ,i=(^±^Z^, whence «=?. 

2Vx 3 



(32) Inscribe the greatest ellìpse in 
a given isosceles trìangle. 

Let Z>a=2ar, cò=y; .•. n^^rr.yx, 
AD^a ; DB—h. 

Now cN=^ — i= ; 

e A a—x 




a—x 



a—x 



But ^ . AN^^PN^=t {Na . ND) ; 
AD^ X* 

,. J. (--=^\W . (^^ ; .-. y«=** («-2X) ; 



ich 



a 



/. M=Tya?=-— =^ . x a/a— 2a: ; /. «?=« - 
Va ^ 

(33) Inscrìbe the greatest parabola in a given isosceles 
trìangle. Axis |th of altitude of trìangle. 

(34) Within a given parabola inscrìbe the greatest para- 
bola^ the vertex of the latter being at the bisection of the 
base of the former. Axis=s| of given axis. 

(35) Descrìbe the greatest isosceles trìangle aboat an 
ellipse, the major axis and altitude being coincident. 

a 
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EXAMPLES. 




^ (36) The corner of a leaf is tnmed 
^back, so as just to reach the other edge 
of the page : fìnd when the length of the 
crease is a minimam. 



also Aa . PQ=z2A Q.AP; 



.\ u^=PQ'^= 



2sfi 



X:=z. 



Sa 



(37) The part turned down is least, if a;=§a. 

(38) Inscrìbe the greatest cjlinder within a cone. 

a, altitade of cone ; ar, of cylinder ; a? =- ; w=-^^ — 

(39) Inscrìbe the greatest cone within a sphere. 



U-* j r 4a 32 

ar=altitude of cone=--- ; «=— . 

o 81 
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(40) Given the surfaoe of a cylinder, fìnd its form that its 
volume may be a maximum. Altitude=diameter of base. 

(41) Given the volume, find when the surface is least. 
Altitudes=diameter of base. 

(42) In the trapezium ABCDy the base AB=a, 
AD^BC^b, find CD, CD being p arallel t o AB, that the 

area may be a maximum; 2CD= VSò^-f o^ + a. 

(43) PQ is a chord in a semicircle parallel to the dia- 
meter AB, join AQy BP cutting in : find AP that the 
triangle POQ may be the greatest possible. -4P=38** 40'. 

(44) Through a given point D between two given straight 
lines AB, AC (page 76): to draw PQ, so that AP-j-AQ 
may be a minimum. 

u=(Va+ Vby. 

(45) Draw PQ so that PA Q may be least. 

x=2a ; y=26 ; u=2ab, 

(46) ACB is a quadrant, C the cantre, CB the hori- 
zontal radius is bisected in D, a point P is taken in the are, 
and CPy PD are joìned, shew that the angle CPD is 
greatest when PD is vertical. 

(47) Find the vertical angle of the greatest rìght cone 
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wbich can be described by a righUangled triangle of given 
hypothenuse. 

(48) The centres of two spberes (radii r^r2) are at the 
extremitìes of a line 2a, on which a circle ìs described. 
Find a point in the circumference, from which the greatest 
portion of spherical surface is visible. 

If X and ^ he the distances of the point fron^^the centres 
of the two sphereSy 



whence a;= 



_ 2ar, 



(49) Find the position of a line passing through one of 
three given points, so that the rectangle of the perpen- 
diculars from the other two points may be a maximum or 
minimum. 

There are two lines respectivelj perpendicular, fulfiiling 
the conditions. 

(50) In a spherical triangle, find d when u=9— is a 
minimum^ and 

sin a + sin ? . sin Z 



cos6= — 



cos B . cos / ' 



sin d . sin Z 

COS0= — — 5 , 

cos . cos l 

differentiating the three equations and eliminating dd and cZ^, 

sin 6 sino . « , ^ 
sin f sin l 

whence sin 3= —sin Z . tan (^a). 

This is the problem of the shortest twilight, and if Z be 
the zenith, P the north pole, S the sun when twilight begins, 
s when it ends, Q^s^ZPS, ^^zZP8\ /. 6—0 converted 
into tìme is the duration; l is the sun's declination, Zthe 
latitude of the place, a is the depression of S below the 
horizon, generally taken=18° ; /• sin d= — sin Ztan 9^ ; the 
negative sign shews the sun is on the south side of the 
equator. 



o2 
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THE CEIXS OF BEBS. 



The Cells of Bees. 

93. The first examìnation of the comb of the bee-hive 
presenta a coUection of waxen cells, the upper surface beìng 
parallel to the lower : but these paralisi surfaces beìng sepa- 
rated, each celi ìs found to be of a prismatìc form ; its base 
being a regiflar hexagon, and the other end of the prism 
formed of three equal rhomluises, composing the solìd angle 
S> And it ìs remarkable that the two coUectìons of cella, 
whìch by their junction form the comb, are so united that 
the axia of any one celi of one collectìon is in the continua- 
tion of the line of junction of three other cells of the other 
collectìon. 

That the bases should be regular hexagons ìs an ìnstance 
of the economj of nature; for only three figures, trìangles, 
squares, and hexagons, can completely occupy space ; and of 
these, including the same area, the hexagon has the least 
perimeter. 

Prof. Join A and Cthe extremities of AA^ CC oli two 

equal edges of a prism, and let a 
piane through CA parallel to the base 
meet the axis in P\ and let a piane 
inclìned to the base, also through CA^ 
cut the axis in S and BfB in h, Then 

SP=Bby AA0P==AA0B; 

/. pyramid A CSP^ pyramid A CBÒ, 

Henee whatever may be the inclina- 
tion SOP of the piane SCb to the 
base of the celi, the solid content of 
the celi remains unaltered, but the 
I surface varies with Z. SOP. 

To find Z. SOP when the surface 
of the celi is a minimum. 

LetZ SOP=e,A'B'z=:^AB=:a,AA'=:b. 




BO 



Then 50=?; Ob=OS==-^^= 
2 cos (^ 



a 



cos d 2 cos 



Bb=:SP:= GB tan 6=? tan 6 ; 

.\ trapezium AA'B'b^BA'-^AABb^ba—^tanB ; 

4 
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/. lateral surface of cell=3a(26— - tan 6). 

And rhombu8=/S'0 ^AC^SOy. A'C=:^-^ . a VS; 

2 coso 

/. surface of the tetrahedron=— ; 

2cosO 

\ 2 2cosOi 

.-. ^=3a{-^Bec«6-|-?V3.8ec6.tan0}=O; 
dd 2 2 

/. 8ec0= V3tan6; .\ sin 6= -L; .% 0=35** 15' 51". 

V3 

tanOCT=-^=X; /. sinOCT=-i=; 
CO V2 V3 

.-. £OCb=:Z.SOPy 
and Z.SCÒ=2Z_S0P. 

Hence the acute angle of the rhomb is doublé the inclination 
of the rhomb to the base of the celi. These results agree 
wìth the most exact measurements made in a multitude of 
cells.* 

94. If Ar=a, make — - = oo , the preceding rules are 

ax 

ìnapplicable, since they are founded on the supposition that 

/(a + h) is expanded according to the ascending integrai 

powers of h by means of Taylor's Theorem ; but which is not 

the case, when the differential coefficients become infinite. 

Let then /{a + A) be expanded by the ordinary methods^ 

and assume 

/(a+A)=/(a)+PA-+ QA^+^A''+&c. 

where a is the least of ali the indices of h ; 

/. /(o+A)-/(a)=PA-+ Qh^-^-Rhr+èMi.. ..{!), 

and f{a^h)-na)=P{'-hy-^ Q(-A/+&c. 

by wrìting —A for A in series (I). 



* Fiu8sant*8 Geometry . Cresswell's Maxima and Minima. 
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Now if A be made very small, the algebraìcal sìgn of 
the developementa will depend on that of theìr first term. 
If therefore there should he a maximum or minimum» since 
y(a+A)— y(a), andy(«— A)— /(a) must have the same signs^ 
PA' and P( — A)'; and /. A" and (—A)" must have the same 
sign, or a must either he an even number or a fraction with 
an even number for ìts numerator. 

(1) Ifa he an even number, it shews that at a maximum 
or minimum the first existent term of the developement 
must ìnvolve an even power of A, a conclusion we have 
already come to in the preceding pages. 

2n 

(2) If a he a fraction, it must be of the form . 

Ex. Let ti=5+c(a:— a)*. 

Here -;-= — , r^, which is infinite, if x=:a. 

dx 3 (x—ay 

But x=ay gives u=ib, 

x=a+h gives w=ò+cA*, 

x=a^h w=ò+cA*, 

and/(a + A) and/(a— A) are both >/(«), if e be positive, 

</(a), if e be negative. 

If /• e be positive, x=a makes u=b s, minimum, 

e be negative, x=sa u=ib a maximum. 
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CHAPTEB Vili. 



Functions of two or more Variables. 
Implicit Functions. 



95. As jet we have onlj treated of functions of a single 
varìable ; we next proceed to the case ih which, u^f(pry\ 
where x and y are independent of each other, and the vaine 
of u corresponding to new values a; -}- A, and y-^Jiy pfi ànd y, 
is requìred. 

!Now when « is a function of x and y^ u maj yarj oh 
three suppositions ; Ist, or may vary, and y rémain Constant ; 
2nd, y may vary, and x remain Constant ; and 3rd, x and 
y may both vary together. 

Thus suppose u=sxy^, and let x become x+h, and y 
remain Constant ; therefore if u'' be the yalue of u, 

Next let y become y+k^ and x be Constant, and let U| be 
the vaine of u ; 

.% Ui=x{y'^ky=:xy^+2xyk-\-xkK 

Again, in the equation us^xy^ write x + A for x, and y+k 
fory, and let u^ be the vaine of «, or tt2=/(*+^» y-f^); 
.% u^={x+h)(t/'^ky=:xy^-\-y^h + 2xyk'\-2ykh'\-xk^-^kVi, 
the same result as would bave been obtained had we put 
y+k for y in u', or x+h for x in Uy 

96. Next considering the question in a general point of 
view. 

Let u=f(Xf y), then ìf y remain Constant while x becomes 
x+h, we have^ by Taylor's Theorem, 

or, if X remain Constant while y becomés jf + A;' . 

Suppose now that x and y both vary ; or x become a? + A, 
and y become y+A; it is not possible to make both these 
assumptions at once : but if we use either of the two series, 
iot f{x + h,y) or/(a?,y+A), and in the former put y+k 
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for^, or in the latter x-^h for Xy we shall in eìther case 
hayey*(x+A, y+^)i ^^^ i^ ^i^u® developement. 
Assuming the first expansion, 

But u=sjf(xy\ and therefore -=-, -^, are also functions 

dx dx^ 

of X and y, if therefore y become y-f * ; w> 3-» -rr^» &c- will 

Cut dx^ 

become functions of y+^> and may be expanded bjTajlor's 
Theorem, x being considered Constant. 
Let therefore y become y-f A ; 

and to obtain the values of •--, -^--, &c. we must write -r- , 

dx dx^ dx 

—^ &c. for u in the series (a) ; 

s ^/-^-^^^ 



d 
d^u d^u 






But it has been agreed to write ^^ — ^ for \ ^ , 

dy .dx dy 

which expresses that the function has been dìfferentiated 
twice, Ist considering Xy and then y as yariable ; 

and -^ i8 written -^„ and «J;*^ is written 

--;j — ^, denoting the differential coefiicient when the fune- 

tion has been dififerentiated m times with regard to x, and 
n times with regard to y. 
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Makìng these substitutions, and multiplyìng the expan- 
flion of -=- by A, that of -=-- by -— pr , &c. we shall bave 

>.>. • ,N du • d^u k^ d^u A* A 

/V-*^-r«,y-r«; »-r^^ -r^^, 1.2^c/y3 2.3^ 

djp dy .dx djf^ .dx' l .2 

d^u k^ d^u A«A n 
■'■£te2*1.2'^(^y.£te«*1.2'^ 

dx^ 2.3 
+ &C + &C. 

97. But this developement was obtaìned, by first sup- 
posing X and then y to vary ; bat manifestly we should 
bave had an equal result» had y first become^+A, and then 
X become x+h, On this soppositìon we bave 

put x-\-h£oT Xy 

, , du. , dht h^ ,dhi h^ , ^ 

du du dhi . d^u h^ « 

dy dy dxdy dx^dy' 1,2 '' 

dPu d^u dhi h ^ 

dt d^ dxdy'^'X^ ®'' 

+ &c. : 

whence by substitation the total developement becomes 
-r/ . r .IN xàu, , d^u h^ .d^u h^ , «^ 

.duy. dPu j,jr . dhi h^k n 
<(^ d!isdy dxMy' 1.2 

'*"^'l.2'^drrfy2-i.2"*" • 

+ &C. 
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GoB. 1. Since tbe serìes are equal, the coefficients of 
the same powera of h and k ought to he equal ; 

dydx dxdy ' 
dhi _ d^u 
dy^dx dxdy^ ' 
dht d^u 



and 



dydx^ dx^dy ' 
&c.=&c. 



dy'^da^ dj^dy^ 
Hence the order of differentìation is indifferent. 

CoB. 2. Again, V -r— r=-r^- 5 •• wnting — for «, 
° dydx dxdy dx 



'•(£) *(s' 



9 



^y 

dydx dxdy 

dydx^ dxdydx ' 

cfyc/x dxdy * 

d^.u d^.u 



• m 



dydxdy dxdy^ 

98. Since — - , -— - , -~~- , &c have been obtained by the 
dx dx^ dafi ^ 

consideration of x alone being the independent variable^ 

such differential coefficients have been called partxal differ- 

ential coefficients, and for the same reason -=- , -—^ , &c. are 

dy dy^ 

also called partial differential coefficients, and these partial dif- 
ferential coefficients are frequenti^ included within brackets, 

thus [;t-] is the partial diffi^rential coefficient with re- 
spect to Xy and ( ;>- ] is the partial differential coefficient with 

respect to y, and { -^ ) dx, and ( -^ j dy^ are the partial 
differentials of tf, with regard to x and y respectively. 
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99. The term _-A-f-— ^, which involves only the first 

CUT dy "* 

powers of h and ^, is called the total differential of u, and 
putting dx for A, and dy for A, is thus written ; 



'^"=(S-'*'"^($)''^' 



or the total differential of u=-f{xy) is the sum of the partial 
differentials. 

100. From the first differential of «, we may form by 
differentiation the successive differentials d^u, d^u ; &c. 

Fo.*-(|)*,+ Q* W 

And differentiating, considering [ — J and | -if ] as func- 

tions of X and y, and dx and dy constante we have> by 
writing successi vely, { ~) an<i ( — ) for « in (/?), 

, fdu\ d^u , , /d^u\ , 
Then substituting these values, since 

Again, to find dhi, substituting as before 

j f d^u \ d^u j . d^u j 

d . ( ) = -r-o-T- • «a?+ , , , . dy. 

\dxdyj dx^dy dydxdy 

\dyO dxdy^'"^^\dy»} ^' 

^'■d^-^y'-'^K^yy- ■ 
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101. The law of continui ty is almost obvious ; for the 
numerical coefficients appear to be those of the terms of the 
expansion of the binomial (A+^)'* : hut to prove this, let 

Differentiating the successive terms bj means of 

rf.f^V— ".^+^^.^y ...(1), 

dAj^^^^.d^^f'^'^'^.dy (2). 

Kdaf^^dyJ dx^dy ds^^dy^ ^ ^ 

\daf^dyy daf^'dy^ ^ dai^dy^ ^ ^ ' 

&c.=&c. 

Multiply (1) by rfa:", (2) by n.dxf^^dy, (3) by 
». ( ^^^ ) • da^'-^dy^ and adding 






^ 2 dTf^Hy^ ^ ^ 



or if the formula be true for the index n, it is true for n + 1, 
but it is true when n=:3 ; it is •% always true. 

CoB. If instead of dx and dy we write h and ky 

dx dy 

d'uA^+2^hk+pk^, 
dx^ dydx dy^ 

do^ dxMy dy^dx dy'^ 

&c. 
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.-. «2=/{a?+A),fy+^)} 



1.2. a...» 



. aui . uuw , au 



or the expansion of /(a?-f A, y+A) may be found from the 
successive differentiation of u^=f{x^ y)* 

102. Again, if «==/'(ar, y, z\ and if aj-f-^, y+A, af+iw, be 
new values of x^ y, z^ and 1^2 ^^^ value of u^ 

dx dy dz 
+ -4 A^ 4- J?^H Cm» + &c 

Eor, supposi ng z to be Constant wbile x and y become 
x+A, and y-\-k respectivelj ; 

Let 2 become z+m; 

/. « becomes «+ --m+&c. 

(ftf c/tf , d^u . j. 

T- zr^^-zì-^+^' 

cLx ux azax 

du du , d^u , o 

-j- :}- + j-:r^+&c. 

dy dy dzdy 

&c. = &c. 

«2=/(a?+A, y+k, z-h»i)=t/+^m+^/i+ffA-f &c. 

uz dx dy 

and in a simìlar manner may the expansion of a function of 
four or more variables be effected. 

CoB. Hence, if for m, A, and A, we put dz^ dxy and dy^ 

Thìs result may however be obtained in the foUowing man- 
ner: 

103. Let u=f(x, y, z) ; find du. 

Let n=0 (y, 2?), so that we may put «=r/(a:, n); 
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But v!n=^(y, z)i .% dn—^di/+ — .dz; 

dy az 

. j duj , du dn, , du dn, 

dx dn dy dn dz 

■jy .du dn du j du dn du 
But — . — = — , and — • — = — ; 
dn dy dy dn dz dz 

/. du=-- .dx-j- —.dy+^.dzi 
ax ay az 

and the same method may be extended to any nnmber of 
varìables ; whence ìt appears thnt the difiTerential of a func- 
tion of any number of varìables equals the sam of the partial 
differentials. 

104. From the precedìng reasoning we may find the dif- 
ferentials of a function of two functions of the variable x. 

For suppose u^(y^ z)^ where y and z are functions of a?, 
and therefore u is also a function of x\ to find the total dif- 
ferenti al of «. 

Let h and m be the incrementa of y and z, ìf x become 

But ^=-^A + &c. ; «i=-^A-f &c. ; 
dx dx 

-="+l(l)s+(a)-s)*+*«-' 
•••^"=(©IHS)-S}*' 

or since -f^ h:=dy, and -r- h=idz. 
dx dx 

which is the total differential of a function of two functions. 

105. Again, if u=f{y^ z, v), and y, z, v are functions of 
X ; to find the same : let n be the increment of i; ; 
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f fdu\ dy fdu\ dz . fdu\ dv \ _ 

Similarly maj the total differential of a fanction of n func- 
tions be found. 



Examples. 

(1) Let ti=a;"*y* ; find du. 

= my^x^^^dx + nofhf^^dy 
= af^^y'^^(ìnydx + nydy\ 



(2) «= — ; aM= ^ -^ ^. ^^ 

(3)«=8Ìn(.V);findg^. 

^ =2a;(cos x^y—s^y sin a'y). 



X ydx^xdy 

(4)«=8in-'-, rf«=^^==p. 

. V , /*-+- Va;2— v^N ydx—xdy 

(5) «= log U- Vx»-W •' ''"=2 -fTP^^- 

(6) tt=a:«' ; du^n^ (^dx+ log or . c?y j . 



d^u 



\x X J dxdy 



dydx 
x^y 



(7) t£=_^L_ ; find rftì, and shew that. 



d^u _4xyz^_dhi^ 
dxdz" (a^-^z^f^dzdx 
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éPu 2x^z cPu 



dydz (a* — 2*)* dzdi/ 
dhi Axz dhi d^u 



dxdydz (a^—z^)^ dzdydx dydxdz 

d^u dhi d^u_^ 

d£^ dy^ dz^ ' 

Here l=(a-x)>+(ft-y)» + (c-2^y ; (1)^ 

té 
- </tt Jl,' \ 

.•.^= 3M«^(a-.ar)-w8=3i|5(a-.a:)2-tt», 
da^ dx 

dx^^dy^^ dz^ tt» ' 

an equatìon of great importance in pbjsical science. 

106. Let tf be a homogenous function of Xy y, z, &c., and 
let n be the sum of the exponents in each term, then 

du , du , du , o_ 
nw=— -a? + - -y 4- -— i8 + &c. 
dx dy dz 

For X, y, z, &c. put x+mx^y-^my, z+mz, &c. then u be- 
comes (1 + myu ; 

dy dydx 

, rftt , d^u , , o 

4. iw2f + -7— 7- . Wara: -f &c. 
dz dzax 

4-&C., 
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-- 1 

also =zu+num+n-——um'^-\-SiC.\ 

du , du . du ^ , «-^ 
dx dy dz 

and „(«_!)«=_«:«+ _,yH^zH&c 

dydx dzdx dzdy 

(1) Let tt=(a?+y4-2?)^; here n=3 ; 

ao; ay a2; 

/, ^x^-^y^^z=Z{x^y^zy{x^y^-z)=Zu. 
dx dy dz 

(2) Let w=— ^^ ; bere «=2, 

;, du , du ^. du ^__o„ 
and —- x^-j- y-\--j-z^2u. 

dx dy dz 

(3) Let tt=?^l^; bere «=2, 

and --a; + — y=2M. 
c^4; dy 

(4) Let w=-r k\ liere n=-2, 

and^;c + ^y=-2t.. 
dx^^dy^ 

(5) Let«=^^^^±^; heren=-i 

and 3-a:+:T-y=— i«- 
aj; dy 

(6) Let«=— ^^; here«=l, 

, rf« , du . du 

and _ar+--y+-r ^="* 
dx dy'' dz 

CI) Lettt=sin-»A/^; bere «=0, 

1 du , du ri 
and Z-a;+-^y=0. 

cto ay 
H 
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(8) Lett«=(a^+y«)2; lieren=4; 



Implicit Functìons. 

107. When there is an implicit function of y and a?, it is 
frequently impossible to solve the equation with respect to 
y, and obtain y=/(ar) ; but by considering f(x, y,)=^ ^^ 
be a function of two variables, we may from the preceding 
ezpansions for such functions obtain rules easy of application. 

Let u—f(Xy y)=0, and let u^ represent u when x beeomes 
or+A, and therefore y beeomes y^k\ 

But V «=0, whatever x and y are; .% Wi = 0; 

ButA=^A+&c., vy =/(«); 
ax 



•••(SHI)I=«- 



whence — may be found from f — ) and (-;-). i 

dx ^ \dxj \dyj \ 

Ex. y8— 3aa;y+a?3=0; find X 

QX 

Let «=y3 — Saxy+ar^ ; 1 

••• -3aj+3:.'+(3j,.-3«.)|=0, .-.1=^ 
C«....S.»„((|) + (|).*)»=0, 
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• /^^ 



• • r 



, ' I cfe + ( -— V--^da?==0; putting db for A; 
\dxj \dyj dx 

or ^^) (fe+ (g) t?y=0. {V y=/(x)} ; /. du^O. 

Cor. 2. Hence, since if «=0, du^O\ .% if du=0, 
d^u=^0 ; and thus if «=0, rf"M=0. 

108. From the equation f^ + fp^ .^=0 (1), to find 
-— (wbere dht means the second total differential of u), and 

thenee to deduce v?- 

dx^ 

G' du^ fdu\ , fdu\ dy^^ ^ 

dx \dx) \dy) ' dx 

. d^u_ d (du\ di fdu\ dy\ .„. 

•• d^^^'dbi\db:)'^di\\d^)'dx) ^^' 

Put in (1) -;- for «, and then -- for m; 
^ dx dy 

• A. (^^\ — fd^u\ d^u dy 
dx\dx) \dx^J dxdy'dx* 
d ( fdu\ dy\_^fdu\ <Py dy d fdu\ 
dx\ \dyj ' dx\ \dyj ' dx^ dx' dx' \dyj 
fdu\ d^y.dyi <Pu d^u dy) 
= \dyj ' dx^ dx \ dxdy dy^ ' dxì* 
.*• substituting in (2), we bave 

and because from equation 0-) ■-?■ ^^7 ^ found in terms 

ux 

of the partial differential coefficients (-7-}y (-r-\ *"^ ( T^i 

and (p^ and -^ being similarlj found, ^ may be de- 
\Oiy j CLXvLy (ml 

termined. In the same manner — -, and /, —4 ^^^ clif- 

dx^ d7^ 

ferentinl coefficients of higher orders maj be found. 

109. Next, let «=0 be a function of three variables 
^1 Vy ^y or let z be an implicit function of (a;, y) ; and let 

h2 
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z+mhe the value of z when the independent varìahles, x 
and y, become respectively ar+A and y + k; 

/. since tti=0=/(a?-|-A, y-f *, 2+»i), 

°=(l) '<ì) *■*■(£) -+^*'+^*'+^'«H&c. 
But «+»»=0(a;+A, y + k); 



•••"=(©*+(!) *+»=■' 



A + &C. ; 



':s)+(s)-s=« <■)• 



•••«=l(S)^(S)§l»M($)+(S)-|l 

••• (s)HS)-§=» » 

whence dzi=—-dx + ^^dv may he found. 
cw: dy 

110. The diflTerential coefficients of the superìor orders, 
can be found bj differentiating the equations 

fdu" 
V 

(|)+(S)-Ì=° ®- 

« 

111. Thus to obtain -—-, , ■ and — — . 

dj^ dydx dy^ 

Consìder equations (1) and (2) and f-— VT — j and 
rdu' 

(1®) Let equation (1) be differentiated with respect to xi 
it must be considered as a functìon of x and z, and therefore 
from (Art. 108), putting z for y, 

fd^u\ ty d^u dz fd^v\ dz^,fdu\ d^z_^ .„. 

i,^; ■*"'^'s:^*5i'^ l^J '^"^ w -sj-^"" - w- 

(2^) Difierentiate (2), considered a funetion ofy and z» 
Write y for a? in equation (3) ; 

/cPtt\ n_^ dz^fd^u\ dz^ (du\ d^z_^ ,.v 
\,^>/ ■^'^ dzdy'dy^ \dz^) "Sf^ \dz) '^"^ •'• ^^-^• 



/ Jf j as functions of a:, y, z. 
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Now either differentiate (1) with respect to y, or (2) with 
respect to x ; and since in the former case -j- becomes > ^ 



dx dydx 

and in the lattar — - becomes ■ ^ », and that • — ^= — ^. 

dy dxdy dydx dxdif 

the resulta will be identical. 

Let equatìon (1) be differentiated with respect toy; and to 

do this put ( ;7- ) and [ — ) for u in equation (2) ; 
. ^u d^u dz cPu dz 



dx.dy dx.dz'dy dg.dy'dx 
,(dhi\ dz dz fdx\ d^z _^ ... 

From (3), (4), (ó), g. J and ^ may be found, 

and -— and — - flrom (1) and (2). 
dx dy ^ 

112. From this it is obvious, that ì£ u=f{x, y, z\ be an 
explicit fanction of x^ y, and z, where iS is a function of x 
and yy that the differential coefficients of u maj be found. 



du 
d^u 
d^u 



^ du rdu\ . fdu\ dz ... 

^^' Tx^Kd^)'^\Tz)'d^ (^)' 

dy^{^)^{Tz)'Ty ^^)' 



dy' 



^rd^u\ ^d^u dz rd^u\ dz^ (du\ d^z ... 
^\di^)^ did^'d^^Kd^J'W^^ 



d^u d^u d^u dz d^u dz 



dxdy dxdy dxdz dy dydx dx 

ifd^u\ dz dz.dx d^z ,-v 

\dz^J ' dx' dy dz*dydx ^* 

-17 V.» V. dz dz d^z d^z d^z , j» , 

From which -^, -— -, -— , ---, — -— may be found. 

dx' dy' dx^ dy^' dydx ^ 

Ey a • similar process the differentials of the third and 
higher orders may be obtained. 
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Elimination hy means of Differentiatìon. 

113. We bave seen that if a Constant quantitj be con- 
nected with the function bj the signs +, ìt dìsappears from 
the dìfiTerential coefficients. Should it however be multiplìed 
into the function or anj term of the function, it will stili 
appear in the value of the differential còefficient. 

Thus if ti=0 be a function of x and y^ involving a Con- 
stant a, both u=0 and dft/=0 will contain iz, but between 
these two equatìons it maj be eliminated, and an equation 
will arise independent of a, which is called a differential 
equation. 

Thus,lety=ax2; /. ^=2ac=??^; 

dx X 

an equation from which a has disappeared. 

Irrational and transcendental quantìties maj also be eli- 
minated bj differentiation. 

m 



Thus, Iety=(a2+ar2)'»; 



m 



• ^=2a? ^ f^2. ^2^"'-l^ 2^^(«'-^-a^')" - ^»^ 

If there be two constants as a and h involved in the equa- 
tion y^f{x) ; then the equations «=0, c?m=0, and d^u^=0 
must be combined, to eliminate them. 

Ex. 1. t«=y— aa;2— ia;=:0, or y =aa:2 + 6a? ; 

dx dx^ dx dx^ 

**dx^ x dx x^ 
Ex. 2. y=^a . cos mx-^-b, sin mx ; eliminate a and b. 

^sz—ma sin ma?+ m5 cos tnx, 

dx 

^sz—rn^a cos wio; — tn^b sin «w; 
rfa;2 

=— w^ {a cos mx+b sin wa?} zrz^m^t/ ; 
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Ex. 3. y=ae^sìn (Sx-\-b) ; eliminate a and 6. 
^=2ae^'BÌn(Sx'^ò) + dae^QOB(Sx+b) 

=2i/+3i/cot{Sx+ò), 

^=4aè*« sin (3x +b)+ 6ae^ cos (Sx + b) 

+ 6ac*'cos (3a?+5)— 9ae2*8in(3a:+^) 
= - 5y + 12y cot (2a:-f 6) 

114. If u=f(xi/z)=.0, or zz=f(x^) ; we may by means of 

the partial differential coefficients -^ and -y> eliminate two 

dy dx 

quantìties from z=f(xy)y and by proceeding to the second 
differential, bave three other equations for -— , -r-— and 

éPz 

-— , and tberefore five quantìties may be eliminated. 

Ex. 4. Let z=f(ax'\-by)\ eliminate the arbitrary func- 
tion. 

Let fifa? + òy = t? ; .\ z —f (t?), 

j dz dz dv x» X dz /y/ n -, dv 
and -— =-- . --. But --==r(t7), and --=o ; 

dx dv dx dv dx 

^ dz rf/ \ dz dz dv ^., . , 

or 3 . .--=roW*Y«), and a . 3-=o& •/' W » 
oo? ay 

'''^^-<^^=0, or bp-aq=0. 

As an example. Let z = sin (aa;+ 5y) ; 

/. p=a cos (aa; + bi/), q=.b cos (aa: + by) ; 

Ex. 5. Let 2?=(aj+y)*^^(a?2— y2) . eliminate the function. 
p-m . (a;+y)"*-'^(a?2-y2) 4.2(ar+y)V(a;2^3^2) . a!...(l), 
9=»} . {x+y)^^ip{x^-y^)'^2{x^yY^^^^ 



^- 
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Multiply (1) by (y), and (2) by a:, and add ; 

or pi/-i-qx=mz. 
Ex. 6. Let zx:=ff-^ ; or z=- ./ f^^ ; 

"?■■''©' 

Ex. 7. LeM=/(y+aar)-f0(y— aar), 

/?=a ./'(y + ax) - a^'(y — aar), 

The equation to vibrating chords. 

Ex. 8. J£z=:x/{a)-\-y(l>(a) + yl,(a) (l), 

0=ic/'(a)+3^f(a) + f(«) (2), 

where /^(a) = ' *; > *^ eliminate the arbitrary functions. 

Differentiate (1) successively with respect toar and y, con- 
siderìng a as a function of x and y ; 

•*• S=-^^"^+ {*/'(«) +yf(«)+n«)}g. 

^= ^(«)+ {*/'(«)+M«)+'K(«)}| ; 

therefore from (2), ^=f(a) ; _=0(a); 

''dx-'^Kd^J' 



• • 
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dx^ Kdyj'dxdy ^ ^' 

dydx \dy)'dy^ ^ ^' 

whence multìplying crossways, 

' (d'^z\ /d^z\ _f d^z y 
\dx^J Wy ■" \uuuyj ' 

tHe equation to developable surfaces. 

Ex. 9. y-=Lxé^ ; eliminate e. 

xdy—ydx^y (log y— log a:) dx. 

Ex. 10. Eliminate a and b from ^^=aa;+6x^. 

Ex, 11, If ^=a sin a; 4- 6 sin 2^, shew that 

Ex. 12. If z=— +/ (y + log ar) ; px—q=ix\ 

Zi 

Ex. 13. Ifi?=:/^?^!:^); 2arj(p+(a:2+y2)5'=0. 

Ex. 14. x^+y^+z^=f{axJthy-\-z). 

(y — Ò2?) j9 — {x—az) qzr^hx'- ay. 
Ex. 15. z^=.aX'\-hy-\-c\ eliminate a, 6, e. 

d^ dx^ dx'^ dx^ 
Ex. 16. If z= xf(^\ + (a?y), shew that 

^ éPz ^ d^z 



fife» ^ dy 



2 
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CHAPTEK IX. 

Maxima and Minima of Functions of two 

Variables. 



115. If u=f(x, y) be an equation between the function 
ti, and the two independent variables, x and y^ there may 
be some particular vaine of a:, and also of y^ which will 
make the function greater or less than the values which 
immediatelj precede or follow it. It is then a maximum 
or minimum. We proceed to find the relation between the 
differential coefficients, when this circumstance takes place. 

116. Let «I be the value of te, when x-\-k and y-k-k are 
written for x and y respectively ; and «j ^he value of «, 
when x—h and^— ^ are substituted for the same quantities. 

Also put A for -v-r:, B for -7— r> and C for — ~. Then 
^ dx^' dydx dy^ 

ttX ^Jw 

and M2=«- e J *+^'^) +\{Ah^'^2Bhk+Ck^} - &c. 

Now since the values of h and k may be assumed so small 

that, (as long as the differential coefficients -r- and ^-- remain 

dx dy 

finite) the algebraical sign of tt^— m and u^--u will depend 

upon that of the term f-^^-f-^^Vitis manifest, that if 

\dx dy J 

this term exigt, u^ — u and Uf^—u cannot be both positive or 
both negative, or there cannot be a minimum or maximum 

of u, Therefore at a maximum or minimum _ _A+— - ^ 

dx dy 

must=0. A condition which can only be fulfìUed, since h 

du 
and k are independent quantities, by making ^-=0, and 

CmI/ 

— =0. Hence at a maximum or minimum, 
dy 

Mj _ M=^ {Ah^ + 2Bhk + C%2) ^ &C. 

=^{^+2jB«4- Crfi] + &C., if A=nA. 
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Therefore the 8ign of «j— w, and also of «j— «, will 
depend upon that of the coefficient of — -, that is, upon 

A-\-2Bn-{- Cn\ Hence, this term must not change ita sign 
whatever be the value of n ; which it will not do, if it can 
be put under the form of the sum of two squares, as 
{n + ay-^BK 

Now A+2Bn+Cn^=:hcA+2BCn+Chi^} 



=^{c^-^4-0(f4-.)^), 



which is of the requisite forni, if CA be not less than B^ : or 
to bave a maximum or minimum of a function of two vari- 

ables, we must first bave -t-=0 and -r-=0; and secondly, 

dx dy 

__ X -r-^ not less than ' ^ 

dx* dy^ 



r d^u Y 
\dydxj ' 



117. It is obvious that —— and — must bave the same 

dx^ dy^ 

algebraical sign ; and also if tbey be both negative^ ti is a 
maximum, if both positive^ « is a minimum. 

If the second ditìTerential coefficient of u vanish^ when the 
first does, there will not be a maximum or minimum, unless 
the third differenti al coefficient vanishes, and the fourth 
neither vanishes nor chauges its sign, whatever be the value 
of n. 

Ex, 1 . Let u=x^-\-y^— Saxy^ 

ax a 

^=3y2-3aar=0; .\ y^-^ax=^—ax=zO; 
dy a^ 

/. a?=0, and a^— 0^=0; whence x=a; the other two roots 

x^ 
are impossible ; and y= — =a; or =0. 

dx^ dy^ "^ dydx 

IS x=0, -4=0, C=0, and 5= -So. 



Maxima 



'/i '^^J^inimumy and w= — a^ . ^j—q 






p^ 



>^ 



li^ 



>> 



115. If Mr 

ti, and the ' 
be some pa 
make the 1 
immediatel; 
or minìmui 
differentia' 
116. L( 
written f 
when X— 

Also pul 



x^'' 



J- 






• 7' 
^^5ar-2a;=a^ or ar=-, 

€Z fl fl( 

^ 2 3 6 



How ^(«-._,)-&V-2.^=g-g-g=-gi 

that. / ^ ^ «8 /»8 

fini 3 \2 ^ 144 

. Ex. 3, Inscribe the 
v^atest triangle wìthin a 
^Vén circle. 

R the radìus, 
a, Ò, e the sides^ 

Bat t<=>- . sin A 
2 

= ^. sin (6+0), 

and 6=2^. sin 0; 
c=2E . sin ; 
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/. ti=2J^ sin sin sin (^ + d)= maximum ; 
/. ^=2/?»{cose.8Ìn(0+0)+sine.cos(0+(?)}8Ìn0=O, 

and ~=2J5a{co8^. sin (0 + (?)+8Ìn^ .co8(^ + 0)}sin6=O ; 

/. 8in(^4-26)=0=8inir, and 8Ìn(6+20)=O=8Ìnir; 
.•. ^+2(?=:ir, and (?+2^=7r; 

/, (J— A=0, or 0=^; .*. 30=ir, and 0=5=^, 



and •*• A=- ; and the triangle is equiangular. 
3 

Ex. 4. Inscribe the greatest parallelopipedon within a 
given ellipsoid. 

Let 2x, 2y, 2z be the edges^ 
2a, 26y 2c the principal diameters of the ellipsoid; 

^S <|.2 1^2 

.-. «=8ay«, and _ + _+|-,=l $ 

••* H ^ ^J' 



• • 



dx dx 

dy dy 

Ti M.àz a? e* j cfo y e* 

iJut — = — - . — , and — = — - . — ; 

dx z a^ dy z b^ 

• *'=^ andl*-^*- • **• 
••^ a»' """e»"*"» r«' 



va à^ c^ V3 a/3' 

8 abc 

■*"*'**~3 ^3* 

» 

Bat if F=Tolume of ellipsoid ; F=s- wabc ; 

3 

2F 
••. «= — 7s orti : F: : 2 : T V3. 
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EXAHPLES. 



If a?=a, A=6a, (7=6a, J5=— 3a, 
^C=36aS and B^=9a^i 
,% x=aj V -4 Ì8 +, gives a minimum, and m= — a^. a;=0 
gives neither a maximum nor minimum. 

Ex. 2. ti=a?*y*(a— af— y). 

^"=3arV (a-ar-y)-a3y2 -0, 






=2x^(a ^x—y) si^y^ =0 ; 



c/y 
/. 3(a-a?— y)=ar; 2(a— y— a:)=y; /. 2a?=3y; 

/, 3a— 3ar— 2a:=a:, or ar=5, 
2a-Sy-2y=zt/, ory=?; 



€Z 6( GÈ 

^ 2 3 6' 



=6a?2y(a-a:-y)-3a:V-2a:3y:=J?l-^-I?!=-J?!5 
d^jcdfy ^^ ^^ ^ ^ 12 12 J2 12 



c/y2 



>8 



/. ^C=^, and ^=^1^; /. ACìs >B^; 
and u^— X -- X -^—ir~ is a maximum, v -4 is — 

a y O 4oJ 

Ex. 3. Inscribe the 
greatest trìangle within a 
givèn cìrcle. 

R the radius, 
a, h, e the sides^ 

But «=^ . sin A 

=^. sin (6+0), 

and 6=2^. sin 0; 
c=:2B . sin ; 
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,% ti= 2R^ sin sin ^ sin (^ + 0) =maximum ; 
.% ^ =27?» {cos e . sin (fp+d)+ sin . cos (^ + 0)} sin0 = 0, 

and ~=2J52{cos0. sin (^ + 0)+sin0 .cos(0 + 0)}sin0=O ; 
d<i> 

.% sin (0-f 20)=O=:sin ir, and sin (0+20)=O=sin7r ; 

A ^+20==7r, and 0+2^=7r; 

.% 0—^=0, or 0=0 ; /. 30=ir, and 0=^=^, 

3 

and ,\ A=^ ; and the triangle is equiangular. 
3 

Ex. 4. Inscribe the greatest parallelopipedon within a 
giyen ellipsoid. 

Let 2xj 2y, 2z be the edges, 
2a, 2b, 2c the principal diameters of the ellipsoid; 

/. ti=8ayz, and l+?-+|- = l j 

e* a* o^ 



But — = — . — , and — = — 2 . — ; 
dx z a^ dy z b^ 

/. «-- . ^=0, and z-?- . ^ =0 ; 
za* z 0^ 

-j2 ^2 _ jr2 «2 /r2 



• • 



=?: and^=?:= • ^'. 






a^ V3 *^ <^^ V3 a/3 

8 abc 

and !«=;;; 



3 a/3 



i 



4 
But if F= volume of ellipsoid ; F=- iraicr ; 

ó 

2V 
• • «= — js orli : F: : 2 : TT a/3. 

^V3 



ilo .SXAtfPLES. 

Ex. 5. K tt=«*-f y*— 4airy2 ; find x and y, wben 
t«= maximum or minimum. 

and a;=0 ; y=0 ; give nìinìma^ 

Ex. 6- ti=a{8ma;+siny+sin(a;+y)}. 

ir ir . rt v^3 

ar=- ; y=n > S^^® tt=3a— - a maximum. 

Ex. 7. Given the perimeter of a trìangle, shew that its 
area is greatest when ìt is equilateral. 

Ex. 8. Divide a quantity a into three such parts x, y, z^ 
that ussaf^^sf may be a maximum ; and shew that it is a 
maximum and not a minimum. 

x= — ; ; — ; y= — ; — -; zr- ^ 



m-\-n -{-p m-^n -j-p m + n -^p 

Ex. 9. Given the surface of a rectangular parallelo- 
pipedon ; find when its content is a maximum. 

If Xf y, z be the edges of the solid : 

Surface=2a?y -f 2xz -h 2t/z = 6a\ 
and u=^xyz a maximum, 
whence x==y=.z=:a ; and solid is a cube. 

Ex. 10. If the content of the rectangular parallelopipe- 
don be given, find its form when the surface is a minimum. 

It is a cube, as in the preceding question. 

Ex. IL Let u^^ax-^-bif+cz a maximum, 

and ar2+y2^2;2-_i . fin^ x,i/yZ; 

^ du ex ri 

•V-7-=a =0; /. az—cxy 

ax z 

dy z ^ 

cab 



• • 



KXAMPLES. 



Ili 



Ex. 12. tt=(a?+l)(y+l)(;r+l); 

a maximum where A=^ai'b'^&' 

^_ log^&c-~21ogg , ^^_ (log^^cay 

Sloga ' 271oga.log6.logc* 

Ex. 13. Given the radius of a circle described about a 
trìangle ; find ita form when the perimeter is a maximum. 

If and ^ he two of the angles, and if r be the radius of 
the circle, 

w=2r {sin + sin 4- sin (0 -f 0)} ; 

whence0=0=- ; and the triangle is equilateraL 

o 

Ex. 14. Given the sum of the three axes of an ellipsoid ; 
find them when the volume of the ellipsoid is greatest. 
If 2xy 2yy 2z be the three axes, 

4 
tt=- TTxyz^ a maximum, 

o 
and 2x-\-2i/+2z=z6ay the given length ; whence 
xssyz=sz=:zay and ellipsoid becomes a sphere. 

^ Ex. 15. Find that point within a triangle, from which if 
lines be drawn to ^^ 

the angular points, 
the sum of their 
squares shall be a 
minimum. 

Let ^5(7 bea tri- 
angle, and P a point 
within it, a, b, e, 
the sides of the tri^ 
angle. 

Draw PNy AD perpendicular to CB^ join AP, BP, 
CP. 

Let CN=:x; NP=y', then AD^b^m C; C/>=6cos C. 

Then CP»=a?>+y*; ^i^=y* + («-ic)*=y'+a^+a»-^2aar, 

^/»=(6cos C-a:y+(6sin C-y)« 

=^»_|-aj»+y»--26(ircos C+y sin C); 

/. ur=^Za?+Zf-\-a*-\'h*--2ax—2b{xQo^ C+y sin C); 

,% a:=^(a+6cos C); y=^&sinC; 

/. CP= V?+7=7 ^2a^ + 2Ò« - e*. 

The point P is the centre of gravity of the triangle. 
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EXAMPLES. 



Ex. 16. Find a point within a triangle, from wbich if 
perpendiculars be let fall upon the sides, the sum of their 
squares shall be a minimum. 

ABC the triangle ss before, P the point within it^ dra^w 
PNf PMy PQ respectively perpendicular to C5, CA, AB. 

Let CN=^x ; PM=p ; 

tben tt=y*-fj[?'-f-^. 

Now if i be the perpendicular from a point (a, /3) on a 
Unei/^mx+by 

^_/3 — &— ma 

Vwi*-t-l 
(10) IfS=/i; /3=y; a=x; b=zO; »i=tan C; 

V— «tan C n • n 

secC/ 

(20) ^3=5^; m=— taiijB; ft=atanJ5; 

V-~(a — xìtan^ -n / \ • r> 

/. q=i" — ^^ ^ =:yco8jB— (a— ar) sin J5; 

/. t«=r^ + (y C08 C— a? sin CTf + {y cos jB— (a —a:) sin B} *, 

, a sin A.sìn B , sin C 

T7nenc6 </ — 

2(1 — C08* jB . cos* C4- sin J? . sin C cos B . cos C) 
abc sin ^ 

j . flf^ sin 5 abc sin C 

Ex. 17. Find a point P within a quadrilateral figure 
ABCDy from which if lines be drawn to the angular points, 
the sum of their squares shall be the least possible. 
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ABzizai BC=b\ AD=c; AN=x; NP=!/; 

.Mi=ir2 +y2 _,.y2 ^ (a— a;)2 -1- (i sin 5-y)a + (a— ar—ò cosj5)2 

+ (e sin A —yY + (a?— e cos Af 

=4yH2;c2 + 2(a-a;)2-26{y8Ìn5 + (a-a;)cos5} 
+ò2_j.c2_2c(ysin^+arco8-4); 

whence ar=^ (2a 4- e cos A —b cos B), 
y=i(c sin ^4- 6 sin B), 

Also V -r-s = 8=-— r; ——-=0; m is a minimum. 

Ex. 18. Of ali triangular pyramids of a given base and 
altitude, to find that which has the least surface. 

Let a, 6, e be tbe sides of the base, h the altitude of the 
pyramid, 0, 0, ^ the inclination of the faces to the base. 

Then because if p be perpendicular from vertex on the 
side a, p sin 0= A, and area of face=±^ap=^A cosec 6 ; 

/. tt=ìs^A (a cosec 6 +5 cosec 0+c cosec ;//) (1). 

Also since the base of the pyramid may be divided into 
three triangles, whose altitudes are respectively 

h cot 6, h cot 0, h cot ;// ; if m^ be its area, 
«j2=^A(acot0 + òcot0 + ccot;//) (2), 

from which combined with (1) a minimum, we bave 0=i(p=}j/y 
or the faces are equallj ìnclined to the base. 

Ex. 19. Two points P and Q are given above a piane ; 
find a point i? in a piane, such that PR-^RQ may be a 
minimum. 

Let the given piane be that of xy ; from P and Q draw 
lines perpendicular to it, let the axis of z pass through P, 
and the axis of x pass through the foot of the perpendicular 
from Q. 

Then if e = the co-ordinate of P, a and b that of Q, 
X and y oi Ri 

/. u=PR'^ QR= v'^M^yM^ 4. Vy^^{a^xy-\-b^ ; 
du X a^x 



dx s/x^^y^-\-c^ v/y^ + (a— aj;HÌ^ 



=0...C1); 






I 
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From {2), ^=0, and therefore the point R is in the axis 

From (1), __=-__ ; or the cosines of the angles 
Jrli \i,H 

which PR and QR make with the axis of x are equal, 

!.. a? a—x ac 

also V — = — — ■- — ; arx=- 



118. When u=.f{xyz) is a maximum or minimum, we 

must put -— =0;---=0;— -=0; and the equation of con- 
dx dy dz 

dition is {AC'-Bi){AD--E'^)>{AF'--BEf*y 

dx^ * dydx * dy^' 

and 2?=^; E=.^; F=-^. 
dz^ dzdx dzdy 

Ex. 20. tt=oa?2y*z^ —sc^z^ ^x^y^z^-^x^y^z^=i2L maximum. 

1 Sa 2a 

5 • ^ 10* 5 

Ex. 21. «= . . . . ^^^— --—= maximum. 

{x+a)(x+y)(y-hz)(z+e) 

x^ziyEfe; y^i/a^^; z=i/a^. 



* Lacroix, Colevi Diff, Voi. I. Art, 166. 
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CHAPTEE X. 

Equations to Curves. 



119. We proceed to treat briefly of the equations to a 
straight line, to the circle, the conio sections, and some 
otfaer curves, which will be frequently referred to in the 
sncceeding pages; but for complete investigations of the 
propertìes of the conic sections and curves in general, we 
must refer to works expressly written on these subjects: 
since the object of this Chapter is merely to furnish the 
student with such a knowledge of the nature of certain 
curves, as may make the applications of the Differential 
Calculus to them obvious and interesting. 



The Straight Line. 



120. Find the equatìon to the 
straight line. 

Ax^ Ay the two axes of x and y, 

AN^r 
NP^y 



jLPCA=Q 



Bn ± to PN. 

AB=:b. 




or ?^^I-=tan 6=1», by writing m for tan 6 ; 

X 

/. y^mx-\-b. 

CoB. 1. If the line be drawn through a given point; 
let a and /3 be the co-or dinates of the point; /• if a;=a, 

,% /3=»ia+ò, and^=in:v+^; 
.'. y— i3=»i(a?— a). 

CoB. 2. If the line be drawn through the origin, 0=0 ; 
.'. yz=mx ìs the equation to a line drawn through A, 

121. If two linea intersect, find the point' of inter- 
sectioD. 

i2 
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THE STRAIGHT LINE. 



Let ^=ma;-f &, and ^=9nja; + ò| be the equations of the 
two lines ; then, at the point of ìntersection, the values of 
the co-ordinates are the eame for both lines ; 

- t by — b 

/, mx + b=miX -{-bj^; x= — ^ , 

m — »i| 

and >w&,->n6 ^^^ i>iò,-m^ft ^ 
m—mi ^ — 



m — m 



1 



122. Find the equation to a line passing through two 
given points. 

Let y=^mx + & be the equation to the line where m and 
b are to be determined. 

o and /3» a| and ft^ the co-ordinates of the two points ; 



a — a, 



Bui V y=war4-ò, and/3=mo + &; 

.\ y-/5=m.(a?-a)=^i::^i.(x-a). 



a — a, 



123. To find the angle which two straight lines make 
with each other at the point of intersection. 

i/z=mx-^b, andy=»iia?-f^j, 

the equations to the two lines. ^ 

PQR and P^ QR^ the lines. 

From A draw An parallel to PR, 

and Am parallel to P'R'\ 

/. LnAm=LPQR^'y 

.'. PQP'—nAx—mAx 

sTtan*-* m — tan~^ »i j, 




and tan PQP'= 



wt— wi 



Cor. 1. If thè lines be parallel, PQP':=0\ »i— mi=0; 
and 9n|=9n ; 

. . y-.»M?+ 1 ^g ^1^^ equations to two parallel lines. 
Cor. 2. If the lines be perpendicular, 

tan PQP^=i=,^-^^ ; 
l-^rfnm^ 



ì 
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/. l+»imi=0, and 9711= ; 

m 

therefore, if y=mic + & be the equation to a line, 

m 

is the equation to a line perpendicular to it. 

124. Find the equation to a line drawn through a given 
point perpendicular to a given line. 

yzzzmx+b, the equation to the given line, a and /3 the 
co-ordinates of the given point ; 

.", y=— — aj-f-òj is the equation to the perpendicular, 
m 

also /3= a+^i, since it passes through (a, /3) ; 

m 

.'• (y— /5)= — — (a?— a) is the equation required. 

125. Find the perpendicular distance of a given point 
from a given line. 

^=ma?+6 the equation to the given line, and (/3, a) the 
given point ; 

••.(y-^)=-i(«-«) 

tn 

is the equation to a perpendicular from a given point upon 
the given line, 

Then if 3 be the distance required, and i/^ and Xi the co- 
ordinates of the point of intersection of the given line with 
the perpendicular, 

S= ^/(x, -«)' + (y,-/3)'=(*,-a). /y/^. 

But mx^-\-h^=Q ?-^^ ; 

m 

/. ari(w* + l)=w/3-|-a— yw6; /. x^=:—!—— — - — , 

the upper or lower sign being taken according as the nume* 
rator is positive or negative. 



118 TBE STRAIGHT LINE. 

Cor. 1. If the point be the origin, then a=0 ; i3=0; 

=yco8 — ojBinO, 

since m=tan 6, and Vm^-^ì=Bec 6. 
Cor. 2. If the line pass through the orìgin, 6=0 ; 

/. 8=-^r^=/3 eoa evasine. 

Cor. 3. If neither the point be in the orìgin, nor the 
line pass through ìt, 

g^ /3 — ma —y 4- mx 

=(i3""y) cos 0— (a— re) sin d. 

126. Find the equation to a straìght line, which cuts the 
axis of y at a distance h from the orìgìn, and the axis of z 
at a distance a from the origin, in terms of h and a. 

y=imx+b the equation to the line^ 

when a?=0, y=6, 

andy=0, ATssa; .•. «la + 6=0; .', »i=— -; 

a 

b li 3f 

.•. y= — - a: +6; or-f +-=1, is the equation. 
a b a 



The Circle. 

127. The circle is a curve of which the property is, that 
everj point in its circumference is equidìstant from the 
centre. 

Let a and /3 be the co-ordinates of the centre, 
X and y of a point in the curve ; a=radias. 

Then the distance between two points a, /3, and Xy y 

/. y'+ir»— 2/35^-2aa;-f a» + /3«— o«=0, 
is the equation to the circle. 

Cor. 1. If the origin be in the circumference, and the 
axis of X pass through the centre, 

j3=0, a^a\ /. y*+a:!*— 2aa:=0, ory*=2ar — a*. 



THE GIBCLE. 
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Cor. 2. I£ the orìgin be in the centre, 

a=0, /3=0; .% y»-t-«*— a'=0, andy*=a*— x*. 




128. If 5 be a point in the cìrcumference of a circle, to 
find the equatìon between SP and a perpendicular on the 
tangente SV* 

Join OP and draw SN_LP0 produced, 

SP^ri Sr=p; OP^a; then Sr=P]!^. 

Now SP*=S0'+0P''{-20P. ONi 
/. r»=2o»+2a(j9— a)=2ap; 

/. i?=o- *^® equation required. 



The Parabola. 



129. If from a fixed line QDq perpendicular lines, as 
QP, be drawn, intersecting lines 
equal in length, but drawn from a 
fixed point Sy the locus P is the 
parabola, 

Draw SD ± Qq, bisect SD in A, 
then the curve passes through A, 
Let SA=AD=a, 
4N=x, NP^y. 
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THE PARABOLA. 



Now QP or DN=SPi .-. nA-{-AN=i^ VNF'-i- SN'; 

/. {a+x)* or (a?— a)'+4aic=y'+(ar— a)*; 

130. The polar equation. Lei SP=:r, Z_ASP=d. 
Then r=zDN=z2a + SN=2a + r cos P5i\r 
=2a— rcosO; 
2a a 






cos*— 
2 



2%^ Ellipse. 

131. If from two fixed points S and jET two lines SP 




and Pffbe drawn and intersect, and SP-^-Pff^a Constant 
line, the locus of P is the ellipse, 

Let SP+P£r=2a. Bisect SU in C, and take CA= 
CM=aj the curve passes through A and M, Through C 
draw J5CT J, to Sff. With centre <S^ and radius =a cut 
this line in the points B and 6, the curve will pass through 
B and ò, since HB and i/6 each=a; make CB=^ and 
let C5 : C^ : : e : 1 ; .•. CS=^ae, which is called the 
eccentrici ty. 

Let CN=x', NP^y\ SP=D', HP=Dr, 

2>»4-A'=2(aV + a:*+y*), and i>»-Di»=:4aear, 
Butl>+2>i=2a; .•. I>-X)i=2«r; 






THE ELLIPSE. 
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A D=a-\'eXf and Z>i=a— «e; 
.-. 2>2+2>i«=2o»+2c2a:2=2(a2c2^a;2+y«) ; 

But 1-^2=1 -^'=?!:^^'=^?^!ii^= *' 



a^ 



a" 



a^ 



a 



2' 



a^ o^ or 

Cor. 1. If ^ be the origin. Make AN=^x^ ; 

/. a7,=a+a!!, or «=«1— a ; 



a' 



•iC — -^fl«l7| "^fCi y 



••.y'=-,(2<w:i -«.'). 



a 



132. If 5 be the pole, and ASP=d; and SN^r; 

.'. (2a-r)»=£rP=J3W* + iVP«=:(2ac- 5iVO»+r«sin*0, 

and SN=r cos P5£? = — r cos 8 ; 
.•. 4a' — 4ar + r*=(2ac + r cos 0)' + r* sin' 

=4a V H- 4acr cos + r* ; 

l4-ecos0 

133. If Che the pole, CP^r, and PCM =6, ' 

Then aj=r cos 0, and y=r sin ; 
. aj* , y*_ 2 /co8«'0 , 9in«0\_, 

ab h 



• rs=- 



Vò» cos* 0+a' sin«0 v' 1 -^ cos* 



The Hyperbola. 



134. If the difference between SP and PH be Constant, 
the locus of P is the hyperbola. 




122 THB HTPERBOLÀ. 

Let the difference be 20; bisect Sff in C. Take 
CA^a=CM, the curve passes through A. 

^pZ.y f • I^t CS'sste. CA=eay where e>l. 

Then HP^=HN^+NF'=:^{ea+xy+^=^D,\ 
5F«=6'iV« +iV7^=(ea-x)»+y'=J9» ; 
.-. 2>i»+i>'=2.(aV+a:«+y»); D,* - D" =^4:aex. 

Also 2)i— X>=2a ; /. 2)i+D=2^d:; 

/. 2),=aa+ea;, and D=sex~^a ; 

/. 2a» + 2c»a:*=2 (aV + a:* +y») ; 

=^^.(aJi-.a«); making6»=a«(c*-l); ^ 

e* 

Cor, 1. If -^ be the origin, and AN:=Xi; /, x=a;i+a. 
é\ oj-f a=:tri + 2a; «* — a'=a:i'H-2aa:i; 

• and y*= — (2ar, + ari'). 

135. To find the pelar equatìon, S being the pole. 

SP=r, LASP^B. 

Then (2a+r)«=^P»=PiV^+i^iV^ 

.=iW»+(2C5-5iV^' 
=r» sin* + (2ae —r cos 6)* ; 
.% 4a* -f 4ar + r*=»r* -f 4aV — 4acr cos ; 



1 + e cos 

136. Let C be the pole ; CP=zr ; Z.ACP=zei 
/, ic=rcosO, andy^rsind; 
. aj'^y».. , /co8«O_8Ìn«0\ __ , . 

ab b 






Vò* cos'O-a* sin» Vc^.cos^a— 1 



THE HYP£RBOLA. 
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137. The asymptotes being the 
axes, and the centre the origin, 
find the equation to the hyper* 
boia. 

The asymptotes are lines, as 
CO and Coy drawn through the 

b ^ 

cantre, making an angle s^tan-*- 

with the axis of the hyperbola* 
CN=-Xy CM=zXii 
and OCA=oCA=d, 

Draw Mn ±,io CAN, andJV» ± to Mn. 
Since MP is parallel to Co, and Pm to CN, /. Z MPm=d. 
Now x= Cn +»iV'a=a?i cos +yi cos 0=(ari H-yi) cos 0, 
y=Mn-'Mm=Xi sin B—i/i sin 0=(«i— yO sin ; 




Buttan0=-; .% l+tan»0= 
a 



ft« + a^ 



cos'0 



cos'0 



1 



* • 



a» ò»4-a^ 



,sm*0 cos*0 



1 



6* 



a* 6»-f-a^ 



i.e. 4a:iyi=a*+6*, a-^iSs^LZ — 
CoB. If the hyperbola be rectangular, or if è=*a. 



7%« Cissoid. 



138. ^ Q^ is a semi"- 
circle. Take AN and 
BM equal. Draw the 
ordinates NQ, MB. 
Join -^4i? cutting NQ 
in P. The locus of P 
is the cissoid. 

AN=x, NP=zy, 
AB=i2a. 
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THE CISSOID. 



y^^^AN^ AM* AM^ AM 
iVP» lìlB* AM.MB Mtì 

or - = ; /. y»=r-.^ 

139. To fìnd the Polar Equation. 
AP=ry Z.PAN=d, x=rcoad, y=rsmO, 

y" sin* 6 X __ r eoa 6 

a^ cos* d 2a—x 2a — r cos d * 

« 

.*. 2a sin* 8=r cos 8 (sin* + cos' 6^); 

/• r=2a . sin 8=2a tan 6 . sin 6. 

cosO 



The Conchoid of Nicomedes. 



140. The line CP re- 

volves round a fixed point C, 

cutting the line ARNi BPis 

alwajs of the same length ; 

then the point P will trace 

out the conchoid. 

Let CA=af AM=x, 

RP=AB:=b, MP=y, 

MP^^AB^_RN^ 

CM^ CA^ NP* 
RP^-NP 



JVP" 



or 




y _6*-ic* 



/. a^y*«(a+a:)*(6*-«*). 
Cor. Let CP=r, z.PCM=e, 



r= CP=:PB+ CB=:b + 



a 
cos d' 



EQUATIONS TO CURVES. 
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The Witch. 



141. AQB is a semi- 
ci relè, and NP is taken a 
fourth proportional to 
AN, AB, and NQ. 

Then the locus of P is 
the Witch of Agnesi. 

AN=x, 
AB=:2a, 
N P^y ; 



x\2a:\ \f2ax^x^ \y\ a 




2a \/2ax — 



■ • 



X 



x^^o /2a — x 



142. The Logarithmic Curve. 

In this curve, the abscissa is 
the logarithm of the ordinate, : 
or if a he the base of the sys- 
tem, the equation to the curve 
is y=-a^ ; 

/. AB=a^-\, 
or the ordinate through the origin is always unìtj. 

145. The Quadratrix of Dinostratus. . 

While the ordinate RN of the quad- 
rant AQB moves uniformi/ from A to 
se, the radi US revolves from CA to CB, 
cutting RN in P; the locus of P is the 
curve required. 

AN=x, CB=±a, 

NP^y, Z_QCA=d. 




Then ei'^llxla; r. 0= 



irx ^ 

2a' 



CN a-x 



tan 0=tan 



wx 
2~a' 



y=(a— a?).tan 



irx 

2a 
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CoE. When x=a; y=zCb=—, which is a third pro- 
ir 

portional to the quadrant and radias. 

144. If RN move as before, and a line 
as QPM parallel to AC move from -4 C, so 
that Q moves unìformlj through A Q, the 
intersection P of RN and QM will trace 
the Quadratrix of Tschirnhausen. 

HereAQ:AQB::x:a; 

X ira VX 




• AO— — — 



/. I/ss a . 8in[ — —j =:a . sin ^ is the equation. 



The Lemniscata., 



145.1fSffhe 
a straìght line 
bisected in C, and 
if SP and JIP 
revolve round S 
and Hy and inter-r 
sect in P, so that 
SPxHP=CS^, 
the locus of P is 
the Lemniscata. 




s e 

CN=x; NP=!/; CS=a, 



SP= VPN^-{- 6W»= V2/'-b{a-hw)\ 



• • 



• • 



{(y"+a«-f«*)+2aa?} ((y«+o»+a:»)-2ar}=a*; 
.•. (y*-fa»+a:*)«-^4aV=a*; 
/. y* + 2a:y + «*=2aV— 2ay ; 
/. (y«+a:*)»=2aV-^). 
Cor. If CP^r ; and Z. PCH^O. 
Then «srcosO; y=r8in0; a:"-fy"=r*; 

/. r*=2aV (cos« 0-sin« B) ; /. V=2a« cos 2Q. 



EQT7ÀTI0NS TO CUBYES. 
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The Cycloid. 

146. Tìie Cycloid is described by a point in the circum- 
ference of a cìrcle, whìch rolls aloog a horizontal line. 




Let B QD he the circle, the centre ; and when its 
diameter is perpendicular to the horizontal line at A, let the 
point P, which generates the curve, also be at A. 

Then Ab must = are Pby since each point of Fb has been 
in contact with each successive point of Ab. 

147. Let AN=Xy BD=:2a, 

NP=y, LQOB=d; 

/. «=^6— iV^=sa0— a8ÌnO=a(0— sin0); 

/. y^bm =a ver. sin 0=a (1 — cos 0) ; 

an algebraic equation cannot be found between x and y, but 
a differential equation maj ; for 

a 



a;=a ver. sin 



dx 



a 



• • 



V'Àay-y^'^ 



dy ^/2ay-y^ ^/2ay-y^ V2ay—y^' 

148. To find the equation from the vertex 2>. 

Let 2)3f=JF; MF^y% l.DOQ=d. 
Join Fb and QBy then these being equal and parallela 

PQ=^Bb=AB''Ab=AB'-.Pb=^DQ. 
Then y=zPM=iMQ^PQ=:a sin 0+aO=a (a+sin 6), 
x=^DM=aYeT. sin * =:a (1 —cos 6). 

149. Since aj=a ver. sin ; /. 6 = ver. sin-* -, and 

a 

a sin 0= V^ax—x^ ; 

/. y=A/2aa?— a?2+aver. sin-*- . 

a 
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dy fl— a* 



dx 



+ 



a 



2a— a? _^/2ax—a? 



V2ax — a^ x 

the equatìon most commonlj used. 

150. From (2^) may be derived a mecbanìcal method 
of describÌD^ the cycloid ; for the point P is found by 
drawing MP perpendicular to DBy and equa! to the sum of 
the ordinate QJIf and the are DQ of the circle. 

151. If we take iH/Pequal to 2>Q only, then the locus of 
P is a curve called the Companion to the Cycloid : and 

aày a 

— COS0); -j-=—-==., 
^' dx V^ax-x* 



The Trochoid. 



152. The trochoid ìs the curve traced by a point B in the 
circumference of the inner circle BRb^ whilst the outer 
circle A Q rolls upon a horizontal line. 

P a point in the trochoid. Through P draw a hori- 




zontal line MBPm. Take and o the centres of the 
circles. 

Draw OBOI and oP. 



SQUATIONS TO CUBYES, 

lien Pm^RM, and lAOQ,^LA^oP^ 

Let OA=a^ AN=:x\ , jnn^tì 
OB^b, NP^yy ^^^^-^- 

Then ìt is obTious that are AQ^r^AAi ; 

.', x=:AAx^NAi=^ad^bw[idj 

i/=I^P=^oAi+om==ia'-òcosO, 

;i e=- ; /, a?=a(8— «sinO); y=a(l— «cosO). 
U e=zl', the trochoìd becomes the cjeloid. 
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The Epicychid and Hypocychid. 

153. If oDe circle revolve upon another cirde and in 
the same piane wìth ìt, the curve described bj anj point 
in the circumference of the revolving circle is called the 
Epicycloid; but if the revolving circle move within the 
other circle, the curve described by the point is called the 
Hjpocycloid. 
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P the descrìbing point of epicycloid. 

CA=a', CB=b; Z.ACQ=e; 

.\ x=Cn-\- Nn- (a-^b) cos 6 + sin PBm. 
But P5w=PffQ-(9O-e)=^+0~9O. 

ad 
Now -4 Q=PQ; ,% «0=6^; /. ^=-^; 

/. x={a+b)cosd—bco3 (^^r— '^J » 

154. Ifbhe negative, the curve is the hypocycloid. 
.•. a:=(a— 6)cos0+òco8 r^^^.Oj, 

and y=(a— 6)sinO— ftsìn [—~—,d\ 
Or thus P5«=P5C-n5C=180-^-(90-e) 

=90-^.0, 



x=i (a—b) cosd+b sin PBm 
=(a— 6) eoa 0+6 008 /— ^.0J, 
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yx:(^a^b) sin O-rò eoa PBm 
=(a— ft) sin 8—6 sin ( — r— •^j* 

155. If the describing point P be not in the circum- 
ference» but within the revolving circle and at a distance bi 
from the centre, the curves described are then respectively 
called the Epitrochoid and Hypotrochoid ; ^nd 



x=i(a+h) cos 6— ftj cos 

'a-f6 



y=(a+6)8ind-6isin^^.0^| 

ar=(a— 6)co96 + 6iCOS (— ^ -8] 
y=(a— 6) sin 8 — 6j8in [ , .81 



CD- 



(2). 



156. If in the epicjcloid ass6, 

a?= a (2 cos 8 — cos 28), 
y= a (2 sin 8 -sin 28); 

ar2+5/a=a2(4-4cos8+l); 
A a:2+3/a-o«=4a«(l-co8 8). 
But a?=a(2 cos d—2 cos* 8-f 1) ; 
/. a?— a=2acos8(l— C08 8); 
y=2a sin 8 (1 —cos 8) ; 
/. {x-ay +y2«4a2 (1 _cos 8)*. 
But 16a2(l-cos8)2=(a;2+y2_aa)2. 

CoB. If ir — assr cos ^, and ^=3^ sin ^^ 
4aM=(r* 4- 2ar cos ^)2 ; 
/. r=2a(l— cos^); 
the curve is called from its form the Cardioid. 

157. To find the equation to the epìcjcloid in terms of 
the radius yector CP and the perpendicular on the tangent 
CY. 

Produce CB to q; joìn PQ, Pg, then since for an in- 
stant the revolving circle turns on Q, the motion of the point 
P must be perpendicular to QP^ and therefore in tbe direc- 
tion Pg ; hence gP produced is a tangent to the curve. 

K2 
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Produce qP^ and draw CFX to it, and make 

CP=r\ CV=zpi then V CF is paraUel to PQ, 

... !lz:£!=(^+2*)*=£!=^r^, ìic=a+2b; 
a» (a+2b)* e» ' ^ ' 

•••'-•(fcS)- 

Con. For the hypocjdoid, €=^0—20 ìs <a; 



•••'■=--(^- 




158. SpiraU. 

( 1 ) The spirai of Archimedes. In this spirai the radius 
vector varies directlj as the angle descrìbed, 

or ree 6; .*. rz:^aB is the equation. 

Let a line revolve uniformly 
round S, while a point P moyes 
uniformlj from S along it, then 
P will trace the spirai of Archi- 
medes. 

Let Z.ASP=e, SP=r; and 
let e he the value of r when d=2ir ; 

.% rie :: 0:2ir; 
.*. r=—- 6=ad by putting a=s—., 

(2) The logarithmic spirai. Here the angle descrìbed is 
the logarithm of the radius vector ; its equation is r=ia\ 

It is also called the equìangular spirai, since, as will he 
shewn, it cuts the radius at a Constant angle. 

(3) The hjperbolic spirai. In this spirai as the angle 
increases the radius vector decreases, and its equation is 

a 

6 

(4) The lituuSf so called from its form; vhere 0=-. 
(ò) The spirai of Archimedes, the hyperbolic, and the 



SI^IHÀLS. 
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lituus, are included under the general equation rz=:a&', as 
we shall see by putting «=1, —1, or ---• 



7%e Involute of the Circle. 

159. This curve is described by the extremity of a string 
wbìch is unwound from the circumference of a circle. 




A the point from which the string began to be unwrapped, 
QP the string once coincident witb, and therefore = -4 Q ; 
PFa tangent to AP, 5F perpendicular to PF, join SP. 

SP=zr, Sr=p, SQ=a; 

.-. SQ=zPV= V SP^- sr' ; 
/. «2— :^2_^2 . ^.^ p2-_^2_Q2^ is the cquatiou. 

CoB. If^=sec-» -=P^Q, and 6= z.^5P, 

a 



0+0= 



_ Vr^—a^ 






Vr^ 



r2 



sec- - ; 

a a 



dd Vr^-a^ SV 



dr 



Ò'P 
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CHAPTER XI. 
Tangents to Curves. 



160. Dep. a tangent to a curve is a. straigbt line 
which has a- point in common with the curve, but which, 
if produced, does not cut the curve in the neighbourhood 
of the point. 

Let PPi be the curve, and let a line pass tbrougb the 
points P and Pj, and then revolve round P, so as to make 
Pi continually approach to P ; the position of the revolving 
line, when Pj coincides with P, will be that of the tangent 




Let AN=x, Ax, Ay the axes of x and y, 

NP=y, QPT the last position of the line. 
y=f{x) the equation to the curve. 
yi = axi -^b that of the line through P and P,. 

Then because the line passes through P and Pj, 
y^^y=JLfZy. . («1— a:) is its equation. 



x—x 
But y=/(a;+A)=y+^A + PA2; 

a/ — X h dx 

Now since by the revolution of the line (supposed to 
pass through P^ and P), Pi approachés' P; therefore h 
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decrease^ and the right-hand member of theequation cion- 
tìnuallj approacbes -M.^ and when P^ actually coincides 

witb P, A=:0, and ^, — ^=:-f- ; but then tbe liae becomes a 

X ^x dx 

tangent» 

and y^ — y=-il (a?i — «) is the equation required. 
dx 

CoB. 1. The eqnation to the tangent may be written 

which compared with the general equation to the straight 
line, y=md;-{-ò, gives 

dW . dy 

dx dx 

which shew that the tangent is inclined td the axìs of x at 

an angle whose tangent is -^, and it cuts off from the azi^ 

oi y n line =y—x -^ ; from the former cìrcumstance the 

dx 

Differential Calculus has been called the Method of Tan- 

gents. . 

Coiu 2. Hence AD^^y—x -X and 

dx 

AF dx dy 

CoH. 3. We may deduce AD and AT from thè general 
equation ; 

let ari=0 ; .% y^'=zAD=y-'X -^, 

dx 

dx 

or if these values be called y^ and x^^ 

dy dx 

y,=y-x^; x,=x-y-, 

which are thè parts cut off from the axes by the tangent. 
Hence» find -^ from the given equation, then AD, and 

dX 

A T vM^ be fóund i joio TD^ it prodace4 i» the tapgent/ 
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CoB. 4. If the axes be obliqae, we shall obtain similar 

resnlts, bat ^ will not be the tangent of PTNy bat the 
dx 

ratio of the sines of the angles the tangent makes with the 

Azes. 

Cor. 5. The line iVT is called the subtangent, and is 
iiseful in drawing the tangente 

and NT=iAN^'AT=x-\'y^^x=y^. 

fiy dy 

Hence to draw a tangent, find the vaine of NT. Join 
JP, Ty and we bave the tangent required. 

CoB. a The length PT of the tangent 

161. Dbf. a line PG drawn from the point of contact 
P, perpendicularlj to the tangent, and meeting the axis in 
Cr, is called the normal. 

Since if y^^mx^h is the equation to a line ; 

.% ^= ^+^1 ìs that of a perpendicular to it ; 

m 

.% since yi=^a?i +y— « -^ is equation to tangent ; 
dx dx 

,% y,= — -—- a?i +òi is that of the normal : 
dy "^ "^ 

,% y:=— — a?+òj since it passes through P\ 

/. «1— y=— -r- (xi^x) is the equation required ; 
dy 

and --. being found from the given equation to the curve, 
dy 

the normal maj be drawn. 

CoB. 1. Hence tan PGx^ — ^; and .•. tan PGN=i— ; 

dy dy 

alsoify|=0; Xi^AG^y^-^+x; 

dx 

/. NGy called the Bn\}normBl=iAG—AN=y ^ 

dx 

But NG msj be found from the triangles NTP, PGN. 
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IfT „ dx " dx 

Hence to draw a normal, find NGy and join PG. 
CoB. 2. The length PG of the normal 

162. The normal is the shortest or longest line that can 
be drawn from a given point to a curve. 

For if Xy^ and y^ be the co-ordinates of the given point^ 
X and y o£& point in the curve, 
tf=distance between the points ; 
,% t**=(ari— a?)*-|-(yi— y)2 a maximum or minimum ; 

•'• »^=o=(a'i-«)+(yi-y)J=o; 



dx / X 

which is^ as we bave just seen, the equation to the normal. 

163. Find the length of the perpendicular from the origin 
upon the tangent, and the angle which the line from the 
origin to the point of contact makes with the tangent. 

(1^) Since if h be the perpendicular from the origin on 
aline 

y »Ki;-M#, ^^2^.1 ViwHl 

dx ^ Vl-f/j^ 

(2^) Join APy then if be the angle between the tan- 
gent and a line from the origin, 

orrr^PT; LAPT^lPAN-'LPTN, 

or0=tan-»?-tan-»$?; 
X dx 

y^dy 
.%tan«=i_±.=?Z£?. 

l_^ydy x-^py 

xdx 
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164. It may be useful to coUect these values in a table. 

(1) yi— y=3^(«i— «), equation to tangent. 

dx 

' dx 

(2) yi--y=— -T-(a:^— a:), equation to normal. 

(3) SubtangentiV^7'=y~, 

dy 

(4) SubnormaliVr6?=y^. 

dx 

(o) Tangent PT=^y^]^^ . 

(6) Normal P6?=y a/ 1 + 

(7) Perpèndicular on tangent = ^J^. . 

Vi -f-p^ ' 

(8) Tangent APT^^'^'^^ . 

x^-py 

(9) ^2>=yo=y-a? J. 

(10)^r=-Xo=y^-«; 

dy 

the first four of these formulas are the most important. 

16o. To find the tangent of the angle which the curve 
makes with the axis of x. 

The angle which the tangent makes with the axis at the 
point of sectign will be the aama that tb^ curve makes. 
Findtherefore the co-ordinates of the point of section, and 

substitute them in the ezpression for -^^ and the resulting 

dx 

vaine will be the tangent of the angle required. 

Ex. 1. Let y=- be the equation to the curve. 

iH-ar 

Here if x=0, y=0 ; and .% the origin is the point of section, 

ani ^=_i_-=l , when «?f=0 ; 
dx (l+a;)* 1 

.-. tan6=l:9stan45*>; /, 0=45^ 
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Ex. 2. Let the curve be the cycloid. 



Here 






which Ì8 infinite if ^=0 ; or the curve cuts the axis at 90°. 

Ex. 3. Let the curve be the circle, find AY and APTy 
A being the centre. 

y y ^ 

a» a» 

/. AY^t^a\ tan^PT=2=oD; /, z.-4P^^90^ 
a 

y . . . .. 

166. To draw a tangent through a given point. 
Let a and /3 be the co-ordinates of the given point 

X and y be the co-ordinates of the curve ; 

(yi— y)=-^(a?j— a?) is the eq^uation to the tangent. 
dx 

Bat it passes through a point yi^P and a;j=a ; 

from which, and the given equation to the curve, the poinit 
to which the tangent is to be drawn maj be found. 

167. To draw a tangent parallel to a given line. 
Let tan~^ ^=the angle the line makes with x ; 



. dy_ 



• • 



Af since tangent and line are pai:allel ; 



dx 
and yj— y=^ . (xi^x) is the equation required. 

If it pass through a given point, the co-ordinates of the 
point maj be put for x^^ and y^, and then from the given 
equation to the curve, and from that of the tangent, the 
point to which the tangent is to be drawn maj be found« 

168. To find the locus of the intersections of perpendi- 
culars from the orìgin <m the tangent, with the tangent. 

Let y^s^{x) be the equation to the curve.; 
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/• yi— y=:/^(«i— *) is the equation to the tangent. 
^1=— — ari 18 that of perpendicular from orìgin. 

Between these equations and -~=f'ix) eliminate y, x^ and 

ax 

-^ ; the resolting equation, oontaining y^, Xi^ and Constant 
dx 

qnantities, will he that of the curve required. 

Prob. If 2 be the length of the perpendicular from the 
origin upon the tangent, shew that Z=. ^^x^x-^-y^i* 

For V yi-y=^(ari-aj) (1), 

andyi=-^a?i ^^^' 

are simultaneous equations for the point of intersection ; 
.% (I)x(2),yi«-yy, = -(a?i«-«c05 

.% ^='^!f!/i'^xxy 

169. Two curves whose equations are tf=f(ge); and 
^=^ (x') intersect, find the angle of intersection. 

Let he the angle between the tangents at the point of 
intersection, it will therefore be the angle required ; 

also 0=tan-» ^--tan-» ^ . 
dx dx 

Since at point of intersection x'^szx\ 

. tane- /'(^)-»^(») 

Prob. The vertex of a parabola is in the centro of a 
circle, and its focus bisects the radius, find the angle of 
intersection of circle and parabola. 

Here y^^^ax (1), and y«=a«— a:« (2), are the equations 
to the parabola and the circle. 

From(l)|=A«)=^; (2) |=f (.)=-?; 
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a+x 

ax y^-ax ax 

Bui 2ax^=a^^7^ at point of ìntersection ; 
.% ar+a=a V2\ «=«( V2— 1) ; y=a ^/2 v^V2— 1 ; 



,% t.nfl= 2^^f2-l 



V2-1 ^"^2-1 



170. Asymptotes are tangents to the curve at a point 
infinitely distant from the orìgin, and may he drawn, if the 
Talues of AD or A T, or of hoth, remain finite, when either 
X or y, or X and y, are infinite. 

Asjmptotes may he thus constmcted : 

(1) If AD and ATh^ finite, join Ty D, and the line pro- 
dnced is the asjmptote. 

(2) If AD he infinite^ and A T finite, the asjmptote is 
perpendicular to the axis of x, passing through 71 

(3) If AD he infinite, and A T=0, the asymptote coin- 
cides with the axis of y. 

(4) If AD he finite, and A T infinite, the asymptote is 
paraUel to the axis ofx; and if ^2>=0Ì8 coincident with it. 

ExAMPLE. Draw an asymptote to the hyperbola. 



Bere y=- v^2(M?+a:2, and :r'=:;" ^^ o > 

a ^ ' dx a V2ax+x^ 

^^ dy b ( , (o+.r)jr ) 



hx 



V 



X 



V2ax+x^) V2aX'\'X^ 
=ò if a;=QD; 



^rr dx 2aX'\-x^ ax a .^ 

AI=zy- — x= ■ — a?= = =a: itx=zQo; 

dy a+a? a-tx ^ a 

X 

.*, AT=:^ major-axis, or Tand C coincide. 
Join CD ; it produced, is the asymptote. 
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171. Tbis metbod is frequently difficult of application, 
and the following is more génerally useful. 

If possible; let the equation to the curve be puf under the 

C D E 

forni y=Ax +^+— .+-_ + -- + &c. then it is ob vious that 

X x^ ar 

as X increases, thè terms after B decrease ; and when x be- 
Comes infìnitely great, thej yanish, and the equation to the 
infinite branch of the curve is if=Ax+B. 

But this is the equation to a straight line cut^ng the axis 
of y at a point p=zBy and making an angle = tan-M, with 
the axis of x. Hence it appears that the infinite branch of 
the curve is coincident with the line determined by the 
equation y=iAx + J? ; 

CD 

.% if y=i4«+J?+ — H — :?+&c. be the equation to a curve, 

X a^ 
y=iAx-^B is the equation tò the asjmptote. 

We may observe that this method will not apply to find 
the asymptotes that are parallel to the axis of y : sinoe then 
A would be infinite : but asymptotes of this kind are dis- 
co verable by simple inspection of the equation. (See £x*^ 
ampie 9.) 

Cor. 1. If the form of the expanded/(a;) be 

X x^ 

the asymptote is a parabolic curve, of which the equation is 

y^Ax^-i-Bx-^-C. 

Cor. 2. Since for every finite vaine of Xy the ordinate of 

C 

the curve ys^Ax + 5 + — , differs less from that of the originai 

X 

curve, than the ordinate of the rectilinear asymptote, it is 
obvious that we may bave a hyperbolic curve lying between 
the asymptote and the curve, and ultimately coincident with 
either; this may be.called a hyperbolic asymptote. 



y^Ax^+Bx+ C-f— +^+&c. 



BXÀlGPX^S. 



Ha 



Examples» 
The Parabola. 




(1) Hewy2==4aa:; .•.$= — ; 

dx y 



dx 



A 



/.y^=iNrr=|.=2a:; .\ AT=AN. 
dy 2a 

Take /. A T=iAN, join PT, PT is the tangent, 

yì^=2a; or NG=2AS. 
dx 

Take /. iV6?=2^5'; join P6?, it is the normal; 
equation to tàngent is yi--y= — («i— a?) ; 

••• 3^1— y^=2ffa?i-.2flar ; .\ yyi=2a{«^ +x). 

CoB. Since y^i=2a(xi+^) is equation to tangent ;^ 

2a , 2ax i 2a 
•\yi=—Xi + ; make — =«i; 

y y y 

. 2ax y a 
y 2 m 



.*. yi=wM?i+ 



m 



an equation to the tangent which is often very convenient. 
The equation to the normal is 
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2a 4a^ a 

za 
.%yj=«ii(a?i— 2a— ai»!»); 
the equation in terms of ita ìnclinatìon to the axis of x. 

Ex. Two normals to a parabola intersect at rìght angles ; 
find the locus of their intersection. 

.% y+2am=iii(a?— aiw*) (1), 

andy-2?=_lfa,-^) (2); 

..,2«(«,+l)=«(«+l)-a(»,»+l.);- 

/. 0?— 3a=a/'i»— i^ (3). 

But from (2) «ly— 2a=r— a?4-^, 

tur 

(1) _y4.2as=:a;— am'; 

.-. y2=a«^i--i»^ =a(a:-3a), 

the equation to a parabola. 
(2) Find the equation to the tangent in the ellipse ; 
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The centre being the origin, 

6* a* ^ " dx a* V 
.•.yì-y=-~.^(a?i-ar); 

dy h^ X X 

dx (V 

a? CZV 
•% Crx Ci\r= C^«, (see Conio Sectìons) 

and iv^r= cr- CN=ti:^ 

X 

or iV^Tx CiNr=(a+a?) (a-a?)=^,iV^x^iV: 
Cor. 3. Since ah/y, + ò«a»i=a>ò» ; .-. y^ = -^ Xj + ^. 

V q y y ay t' 

an equation to the tangent in terms of the angle it makes 
with the axis of 0?. 

Ex. Find the locus of the intersection of pairs of tan»- 
gentB to an ellipse at right angles to each other. 

y=mx+ Vm^a^-i-à^, one tangent; 
••• y = - ^ + a/S + *'' *''« "t^^"^ 5 

my + df = Vm^b'^ -|- a* ; 
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squaring and addìng, 

the equation to a circle, radiasi ^/a^-\rb'^* 

Cor. If &=a> tbe ellipse becomes a circle and radius 
=:a \/% the chord of a quadrant. 

(3) In the hjperbola of which the equation is 
the equation to the tangent is 



à^y y 



=»M?i-f- Vm^a^—b^'y if #»= g 



a^y 



Ex. Find the locus of the intersections of tangents to 
the hyperbola, and perpendiculars from the centre. 

yi=:«ta?iH- ^m^a^—b^ (1) is the tangent, 

yi = — — «1, (2) is the perpendicular ; 
fìi 

Xt 

,% »»= ? ; substituting in (1), and omitting the suffix. 






/. (y2 + «2)2 =ra2ar2« 52^2, 

Coiu Let ^=0, or the hyperbola be the rectangular ; 

/. (y*+a;^2=a2(ar2«y2)^ 

the equation to the Lemniscata. In fact, the Lemniscata is 
commonly defined to be the locus of the intersection of the 
tangent to a rectangular hyperbola, with the perpendicular 
from the centro on the tangent, 

(4) In the Cissoid, find the subtangent and subnormal, 
and equation to tangent. 

Herey2=:^ ; 



EXAMPLES. 



147 



.% subtangent ^y^- ^C^^-^) 
The equation to the tangent is 

(5) Rectangular hyperbola referred to the asjmptotes. 



Here yar=— ; 






dy __^a^ 1 _ y 







^1 






a^ ^ .-, a2 



a: y 

The A2>^r=iZ^=J^=.«i, which 18 Constant. 

(6) Draw a tangent to the cycloid. 
Let AN^x : NP=^y \ AB=:2a. 

Then^=:^^^?£Z^; 



a? 



• • 



y 



«fe^ 1/203? -«« 




oriVr=-^^_.;or 

iv^T:iVP::^ivr:iVQ; 

and /ìN \s common to As 
ANQl, TPN; /. they are 
similar, and /_ PTN = 
L QAN; /. the tangent TP 
is parallel to the chord A Q. 

Also since aAQBìs always=:90, PG is parallel to BQ. 
(7) Draw an asymptote to the hypetbola. 

yt^±^ V2ax-i'X^^±^x(l^?^y 



a 



a \ X ) 



>±?.(.+»_>.»J+l+ta.), 



l2 
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and therefore y=+- (x+a) is the equation to two asymp- 

et 

totes ; and eince if a;=0, ^= + ; and if ^=0, ar= — a, both 

will pass through the cantre, and be equallj ìnclined to the 

axis of X, 

(8) Draw the asjmptote to the curve. 

.% ^=0?+- is the equation to the asjmptote which cuts the 

axis of X at an /, =45% and at a point x= — -. 

o 

(9) Lety.(aa;+^^)=a?*> draw the asymptotes. 

y- n2=- • ^1 puttmg ^=c 

= =-x^[ì — + ^-. +&C.} 

^11^^ X x^ ar 

X 

x^ ex , C^ C^ , o 

= h — h«c. ; 

a a a ax 

/, a^=zx^'~cx+c^ is the equation to the asymptotic curve. 



Since ay— f c^=«^— ca?H-^=ra:— ? j 
or (ar-f) =a(y-|J). 



2 



it shews that the curve is a parabola, the axis of which is 

perpendicular to the axis of x, and the vertex determined 

e c^ 

bj making Xi=- and yj=f — ; the latus rectum=a. 

The curve has also a rectilinear asymptote parallel to the 
axis of y ; for making x=^—c=^ , y and -^ are infinite; 

therefore an infinite ordinate at a distance from the 

orìgin, will be a tangent to the curve. 
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172. When the equation between y and x cannot be solved 
with regard to y, it is frequently convenient to substitute zx 
for y ; and then from the given equation to find x and y in 
terms of z ; and z being so assumed as to make x and y in- 
finite, the inclination of the asymptote, if anj, to the axis 

ofo; isknown(for2;=^=tan inclination); and AD or AT 

X 

being determined, the asymptote maj be drawn. 
(10) Let ay^^bx^-\-c^xy=0 ; make y^xz ; 

.•. ax^z* — òar* + <^x^z=iO ; 

.\ «^=-5 — 5— ■=(» , if az*=zb ; or z= ^ / _ . 
b—az*' '\/ a 

.'. y=^A / - is the equation to the asymptote, since 

AD=y—px=:-^ — -^=0; ify=±x; and:p=oo, 

^ éay^-\-(^x 

and^r=ar-?^=— ?^^?L_=0; if y=Qo; and a:=oo . 

p 4ay^-t€^x 

PROB. Find that tangent line to a given curve which cuts 
off from the co-ordinate axes the greatest area. 

Area =^tyo=i(y-;^^)r^— - j 

== — iyiIl?__L ; wherej3=-^; 
p dx 

.*. u=^-^ — i-— ^ a maximum ; 



■■•È-|('-^)(l-^-4)-'-^-l=°' 

. . X — T^l — - — I — 3f^o. 

Therefore also y=iyQ ; and the tiChgent is bisected at the 
point of contact. 

Cor. Hence the least polygon of a given number of sides 
which will circumscribe a given ovai, must bave every side 
of the polygon bisected at the point of its contact with the 
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ovalj sinoe the interior area must be least, whea the trìan- 
gular spaces as in the preceding problem are greatest. 

The axes are eupposed reetangular ; if oblique, the results 
are the same, but area ^^ot^o x sine of inclination. 



Examples. 

(1) Lety=a»^ar; NTz^nx^ NG^ 



2 

nx 



If «=2, the curve is the parabola ; NT^2x, NG=i% 

(2) Let the curve be the Witch : 

a x^ 

(3) The focus of a parabola is in the centro of a given 
circle, its vertex biseets the radius ; find the point and angle 
of intersection of circle and parabola. 

(4) Shew that the curve defined by y* = 4aa?, inter- 

4 
sects the curve defined by y^^z---.{x'-'2à)\ at a point 

where- x = Sa, and find the angle of intersection. Angle 

= tan-^-ir=. 

V2 

(5) If y2=4a(a:+a) be the equation to a parabola, the 
origin in the focus, shew that the points of intersection of 
the tangents, and perpendiculars from the focus, are deter- 
mined by the equations 

a?i = — a, andyi=|. 

(6) The locus òf the intersections of tangents to the para- 
bola with perpendiculars from the vertex, is the cissoid. 

(7) Find the length of the perpendicular drawn from the 
focus of an ellipse upon the tangent, and shew that the locus 
of their intersection is a circle, radius =a. 

(8) Given two points A and By find the locus of P when 
the angle PBA is doublé of the angle PABy and draw an 
asymptote to the curve traced by P. 

(9) Draw an asymptote to the curve defined hj y^+sc^ 
= 3axì/, and determine the points where the tangents are 
parallel to the two axes. 

(10) Find the point and angle at which the curre 
3y^=x (x+2y cuts the axis. At the origin, angle s=9Q. 
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(11) Find the same when y— 2=(a7— l)\/a:— 2, and the 
values of X SLiìà y when the tangent ìs perpendicular to the 
axisofo;. (1) y=0; a;=3. (2) y=2 ; a?=2. 

(12) If y3=3a:2— ar^ draw an asjmptote to the curve; find 
its greatest ordinate ; and the angles the curve makes with 
the axis of ^ at the points^ x=0, 07=2 anda;=3. Asjmptote 
y=— a?-hl ; abscissa=2 ; angles are 90, 0, 90. 

(13) Draw the asymptotes, (1) when y= — °^ ^ — , 

(2) when 2/'^=ax^-\-mx^, and (3) when y=a*. 

(14) If in the ellipse, 0=Z CPG, and / = the angle PG 
makes with the axis major ; tan 6 = ^ \^ — — ) 

(15) Shew that the curve whose equation is ^ = sin - ; 

r r 

wherey^— 2ra:4-j:2=:0; intersects the axis of a; at points 

2a 
determined by a?= — » n being any whole number. 

nir 

(16) The normal to the curve defined by y^=4aa?, is a 

4 
tangent to the curve in which y'= — . (a:— 2a)^ 

ri 7) Draw a tangent to a circle, cutting the axis of x at 
30^. 

(18) In the conchoid, where arV=(«+^)^ • (^^— a?^)» 

^y__ _ x ,(a-\' x) .{h^—X') 

x^ 4- aò^ 

2 2 2 

(19) Draw a tangent to x^ -\- 1/^ =(X^ ; shew that the part 
of the tangent intercepted between the axes = a, and thr«t 

perpendicular on tangent = V ascy. 

(20) The centre of an ellipse is the vertex of a parabola, 
the major axis of ellipse is perpendicular to the axis of 
parabola, and the curves intersect at right angles, prove that 
major axis l minor axis:: a/2 : 1. 

(21) If PY and QF he respectively tangents to corre- 
sponding arcs of a cycloid and the generating circle, the locus 
of Vis the involute of the circle. 

(22) Find the angle of intersection of a rectangular 
hyperbola and a circle having the same centre, radius =:2a ; 

angle = sin-* ^ V 15. 
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(23) If TP and TQ be tangents to a parabola, and S be 
the focus, shew that 

SP.SQ^STK 

X X 

(24) If 2y=c(«c+g"'^), (the equatìon to the catenary), 

the normal =-v^, 

e 

(25) If — = — H — be the equation to a curve, 

y'^ a'^ af^ ^ 

(26) If log Vx!^+y^=ata.n-^ ,- be the equation to a 

curve, the angle in which it intersects the line drawn from 
the origin to the point of intersection is Constant. 

(27) If Vi/= a/o— Vxy find equation to the tangent and 
shew AD +AT=a. 

(28) In the curve defined bj the equation 
y(l+logar)=a?; NT : AT \\AN: NR 

(29) If y =a log (x^ — a^) be the equation to a curve 

PT+NT^^. 
a 

(30) Find that point in a parabola, at which a line from 
the vertex makes the greatest angle with the curve. 

Ans. x=2a. 

(31) lì A be the extremity of the diameter of a circle, 
PT a tangent, PN an ordinate, and AP a chord, prove that 
AP bisects the angle TPN. 

(32) If y» - {a+bx)!^^ 4- (c+ca?+/»2)y*-*-&c.=0, be 
the equation to a curve of n dimensions, prove that the sum 
of each ordinate divided bj its respectìve subtangent, ìs a 
Constant quantìtj. 

(33) If C be the centre of a circle, AQvl chord, and let 
CNR be drawn cutting AQinN, draw iVPperpendicular to 
A Q and =zNR ; find the locus of P and draw its asymptote. 

If 2c be the length of chord, a = radius of circle, origin 
centre of chord, and the chord be the axis of x, then 

(34) ABD is a semicircle, centre C, and diameter AD, 
EF is a chord parallel to AD^ CQR a radius cutting EF in 
Q, bisect QR in P; find the locus of Pand the position of 
the asymptote. The curve is the conchoid. 
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CHAPTEE XIL 



The Differentials of the Areas and Lengths of 

Curves : of the Surfaces and Volumes of 

Solids of Revolution : Spirals. 



173. One of the applications of the Integrai Calculus is to 
find the areas of curves, the lengths of theìr arcs, and the 
surfaces and contents of solids. 

The solids of which we shall treat are callcd solids of 
revolution, since they are supposed to be generated by the 
revolution of a piane figure round a line, termed an axis. 
Hence every section perpendicular to the axis will be a 
circle, the radius of which is the revolving ordinate, and 
everj section through the axis will reproduce the originai 
area. 

Gonsidering the areas and lengths of curves, and the 
contents and surfaces of solids, to be functions of one of the 
quantities x or ^, we can, by the Differential Calculus, find 
equations between the differential coefficients of these func- 
tions, and expressions containing x or y, by which we shall 
hereafter obtain the values of the functions themselves. 

We shall find it useful first to establish the truth of the 
following Proposition. 

174. Jf A-^Bx^ Ai-^B^Xy and A+B^ be three alge- 
braìcal expressions taken in order of magnitudo, viz., the 
first greater than the second, and the second greater thaa 
the third, whatever be the vaine of x ; then shall Ai=sA. 

Fot (A+Bx)'-(A+B^) is>(^+5j?)-(^i+5ia:); 
.-. if (^ + 5a?)-(^ + 52^)=0, or ^J|^=l ; 

•*. à/ortiori will --j ^—=1. 

Al -f- ByX 

But as X decreases -^ — jj— approaches -- or 1 ; and 

when X is diminished without limit ìt actually equals unity, 
and 
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DIFFERENTIAL OIF THE ABEA. 



/. ^ ^ which becomes --- , 
Ai-^BiX A^ 

bj the continued diminution o£Xf also is equal to unitj ; 

/. —=l,ovAi=A, 

and since Ai and A are independent of x, if tbey are once 
equal thej are always so. 



Q 


P 
i 


P 




m 


^ 







v 



Area of a Curve. 

175. Let AP be a curve, 
y^f(x)y the equation to it, where 
AN=iX, NP^=t/ ; and let ^= area 
ANP. 

dA 
Then ^-y- 

Let NN^=h, Complete the 
parallelograms QN^ and PiVj. 

Then the area P^PNN^ is 

>CLPJsr,, <n2QN, (1). 

Now A depends upon x ; for as x changes, A changes ; 
/. A:=::ANP=^(x)', and .% AN^Pi=(i>(x+h); 

C3QNi=hxPiNi=h.f{x+h)=h^+ph+Ph^}ìp=^i 

dx 

therefore, dividing by A, we bave by (1), 

are in order of magnitude i whence, by the Lemma^ 

dA 



LENGTH OF ▲ CURVE. 
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Lengih of a Curve. 



176. If * = length of 
the curve AP ; 



È=a/'-^ 



dy' 



Draw tangent PM^ 
and chord PPi> 
Then are PP^ > chord 
PP^<PM^MP^. 
ButarcPPi=-.4Pi-^P ^ 




chOTd PPi= VBwH (Pi»»)«= '/A« + (M+'^'**)'' 



JMP, = if iV^i - iV,Pi = (y + j»A) - (y +1»* + -P*") = - -P^" 5 
•whence, dividing by A, 

^+g. j^ + &c.> ^/l+i,^+2Pj«A+P2A'< ^/T+p-PA 

> Vr+p + -7p==A + &c < Vr+P- PA ; 



Volume of Solid. 



177. If Fbe th« volume of a solid of revolution APp, 

dV 



dx 



-7ry2. 



Mm^Pm.i&n JJfPb=/i.tan PTN^h.^. 

dx 



156 



VOLUME OF SOLID. 




Then the solid Ppp\P\ is>cylinder PMm^pj 

<cylinder RPyp^r ; 



dx " ' dx^ 1.2 

dV éPV h 
^^ dx dx^'\.2 



<'^{y-\'ph-^Ph^fh, 
+ &c. >'iry^<T{y -^-ph + PA«)«, 

or >iry^<iry^-\-2'irpyh+&fi. 



whence — — =7rw^ 

Prob. The surface of a truncated cone, of which the 
radii of the greater and smaller ends are a, b^ and the slant 
side^, =7r5(aH-6). 

Let /=length of cone, radius of the base=a, 

lx= =6; 

therefore^ surface of frustum 

=7rla—irlib=7r [sa + ^1(0— &)} , 
but loT l^-i-s : li'.la l b; 

,•. surface of frustum = ws . (a + 6). 



STTRFAGlfi OF S0L1D. 
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Surface of Solid. 

178. If 5'=8urface of the solid of revolution APp, 



^=27ry/\/l +^=27ry— - 






dx 




AN^xs 

^P=^ •• ^^aw the tangent PMy and chord PP^. 

Then, surface generated by are PP\y will be 

>than that by chord PPi, <by Pif and J/Pj. 

Now chords PPi and PM generate truncated cones, of 
whìch the surfaces respectively are 

ir[PN+P,N^}PP^, and ir{PN-\-MN^}PM', 

MPi generates a circular zone=7r(i!fi\ri2— iV^P^^V the sur- 

fece by are PPi =-=— k H + &c. 

Bui {PN+PiNi}PP, 



= (2^^ +J3A + Ph^) . V A-i + ( joA + PA3)2 
= (2y +;?A + P^») ^ ^ l^p^ + Mh, suppose ; 
(PN+MNi)PM={2y-\-pk)k Vi +^\ 
MN^^-^NiPi^=-'Pk*.(2f/A'2ph-\-Pà^)^^JVh^; 
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> 2?ry V 1 +>o^ + ^A + terms involving A, 
< 2Tr3^ VTTp + TrpA \/T+p2 — iriVA 

>27ry ^T+p+7r-ffl= + &c. 



<27ry Vi +;?« +7rpA a/ 1 +;?«-. ttJVA ; 

COE. !• Hence if -^=area of ANP\ and 3-4 be the 
differenti al of the area, and Ix of the abscissa; Zx being 
verj small, 

lA dA .5^ 5S 

or the differential of the area equals the rectangle of the 
ordinate^ and the increment of the corresponding abscissa. 

Cor. 2. If Is be the increment of the are AP\ corre- 
sponding to the increments Ix and 3y of a? and ^ ; 

or the increment of the are is the hypothenuse of a right- 
angled triangle, Ix and ly being the two other sides. 

Hence the chord PPj =arc PP^ ultimately. 

CoB. 3. If a be the angle which the tangent niakes 
with X ; 

.*• -:-=seca; ls=>lx.BGCa. 

ex 

Cor. 4. In the same manner, if 2 F and dS he thè dif- 
ferentials of the volume V, and of the surface S^ of a solid. 
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hence ìt appears that the differential of a solici is a cylinder, 
base Tcy^ and altitude So?: and that the differential of a 
surface is the convex surface of a cy Under, the circum- 
ferenee of whose base is 2?r^, and altitude In. 



Spirals. 

179. The expressions just obtained, and those of the pre- 
ceding Chapter, are only applicable, when the equation to 
the curve is known in terms of the rectangular co-ordinates ; 
we shall now find corresponding expressions for the perpen- 
dicular npon the tangent, the area and length of a curve, 
when referred to polar co-ordinates ; that is, when r=f(d)f 
or p=f(r), p being the perpendicular on the tangent, r the 
radius vector, and the angle traced out bj r, 

180. To find the differential of 
the area of a SpiraL 

Lei Bie& A SP=^ A; SP=r, 
AASP:=2dì SV=p. 

Draw SQ very near to SP^ 
anddrawPTj. SQ. 

Then area PSQ=IA, 

now PT is ultimately = a circular 
are; 

.% SA=^SQ X PT very nearly 

ss^^r-^^r) . r^O very nearly ; 




• • 



ad 



=Ì^r2+irar. 



But as Q approaches P, dr continually diminishes, and 

7\ À' fi A 

ultimately vanìshes ; but then ^-= -^ 

od ad 



and /. ^=ira. 



dA 

de 

181. To find the differential of the length of a spirai. 

Let APz=:s ; /. PQ=:ds, 

and (chord PQy^zPT^-:^ Qr«=:r«.aeH(ar)»; 
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. (chord PQy ^h^_^, f^ry 

whence — -= a / r* -|- -—. 
do "^Z d^ 



182. When e=/(r), to find ^. 

dr 

From similar triangles, A'PF and PQTy 

PT^sv ^e_ p 



• • 



df 



183. When s=f(r), to find ^. 

dr 



(1> 



And 



PQ_h_SP__ r 



QT èr PY v?^' 



dr ^i^^f 

184. To find an expression for the perpendicular on the 
tangent, 

' dr r ^f^^pi ' 

• L=L+1 ^ 
" p^ r* r*'dtì*' 

T^x 1 du 1 dr 

whence, given an equation between r or - and 0, an equa- 
tion between p and r may be found. 
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185. To draw a tangent to a spirai. 

P the point to which the tangent is 
to be drawn. S the pole. Join SP, 
Suppose PT io be the tangent. Draw 
SYl_ PT, and ST A_ PS, then ST 
is called the sub-tangent. 

And ST=SP ^J- ^ - ^r\f. 

Find therefore from the equation to the spirai —r^, -, or 

Atì 
r^.-—, aceording as the equation is p=:/(r\ or 0=/(r), 
dr 

Draw /STperpendicular to 6*Pand equal to either of these 
values. Join TP, it is the tangent. 

•• SY^ \dùj "SP^^ST^' 

186. Asymptotes to Spirals. 

1^ ST remain finite when SP is infinite, a tangent may 

be drawn which will touch the curve at a point infinitely 

distant from S, and is therefore an asymptote. And since 

those lines are said to be parallel which coincide only at an 

infinite distance ; the asymptote must be drawn parallel to 

the infinite line SP. 

dd 
Hence to construct ; find and r^ . __ when r is infinite. 

dr 
Draw SPù.t the angle thus found, 5^Tperpenclicular to SP, 
and TP parallel to the infinite radius vector, TP produced 
is the asymptote. 

187. Asymptotic circle. 

If in the equation Bs=f(r), becomes infinite when r = a; 
but impossible if r be > a ; then if we describe a circle with 
radius a, the spirai will make an infinite number of revolu- 
tions wìthin the circle, and constantly ap|7roach the circum- 
ference, without exactly reaching it. In this case, the circle 
is called an exterior asymptotic circle. But if r=a make 
infinite, and r<a, make impossible^ the revolutions of the 
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spirai will be wiihont the cìrcle to which it is alwajs tend- 
ìng ; and the circle is an interior asjmptote. 

Ex. 1. e=zlogf^^. 

Ex. 2. e=:logf^^\ 

188. Peob. Find the equation to the curve which is the 
locuB of the intersection of the tangent and the perpendicu- 
lar from the pole ; or find the locus of V, 

SP=r; SV=:pf and \etpi he the perpendicalar from S 
on the tangent to the curve traced hy Y. 

Let e= ^ASP\ ipmZ^ASY. See fig. Art. 185; 



m • 



But ^=e-P5y=e-cos-». t . 

T 

Pidp ^ pdr .rdp—pdr 

__ rdp 
"ry/r^—p'^^ 

let Vy be put for jo; and since rs=f(p)=f(r{), 

••• Pi/(^i) = '•i^ 
will be the equation to the locus required. 

Ex. Let the spirai be the equiangular where p=mr; 

/. ri=mr; /. Oj = -i-= — L-= mr,, 

r ri 

an equation to a similar spirai. 
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Examples. 

ExAMFLE. Find the value of p in the Conic Sections. 



r= 



m 



1 -f e cos 6 



, where m=^ latus rectum ; 



.•.«=±4-1.008 0; -7^=--:-Mn0; 
in m ad tn 

du^ 1 

=i.(2mu-.H-c») 

(1) In parabola, c=l ; .% ;>^=^» a^d m^2SA ; 

/. SY^=SP.SA. 

(2) Inellipse, c<l; m=-^s l-c2=:--; 
■^ a d* 



.2- ^ 



-S"*' b^r 



•*• P = Ì2 Ì2 2a—r 

(3) In hyperbola, c2>l ; «2-1=^; 

'•^ 2wi-hr(c2-l) 2a + r' 

SC^ , SP 

and therefore in ellipse and hyperbola, SY^= — ^p — 

a" 

(4) Find the equation betweenp and r, when ©=— , 






^=s l =C^by substitution ; 

h2 
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BXAHPLES. 






=2_ 1 fò^M-r**) 



1 



/.p: 



ò*.r 



(5) Draw a tangent and asjmptote to the spirai ; where 

e=-=att; /. JL=^=i ; /. ST=a ; or the locus of T 
r ST do a 

is a cìrcle radius = a. 



Since STÌ8 Constant, and 0=0 t 
when r= 00. Produce SA in- 
definitely. Draw ST± SA and 
=a. Then a line from T parallel 
to ST will be the asymptote re- 
quired. 

(6) Let r =a^ the equation to the logarithmic spirai ; 

p _i . 







dr j M A ^ do 

do dr r^r'^^pi Ar 






P -V. . "^-l+A'i 



9 • • 



.\ e=8in SPY^ ^ 



Vl+A^ 



^=fn ; .*, p=imr. 



Since Z. SPY is Constant, the spirai is called the equi- 
angular. 

Cor. 1. The radii including equal angles are propor- 
tionals. 

Let SP and SP^ include an Z. «, 

and SQ and SQi include the same angle. 

Let Z ASP=^0, and Z^^Q=^; 
/. SP=a% SQ=a^, 

SP^-a**% SQi^a**'; 

•'^^i-a-, and |^=a-; 



• • 



SP 



SQ 




.•.U=||-, or SP : SP, ::SQ: SQ^. 
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(7) If r=a(l+co8 6)5 find the equation between p 

and r. Ans. 0*=-— . 
^ 2a 

(8) Find the equatioDS between p and r; (1) when 
r=«i(e'^+c'^); (2) when r=a8ecn9. 

(9) In the ellipse, if p be the perpendicular from the 
centre on the tangent, and r=distance of point from the 
centre, prove that 

P a2 + 62-r2' 



(10) If r^=^a^ cos 26 (the Lemniscata) : find the equation 
between p and r\ a^p—f^. 

(11) Ifr=«i(2cos0+l):p==^-=^ 



VZa^±2ar 
(12) If r»=2a2cosec2e: jpr=2a2. 



(13) If Va^^b^-afios-^( ^'^^ ^^ ) : p^/b^+f^:=lar. 

(14) K r(8in*0+cos*0)=a cos*0: the asymptotic sub- 
a 



tangent= — 



3^2 



•^ • 



(15) If (r—a)d^=r: there are both circular and rec- 
tilinear asjmptotes, and 



^»= 



oVi-4(r— a)^ 

(16) If ae= A^r2— a^-asec-^rn, (the involute of the 
circle),p2^o2-y2. 
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CHAPTER XIIL 
Singular Points in Curves. 



189. If in the equation to a curve expressed by y==/*(a?), 
where y is the ordinate, and x the abscissa ; some vaine of x 

as a makes anj of the difierential coefficiente 0, -^ or -, 

the point so determined is called a singular point. 

(P) Let the values of the first differential coefficient be 
considered. 

Since -^ represents the tangent of the angle which the 

tangent makes with the axis of Xy if -J^=0, the tangent is 

parallel to the axis of x, and this circumstance generallj 
indicates a maximum or minimum vaine of the ordinate. 

If ~-= - 9 the tangent is perpendicular to the axis of x. 
dx 

If ^=0 when ~^=0, then the axis of a: is a tangent to 

tJLX 

the curve at the origin. 

If ar=0 when ■J:=--, then the tangent passe» through 
the origin, and is coincident with the axis of y. 



When 



dy_0 



Many branches maj pass through the 



dx 
point, as we shall see in the succeeding pages.. 



(20) If 



^ bave a*real vai uè when -p-^0, the ordinate 



dx^ dx 

is a maximum or minimum, as in the annexed figures. 





Before we proceed to investigate the values of — ^ at 

ctx 

these points, we must establish the following proposition. 



8IN6ULAB PODTTS IN CUBVES. 
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190. Psop. If the ordinate y be positive, a curve ia 

convex or concave to the axis, according as -~ is positive 

dar 

or negative. 
In the annexed figures, let 



AN=x 
NP^y 




, and y=zf(x) be the 
equation to the 
curve. 

Draw the tangent PM^ its 
equation is 

Now at the point Pp the equa- 
tion to the curve becomes 

jyiPi=/(ar+A), or 

and for the tangent, putting ^r+A for x^y and NiMfor yiy 

therefore the deflexion from the tangent, or MP^ 
ù. .gure (■)=i«',if-^.P,-g.^^-g.^4-«.. 

in figure {2)^N,P,^N,M=.+^.J!-+^.J^+2^c.i 

and since h^ is positive, and that h maj be taken so smaU, 
that the first term of the expansion maj be made greater 
than the sum of ali the terms that follo w it, the algebraical 

sign of MPi will depend upon that of — ? . 

Therefore when the curve is concave to the axis, 

JfPi=~ -74«-^ — &c. ; and when convex to the axis, it 
dx^ 2 

= + — ^.-— — + &C. Hence, (y being positive), a curve is 
dar 1 .2 

convex or concave to the axis, according as -^^ is positive 

flX 
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or negative, or generallj according as y and -—f bave the 

same or different signs. 

Cor. If we suppose PT to be drawn X to P\N^y PT=^h^ 

and if h be constantlj diminished, the limit of the ratio of 
MF : PT^ will be =+i.^?. 

Hence, ultimatelj, the deflexion from the tangent, 

or MP.o:^. 

191. Sometimes the curve after being convex to the 
axis suddenly changes its curvature, and becomes concave, 
the point at which the change takes place is called a point 
of ìnflexion, or of contrary flexure, 

If the tangent at this point be produced, one branch of 
the curve will be above, and the other below it, conse- 

quently on one side of the point in question -^ will be 

positive, and on the other side, negative. Hence at the 

d^v 
point itself-7-^ must=0, or oo, for no quanti ty can change 

its sìgn without passing through zero or infinity. 

There is not however a point of inflexion corresponding 

to every value of a?, that makes — -^1=0, for not onlj must 

this equation be satisfìed, but —^ must change its sign after 
having passed through the point under consideration. 

Also if the same value of x that makes --^=0, also makes 

dx^ 

-^=0^ there may not be a point of contrary flexure. 

For since -y^ is a function of a:, write a?+A and a:— A 
dx^ 

for Xy and then --^ becomes, on these two suppositions, 
either 



or 



Fonrrs of coktrabt flexube. 
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But at a point of inflexion -7^=0 ; .*« the deflezioDs from 

the tangent at points a;+A and x—h are respectivelj pro- 
portional to 

which have contrary signs if 3^ do not=0 ; but if —^=0, 

and -j^ does not vanisb, the deflexions before and after the 

point will have the same algebraical sign, and the branches 
are both concave, or both convex^ to the axis. 

And hence in general there maj be a point of contrary 
flexure, wben the first differential coefficient which does not 
vanish is of an odd order. 

And, to find whether a curve has a point of inflexion, 

cPv 1 

put —4=0, or -, and if a be one of the values of x so 

^ dx^ 

determined, substitute a + A, and a—h for rr in the expres- 

sion for -4- Then if --^ be affected with different signs, 
dx^ dx^ 

x=a gives a point of contrary fiexure. 

Ex. 1. The cubical parabola 

y=--; and if ar=0, y=0. 



dx" o*' 
dhf 6a? 

If a: be positive or negative, y and -^ are positive or 
negative ; the curve is therefore always convex to the axis. 

Ifar=0,^=0. 
dar 

If ar=A, --^=— ; is positive. 
da? air 
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If x^^'-hy _^=— __ ia negative. 



db^ o« 



The orìgin Ì8 therefore a point of contrary flexure ; also, 

sìnce 07=0, makes -^=0 and v=0; the azis of x is a 

dx 

taogent to the carve. 



2a 



Ex. 2. The Witch. y=— V2ax - a*, 

X 

dy_ — 2o" 



^=2a» (^^-^^) 
dx" x.(2ax-^sc')V 

which =0 if x=-^, and changes ita algebraical sign, when 

q _ q _ 

— -+A and -:t-— ^ are successiyely put for x, 

There are therefore two points of contrarj flexure when 

3a , _L 2a 
x= — , andys= + 



^•» 



2' •- -V3 
Ex. 3. Find the point of contrary flexure in the trochoid. 
^=a(l~.6cos0); ar=a(0— esinO); 

/. -^=oe8in0; -j-=a(l— ccos6); 
dtì ad 

, cfy e sin d 

da? 1 — e costì' 

<f*y__eco8 6(1— CC08 6) — e*8in"d dd 
dx* (1— e cose)' 5« 

e costì— e* 1 



(1- e costì)* o^l-e costì) 

a(l— ccostì)' 
and cos (tì + A) is < e, and cos (tì —A) > e ; 
.•. cos tì=c gìves a point of contrary flexure, 

and y=o(l-e')=a(l-g) =f^. 



spnuLS. 
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192. Foints of contrarj flezare in spirala. 





Let there be two spirals, one concave and the other 
convex to the pole. Take two points P and P^ in each near 
to each other, and draw SV&nd SV^ _L to the tangents at 
PandP,. 

Let SV=p, 5P=r, and SPi=r'\-h, andp=/(r); there- 
fore if A be the difference between SVi and iS^I^ we ha ve 
in figure (1), where the curve is concave to the pole, 

A=/(r+A)-/(r)=+|.A+g. j*L +&c.; 

and in figure (2), where the spirai u convex to S, 
A=/(r)-/(r+&)=-|.;i-g.j*L-&c.; 

and as h may be taken so small that -£ h maj be greater 

than ali the terms that follow, we see that the spirai is con- 
cave or convex to 5, according as -J- is positive or negative. 

dr 

Hence at a point of contrarv flexure -j-=0, and changes 
its sign immediatelj before and after the point. 

CoE. Since -i=w'+-^» it follows that at a point of 
p a(r 



cPu 



contrarr flexure u + -— -=0. 



dd" 



Example. 

Let r^a&'y find the point of contrary flexure. 

Here «=-=-6-*; 
r a 
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SPIRAXS. 



•• dd^ à^ 5 d^ ^— ^^ ' 

/. le-»+''('y-L)0— «=0, 

a a 

e»H-«(w+i)=o. 

Hence 9 will be impossible^ unless n(it+l) ìs a negative 
number. 

Let»*H-w=— p; /. «H-|^= \/i— p; 

/. «= — i± v^i""/' 5 •'• P niust never exceed ^. 

If i>=i, »=— ^, and r=. — =, or 0=-^ the equation to 
the lituus. 




Multiple Points. 

193. When two or more branches of a curve pass through 
a point, it Ì6 called a multiple point ; and a doublé, triple, 
or quadruple point, according as two, three, or four branches 
pass through it. 

If the branches intersect, as in 
figure (1), which represents a doublé 
point, there will be at P two tan- 
gents, inclined at diiferent angles to 

the axis, and thus -f- will have two 

dx 

values corresponding to one of a: or y, "" 

Should however the branches 

pass through P, as in fig. 2 and touch 

each other, and the contact be only 

of the first order, there will be but 

one value of -^ ; but as there are 

dx 

two deflexions from the tangent, -^ 

there will be two values of -r^. 

dor 

194. Problem. If u=f{x,i/)=0 be the equation to a 
curve, cleared of surds, and there be a point where two or 

more branches intersect, -^=- at that point. 

dx "^ 




V 
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DifiTerentiate the equation, the result will be of the form 

M.^^N^O, where i!/=^ and N^^. 
dx dy ax 

dti 
Then since two branches intersect, -^ will bave two values, 

dx 

but M and N will be the same for both. Let a and /3 be 

the two values of -^^ ; 

dx 

:. Ma+Nz=0, and -flf/3+iV^=0; 

.•. J!f(a— /3)=0, and a— /3 does not=0; 

/. M=0 ; and /. ÌV^=0, and ^= -^=% 

dx M 

The vaine of p or -^ maj be found, by the method of 

dX 

vanishing fractions. 

CoK. Conversely, to find when there is a multiple point. 
Let M=/(ary)=0 be the equation to the curve; find 

^=-^ : and if the same values of x and y satisfy t<=0, 
dx Q if j > 

P=0, and Q=0, there maj be a multiple point ; and there 

will be, if "^ bave more real values than one. 
dx 

Ex. 1. Find the species of point at the origin of the 
curve, 

puto=-^; then 2ayp—Sx^^2bx=0; 
dx 

Sx^ + 2bx .(. f. «„^ ., n 
/. p=z — -L — = if ic=0 and y=0, 

2ay 

therefore there may be a multiple point, •/ m=0 also. 
Difierentiating both numerator and denominator, 

p=-^-I — .= , when x=iO; 

2ap 2ap 

.\p^=--y and;>=±A /-; 

,\ the origin is a doublé point, and the tangents cut the axis 

at angles, tan-\^ /-, and tan-^ \~\/ "r 
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This example will be usefal in shewing another metliod 
by which multiple poìnts may be found. Thus, if there be 
a surd quantity wbìch disappears from the equation y=:/(x) 
by making «=a, but which is found in the equation 

-ÌL=r0(a;), then -^ will have two values, while y has but 
dx dx 

one, and there is a doublé point. For resuming the last 

equation, and solving it with respect to y, 

y=H va?-f6; -f = ± =-+ = — . 

"Va dx v'a 2\/a\/x+b 

Make «=0. Then y=0, and ^=± a / ^ as before. 

Ex. 2. Find the point at the orìgin of the Lemniscata. 

(ar2+y2)2=a2(ar2-y2). 

Here 2(x+py) . {x^+y^)=a^(x-py) ; 

a«ar— 2ar(ar2 4-y2) .- , ^ 
• • />= o ^o / 2^ a( =n» if a? and y=0, 

__ qg->2(a?»4-y^)-2ar(2g-h2yp) 
a2p + 2;>(ar2 -{■y^) + 2y{x+2yp) 

^-^, if aj=0, and y=:0 ; 

.\ p*=l, andjp= + l, 

or -/= 4- 1 ; or -r^=tan 45, and tan 135. 
dx ^ dx 

Ex. 3. Find the same, when s^ — oya?' + 0^8=0. 
Here 4ar^ — ax^p — 2aya; + 3^y*/? =0 ; 

_ 2q;?a?4-2ay~12g^ _0 jf ^-.q 
ebpy'-2ax 5' ' 

__ 2ap + 2flary + 2ap — 24g ^^y 
6òp2+66y^-2a ' ^ die»' 



— ^^P 



, if x=0; 



6*/)2-2a 
/. 6òp« — 2ap=4ap, or ;? . {òp2— a} = 0; 

.•.p=0,andp= + ^?, 



MULTIPLA POINTS. 
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tbere is a triple point at the orìgin, and the axìs of x ìs one 
of the tangents. 

The triple point at A is 
represented in the annexed 
figure ; TAt is the axis of x, 
A Ti and A T^ are the tangents 
of the angles, 



tan' 



.1 /a 



and tan- 



■ (- Vi)- 




Ex. 2. Find the same, when y^ — 3flrjy4-a^=0. 
^^ay-x^_0 ,T^-< 






y 



2 ^ =/T»ifa?=Oandy=0; 
^ — ax \j 




\ 



zyp — a 2yp—a 
/. 2yp^'-ap=ap, 
orj9(yp — o)=0; 

/. p=0, and »==-=- = 00 . 

y 

The origin is therefore a doublé 

point, and the two axes are the 

tangents. The curve is represented \^ 

in the figure. 

195. If the branches touch, then -^ will have but one 

or 

value^ and jet at the same time be of the form - . 

Por supposing the contact to be of the n^ order between 
two branches of the curve ; then the values of the difieren- 
tial coefBcients, as far as the (w-h 1)*^ coefficient, when x=say 
and y=b, will be the same for both branches ; but after the 
«*^ they will be different. 

Let M^+N=sO be the equation after the first differ- 
ax 

entiation, the originai equation being previously freed from 

surd quantities. 

Then^ repeating the difierentiation (n) times, we bave 
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M being the same as before, and Ny^ bein^ the sum of the 
differential coefficients below the (n+l)**», together with 
functions of x or y, 

But , •; has two values, as a and ^, while M and iVi 
dx 

remain unchanged ; .*. -Sf. (a— /3)=0; /. -Sf=0. 

But M^+N=0; /. N=0; and /. ^=% 
dx dx 

The analjtìcal character of doublé poìnts of this descrip- 

tion is, that when -—=- has but one value, -r-^, which also 
' dx dx^ 

=-, has two. 



Conjugate or Isolateci Points. 

196. Conjugate or isolated points are those which bave 
a real exìstence, and are determined by the equatìon to the 
curve ; but from which no branches extend. 

Hence if ;r=a and y=b give such a point, then a;=a+A, 

du 
and xs^a—hy will make ^, --^, and the other differential 

dx 

coefficients, impossible. 

is impossible, and that p and h are possible quantities, it is 
evident that some one of the differential coefficients is im- 
possible, when x=a, and y=b. 

Prof. At a conjugate point, if the equation be freed of 
. di/ 

For differentiating the equation, u=f(xy)=^0, we bave 

^^1+^=0 (1). 

and if -^ be not impossible, let — ^ be impossible ; 

OX CLX * 

.*. continue the differentiation of (1), (n— 1) times; 
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Letg=a+/3V— 1; 



dx 



/. Jff=0; /. from (1) ÌV=0 ; /. ^=? , 

^ dx 

dy 
and the values of ~ may in general be found, if any, bj 

dx 
the method used for finding multiple points. 

Ex. 1. ai/^-a^ + bx^^O; .'. 2aì/pSx^-\-2bx=zO; 

•• 7^= — :; =;^j if ar=0 and /. y=0 

2at/ 



2ap ap 

/. P^= — ; and /. jo= ^ /— • 
^ a 'Va 

Now ar=:0 gives y=0, while /?= a /H— . Also since 

V^^ /^f , if ir=0+A, the values of y are impossible, 

and the orìgìn is therefore a conjugate point. The same 
result maj be obtained by differentiating the equatìon 



197. The comparison of this example with Ex. 1. in 
multiple points will serve to explain the origìn of conjugate 
points. In the curve ay^— a:^— òor^zrO, two branches pass 
through the origin and meet at a point x=z^b, formìng an 
ovai, while in the curve oy^— a^-|-ia?^=0, the ovai dis- 
appears, and no curve exists between the values of x=0, 
and x=:b ; these cases are represented in the annexed 
figures. 

N 
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OONJUGATB POINTS.' 





These two examples will shew that points of this kind 
arise from the vanishing of certain portions of the curve, 
owing to the change in the value of the constants. 

Ex. 2. y-6=(ar— a)2\/a7— e; a<c. 

If x=ay y-^h ; but if ic=a + ^» ^ h^\TL% very small, so 
that a+A is <c; y is impossible ; /. a?=a, y=6, determines 
a conjugate point. 

In this example if x:=:a\ ^=0; but if 3'=^; aJ^^ 

if the equation be freed of surds, 

4(a:-a)3 + 6(a:-ay(a^-c) _0 . ^^^^ ^^^ . 

y-h 

■" j» 

48(a?-a) + 12(a?-c) _12(a--c) . 

.-. ga=12( a-c)= -^(c-a); 
.-. ^ =2A/3(c-a;'/ — 1; 
whence we see that yx^f(x±h) is impossible. 

198. In general we may remark, if there be a surd 
which vanishes from the equation y=f{x) if x=ci, but 

which becomes impossible in -J=0(a'), there will be a 
oonjugate point. 



Cìisps. 

199. When two branches of a curve touch each other 
at a point through which the branches do not extend, the 
point is called a Cusp. 

The branches bave at this point but one tangent, and 



CUSPS» 



179 



the cusp ìs said to be of the^rst species when the branches 
lie on opposite sìdes of the common tangent, and of the 
second species when thej lie upon the same side. 

Hence at such a point if a;=a, -^ will bave but one 

dx 

value; but if either a+A, or a— A be put for a?, - -^ will 

CUT 

bave two values. 

If the values of -j^ be both positive or both negati ve, 

the cusp is of the second species ; but if one value be posi- 
tive and the other negative, the cusp is of the first species, 
for the deflexion of the tangent from the curve is measured 

Since bj the definition the branches suddenlj stop at the 
cusp, either a + A, or a — A, put for ar, will make the ordinate 
and the differential coefficients impossible. 

Figures (1) and (2) exhibit cusps of the first and second 
species. 





N 



N 



(1) is called a ceratoid cusp ; (2) a ramphoid cusp. 
Sometimes the cusp is of the form below. 




in whìch a-\-h and a— A put for x give real values for 
the ordinate. 

These are discoverable by observing that if x=a and 
y=6 give the point P, that y=è— A makes x impossible. 
Or we may transform the equation to the axis of i/ makìng 

n2 
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CU8P8. 




dx vPx 

x=zf-^(v); and find the values of ar, — -, and ^— - at and 
•^ ^^^ dy dy^ 

near the point where y = ò. Ex. (y — 2)^ = (a: - 1 )2. 
Ex. 1. The semi-cubical parabola. 

va 

^^^ V flit 

If a:=0, y and -^=0, if a*=— A, they are both im- 

possìble. But if a:=A, y and — ^ bave two values, one 

positive and the other negative ; the axis of x is therefore a 
tangent : there are two branches to the curve, one above 
and the other below the axis of x, and both convex to it, 
but the curve does not extend through the origin to the 
negative axis of the abscissas. The origin is a ceratoid 
cusp. 

Ex. 2. Find the point, when x^=a in the curve of which 
the equation is y^rih + cx^+ix^-ay ; 



.\^JL^2cx^l{x^af, 



ax 



and 



^.V.2c+|l|(^-«)*. 



dx* 



2.2 



Let «=a ; /. yz:^b-\'Ca\ 
dx dx* 




M 
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whence in consequence of the index ^, y and -—^ bave each 

two values, and those of -— are both positive, and since 

a—h put for x makes y, -— and ~j^ impossible, the poinl 

dx cuxr 

is a ramphoid cusp. 

Take a?=a, y=.b + ca^, and draw a tangent through P 

inclined to the axis of abseissas at an 2Ì=tan-^2ca, and 

then draw two branches above the line through two points 

Q and Qp where 

J!fQ=ò+c(a+A)2+A^ and ifQi=6+c(a-hA)2-.A3v. 
and the curves will be represented. 

200. There are also sometimes to be met with curves, in 
which a branch having reached a certain point, is suddenly. 
arrested, and extends onlj on one side of the point. Such a 
point is called a stop point, point dUarret, 

Again, two or more distinct branches sometimes meet at 
a point, but do not pass through it, nor mutuallj touch 
there, each branch having a different tangent. Such points 
are named shooting points, points saillants. 

In the former species of point, y=f{x) suddenlj changes 
its Tal uè, or from being real, becomes impossible; in the 

latter -^ undergoes a similar change, i. e. from one value 
dx 

to another very diflTerent value. These are of rare occur- 

rence ; the foUowing are examples. 

Ex. 1. The curve where y=2r log or, has a stop point at 

the orìgin. 

Fora?=+0; y=0; 

a?=— 0; y=oo. 

Ex. 2. y=a?tan-*-; 

X 

dv ^ il X 
=tan-*- — 



ax X x^^-i 

Ifa?=+0; or —0; y=0; 

dy ir X 

•^ =_ • or — _ 

Se 2' ^ 2' 

Hence the origin is a shooting point, the tan^ents being 
inclined at angles tan-* (1.5708), and tan-^(— 1.5708). 

201. We shall conclude this Chapter by a few remarks on 
tracing curves by means of their equations. 
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(1) If it be possible, let the equation be solved with 
respect to one of the unknown quantities as y^ and let it be 
put under the form y=f{x), 

Then give to x ali the possible positive values the equa- 
tion admìts of, and so determine the branches above and 
below the axis oÌ positive abscissas. 

Next put (—a?) for x in the equation y=f(x), and in the 
equation^ thus transformed, again substitute for x ali its 
possible positive values, and the branches above and below 
the axis of negative abscissas wìU be determined. 

(2) Find whether the curve has asymptotes. 

(3) Find whether the branches be concave or convex 
to the axis, and the nature and situation of the singular 
points. 

These remarks refer to curves having rectangular co- 
ordinatesi but if the equation be between r and 0, give to d 
values from 0=0 to 0=27r, and draw the corresponding 
values of r ; the positive values of r at the angles denoted 
by 6 ; the negative values, in a directly opposite direction, 
or separated from the positive by the angle w. Sometimes 
it may be necessary to take the negative values of 0. 

Let y=x ( — II — ), trace the 
\x—a J 

A, the erigi n, Ax and Ay the two axes. 



Ex. 1. 



curve. 
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Let x=0; /. y=0, 

x<a; .*. y Ì8 positive, 
a?=fl, y=oo, 
x>a<i 2a, y is negative, 
a?=2a, y=0, 
x>2af y is positive, 
x=2co , y is 00. 

Again, let — ar be put for a: ; 

x+2a . , 
. . y=— a: — ! — is alwajs negative. 

To draw the asjmptote : 



y^x 



X' 



2a ^ 
=« — a — &c. ; 

a; 
/. y=a;— a is the equation to the asjmptote. 

Take .% AB^^a^AD, and the line BD produced is the 
asymptote. Also take AC=i2a, Then since y=0, both 
when x=0 and a;=2a, the curve cuts the axis at A and C. 

Between A and B the curve is above the axis ; at B the 
ordinate is infinite ; from B to C the curve is below, from 
C to infinitj it is above Ax. Again, since if a? he negative, 
y is negative, the branch on the left of A is entirelj below 
the axis. 

* , dy a?* — 2ga? + 2q' 

dx {jB—ay 

Leta;=a; /. -^=ao; and the infinite ordinate through 

dx 

^ is an asymptote ; if a;=0 ; ~=2^ or angle at which the 

dx 

curve cuts the axis at A is tan-*(2); if a?=2a, ~ again =2, 

or Z. at which the curve cuts the axis at C is = Z. at A, 

If (je^^2ax-{-2a'^) or (ar— a)2+fl*=0, x is impossible; 
heàce there is no maximum or minimum ordinate. 
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^ ' dx^ i^x-af (a?-a)3' 

/. — Ì8 + if x<a^ and is — if x>a, 

But a?<a, y is +, and a?>fl<2a, y is— ; and a->2a, 
y Ì8 H- ; therefbre from Aio B, and from B io C the curve 
is convex, and from C concave to the axis. 

is +, but y is ~ ; therefore the 



If X be -, '^= 



branch from A to the left hand is concave to the axis. 

Ex. 2. Lety2=?H1^^4^(^, j^ 

a:— 1 x—l^ ^' 



If a:=0, y= 



1 



is impossible. 



a/-1 

ar < 1, y is impossible, 
ar=l, y is +oo, 
a7> 1, y is possible +, 
a?=Qo, y is 00 + ; 
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tberefore there ftre two infinite branches extending above 
and below the axis of positive abseissas. 

-(x^-\-x-\-l\ which is 

a?-l-l 

impossible, if x be < 1 ; and =0, if x= 1. 

If a;<l, and increase to infini ty, t/ is possible + and in- 
creases to infinity; therefore there are two infinite branches 
wbich meet the axis Ax^ in a point C, if ^(7=1. 

To find the asymptote : 




y=± / — T-^ V ^ ^"^«^ 



^■^2^*'- 1 1 

Il , a ^X iéX 
h&c. 

=±{1+1+&C.}»(1-1 + &C.) 

•'• y=i (* + ^) gives the two asymptotes. 
Take -42)=-42>i=^, and Ac^=^\. Join cD and cZ>i, these 
lines are the asjmptotes, and if through B an infinite ordi- 
nate be drawn, two branches of the curve will lie within 
the an<;ular spaces formed bj the intersections of this line 
with cD and cD^ produced. These branches of the curve 
will alwajs lie above the asymptotes, since the ordinate of 
the asymptote is always less than the ordinate of the curve. 

For let yi be the ordinate of the asymptote ; 
:.y^:=.t±l^ andyi2=a;2 + a:+i; 



4.(a?-iy 

But y+yi is + ; .*. y—y\ is i- ; or y>yj. 
Similarly it may be shewn that jthe branches which ex- 
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tend from C, above and below the axis Crj, lie between the 
lìnes DiC and De (asjmptotes) produced. 

To find the values of -^. 

dx 

2 logy = log (a:* + l)-.log (a:— 1) ; 

'* da; 2' Kx^-fl x-\) 2(a;-l)t. V^r^TT 
which Ì8 co, if ar=l, or a7=— 1. 

Hence the infinite ordinate through B toaches the curve 
at an infinite distance from Ax, or is an asymptote ; and the 
curve at C where y=0 cuts the axis at right angles. Also 
since the numerator 2a?^— 3a?2— 1 is = — 2 when a?=l, and is 
=3 when x—2y there is some value of x between 1 and 2 

which will make -—-=0, or y a minimum. Take AM this 

dx 

value, and MP and Mp will he minimum ordinates. 
Ex. 3. Let r=a (1 + cos 6). Trace the curve. 




e=0; .-. r=a(l + l)=2a, 

Let0=- + A; /. cos0=--sina, 
and r^a (1 —sin a), or r <«, 
a:=Zy or dczTT ; /. r=0. 

Let 0= (ir -fa) ; .% COS 0= —cos a, 

and r^a (1 — cos a), which ìncreases as a increases, 

and r=a when a=:-. 

2 

Let 0==--^+a; /. cos [ -^4-a j=:+sina; 
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/. r=a (1 4-sin a), whìch increases as a increases, and when 
a=-, or 0=27r, r=2a. 

The curves in the first and fourth quadrants are the same, 
and also those in the second and third quadrants. If — 6 be 
put for d, \' cos (— 0)=cos : precisely the same curve will be 
produced. Take-45=2a, AC:=AI>=a, and the points 
at which it cuts the axes are determined. — This curve is 
the Cardioide 



Examples. 

(1) If y=aaj + òar^-f ca:', there ìs a point of ìnflexion if 
oc 



/ q'à ^t 

(2) If y=xK/ ~ ., trace the curve, find its greatest 

ordìnates, and the angles at whìch ìt cuts the axis of x : 
x=.a^ V2 — 1 ; the angles are 45° and 90^. 

(3) Trace the curves defined by the three equations 

V xr-ta^ V x^—ct^ V a*—x^ 

In (1) origin ìs a conjugate poìnt, two rectìlìnear asymp- 
totes pass through the origin, and two infinite branches meet 
the axis of a; at + a. In (2) there are also two rectìlìnear 
asymptotes perpendicular to the axis of x : and the branches 
of the curve are ìncluded within the asymptotes. In (3) 
there are only asymptotes perpendicular to the axis, the 
branches of the curve pass through the origin and do not 
extend beyond the asymptotes. 

(4) If y=c«*% there are two points of ìnflexion corre- 



sponding to «=co8-*[ i J. 



(5) v2=-s ' ; trace the curve : there are ìnflexions if 

ar= + — - : also when y^=: — : draw the asymptote and 

~~ V2 a^-tx^ 

find the point of flexure. 
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(6) y=(ar— 2) A / ^ — - ; trace the curve : there is a con- 

3 

jugate point if 2r=2; and y is a maximum if a?= — -. 

té 

(7) y3=aa?2— j:»^ a cusp of the first species at the origin, 
an infiexìon \ix=-a\ a maximum ordinate if ;r=: — . 



a^x 



(8) If y=-r j:, there are two points of flexure when 

ar=0, and a?=a Vd; the curve cuts the axis at 45% and the 
axis of X is an asjmptote to the two infinite branches ; there 
are maximum ordinates when 2r= + a. 

(9) If y=—z r, the curve touches the axis of x at the 

origin, there is an asjmptote parallel to x : and two points 



of contrary flexure : where x^= + 



a 



V3 



(10) If y^rr**— a*, trace the curve ; there are two points 
of inflexion, when a;=0, and when a;=a. 

(11) Fìnd the points of contrarj flexure, in the companìon 
to the cycioid, when x=za (1— cos 0) ; y=ad. 

Two points when x^=a ; y= + ^Tra. 

(12) Find the point of contrary flexure in the lituus. 

r=aV'2; 0=^ 

(13) The curve defined by à^p^^r^ has a point of in- 
flexion at the origin. 

(14) Determine the nature of the points, when x=a. 
If (1) (y-6)3=(a;-a)«, (3) (y-ar)«=(a:-a)3. 

(2) {fZ-byM^-ay, (4) (y-a:)«=(a:-a)», 
and the inclination of the tangents at the points to the axis. 

(15) If x^ — ax^y^axtf^-\-^a^y^=^0, there is a ramphoid 
cusp.- 

(16) If ^=-"2 — p there is a point of contrary flexure when 

Sa 
r=:—- ; there are two rectilinear asymptotes and an asymp- 

totic circle, radìus = a. 
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(17) If oi^—a^x^-\-a^y=.0, there are two points of con- 
trary flexure. 

(18) Trace ar^ . (a? + y ) = a^ . (a? — y) and draw the asy mptote. 

It passes through the origin, angle =135®. 
» 

• (19) Trace the curve r=a(2co8 0+l). The Trisectrix. 
Like the Cardioid, with the addition ot* an interior ovai. 

(20) Trace the curves y = sin a:, y = tan a:, y = sec x. 
The circumference is supposed to coincide with the axis of 
X, and the ordinate is the sìne, tangent, or secant. The 
resulting locus is called the curve of sines, tangents, or 
secants. 

(21) Trace the curves r*=rf2 sin 20, and r=a sin 2B. In 
the foriner an ovai in the Ist and 3rd quadrants: in the 
latter an ovai in every quadrant. 

(22) If r=-f a sin 30, there are six ovals. 

(23) Trace y3—3aary + a^=0. Makear=rcos0.y=rsinO: 
an ovai in the Ist quadrante an asjmptote cutting the axis of 
a; at 1 35% two infinite hranches in the 2nd and 4th quadrants. 

(24) Trace y2«=.r(a+ar)2. The exterior branch is para- 
bolic : the interior has an ovai between ar=0 and a:=a. 

{2Ó) Trace the curves, (l)r=atan0; (2)r=2otan-; 

and find the position of the asymptotes. Asjmptotic sub- 
tangents are a and 4a ; (1) is included between vertical, (2) 
between horizontal asjmptotes. 

(26) Trace the curve r=aQy taking both positive and 
negative values of 0. 

(27) Find the asymptotes, least ordinates, and points of 
£exure of y^x^=^{x -h a) (a:— hy. 

(28) {x^+y^y=:=Aa^xy\ a doublé point at the origin, jo=0 

and =00. 

(29) (a;2-|-y2^3=4a2a;2y2. ^ quadruple point at the origin. 

(30) t/^-\-2axy^—ax'^=0; a triple point at the origin, 
^= + -i=,and=«o. 
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(31) Given the base of a trìangle and the exterìor angle 
equal to three times the interior and opposite angle at the 
base, find the equation to the curve, which is the locus of 
the vertex, draw its asymptote, and find its maximum or- 
dinate. 

(32) In the diameter AB of a circle, take a poìnt C; 
draw a chord AP, and an ordinate PN, and CQ parallel 
to AP, meeting NP in Q : trace the curve which is the locus 
ofQ. 

(33) A rod PQ passes through a fixed point A, find the 
equation to the curve described by P, when Q moves in 
the circumference of a circle of given radius, and trace the 
curve. 

(34) Two points start from the opposite extremities of 
the diameter of a circle in the same direction, the velocities 
are uniform, and in the ratio of 2 : 1 ; find the locus of the 
bisection of the chord which joins the position of the points, 
and its pelar subtangent 



191 



CHAPTER XIV. 
Curvature and Osculating Curves. 



202. When two curves, as QPQ^,, BPF^, cut each 
other in the manner represented in the figure, the values 
of y and x are the same for both 
curves at the point of intersection ; 
i. e. if i/=f(3i;) be the equation to 
the curve RPP^^ and y=0Ca?) the 
equation lo QPQj, and ANP=a^ 
and NP^:^b ; the values a and b put 
for X and y wili make the equations 
b^==f(a) and b^=i(p{à) true equations, 
and /./(«)=0(a). 

203. But if for a?, a-\-h be written, (or as we shall put 
it, x-\-hy) the values of the ordinate» of the two curves no 
longer become equal, and their difference, which is repre- 
sented in the figure bj P^ Qj, is equal to the difierence 
between y(af+/«) and 0(af-|-A), and will therefore be some 
function of A, and its value will depend upon the rela- 
tions existing "between the difierential coefficients o£ f(x) 
and (l>{x). 

For, let yi =iViPi, ^2=^1 Qi, ^^(«), and r=^(a:) ; 




dx 



dx^'ì.'j: ax^'2,3 



andyo=yH----A4--r-i:- , . , -^ , 
^^ ^ dx dx^ i.2 djL^ 2.0 



A2 d^v 



A3 



;t + &c.; 



•••^.«.=(l-l)*HS-S)o--^ 

or putting Al, A 2, A^, &c. -^„ for the coefficients of A, A^, A^, 
&c., the distance A between the curves, or the difiference 
between the ordinates, is represented bj a series with as- 
cending powers of A, so that 

A=Aih-^Aih^+A^h^+A^h^+&c,+A^h^'\-^c. 

204. First, let ^i=0; /. $^=?[-, or the first dif- 

dx dx 

ferential coefficients are equal. But — and -=- represent 
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the trigonometrical tangents of the angles whic^ the tan- 
gents of the two curves at the point P make with the axis 
of X. Hence at such a point the ordinates are equal, and 
the tangents are coincident. This is called a contact of the 
first order. 

205. Let not only -^i=0, but Aì=ìO, then 

f(x)^^{x), ^=^), and m^)^!m. 

dx dx dx^ dx^ 

This is called a contact of the second order. 

And in general the curves are said to have a contact of 
the nS^ order when the first power of A, in the expression 
for A is A"**; i. e. when ali the differential coefficients as far 
as the (n + 1 )**^ are respectively equal in both series. 

206. To find the degree of contact which a proposed 
curve of given species has with a given curve of known 
dimensions. 

Let y==/'(a?) be the equation to the given curve, and 
yi=0(iri) the equation to the proposed curve, which is sup- 
posed to contain n arbitrar^ constants. 

Then, to determine these n constants, we must have the 
n equations, 

^ ^^ dx d^ dx^ dx\ <fo^' .<te,"-'' 

or the contact must be of the {n—l)^ order. 

Thus, let it be required to find the degree of contact 
which a straight line may have with a given curve ; we 
observe that the equation to the line is yi=(2Xi'\-b, and 
contains two constants a, b, or the contact may be of the 
first order. 

And to determine the straight line which has a contact 
of the first order with a curve, y=/*(ar). 

Here —=-^=za; y=Vi, and x=:x^ ; 
ax dxi ^ ^^ , 

.•. y^=^ax-\-b^ or b=y—ax=y—-S.x; 

dx 

therefore substituting for a and b, Vi=-^a?. +y— ar^; 

dx dx 

or ^1— y=— (a:*!— ar) the equation to the tangent; or the 

uX 

tangent has a contact of the first order with the curve which 
it touches. 
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Cor. Hence no straight line can be drawn nearer than 
the tangent to the curve. 

207. In the circle of whìch the equation is 

ii»=(*,-a)»+(y.-/3)» 

there are three arbitrarj constants, the radius R and the co- 
ordinates of the centro a and /3. The circle therefore maj 
bave a contact of the second order, and the constants maj 
be determined by means of the equations 

^ ^^' dx dx^ dx^ dx^^' 

The circle so found is called the circle of curvature, and its 
radius the radius of curvature of any point in a given curve. 

For since the curvature in the same circle is uniform, 
while it varies inverselj as the radius in different circles, 
and that curves are geometrically said to bave the same curva- 
ture, when at a common point, thej bave the same tangent, 
and ultimately the same deflexion from the tangent, whicb 
conditions are fulfilled by the circle that has a contact of 
the second order; this circle is assumed to be the proper 
measure of curvature, and curves are said to bave the same 
or different curvature, according as the radii of these circles 
are the same or different, and the curvature in general 

1 

^ radius of curvature ' 

The circle of curvature is also called the osculating circle. 

208. To find the radius of curvature, and co-ordinates 
of the centro of the osculating circle to any proposed curve. 

Let y=y*(a:)be the equation to the given curve, 
iif2=(a-j—a)2-f(y 1-/3)2 i\^Q equation to the circle; 
.*. differentiating twice, we bave 

.-, 0=(*,-a) + (y,-/3).g' (1), 

and 0=l+|;-;+(y.-/5).gl (2). 

But y=y„ x=x„ |=|l , and g=gl ; 

/. changing x^ into x, and yi into y ; 

o 
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.•.«»=(a5-a)i'+(y-/3)» 






l+^lf™"» 



(1) 



( 



\dxy 



O+S) 



(2) 



1 + 



dx^J 



\dx^J 



(> 



3 









-^ 5' 



where »=— and 7=^ . 

This expressìon has two signs ; but ìf we cali the radius 
positive, when the curve ìs concave to the axis, or when q 
is negative ; and if, when the curve is convex, or when q is 
positive, the radius be reckoned negative, we shall alwajs 

havei2=(i±£!>!. 

The co-ordinates a and p maj be found from the 
equations 

and the circle is completelj determined. 

209. In the annexed figure, 
let AP be the given curve, PO 
the radius of curvature, and O 
therefore the centre of the os- 
culating circle. 

Also let AN^x ; NP^y. 

Then An^a, nO=z^p ; 



Oilf=a-a?: 



9 
(1+P^) 



P* 
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PM and OM are respectivelj called the Bemi-chords per- 
pendìcular and parallel to the axis of x ; for ìf we descrìbe 
the circle, of whìch the radius ìs OP and centre O, PMìa 
half the chord of an are, since OM is perpendicular to it, 
and OM is equal to half the chord drawn from P parallel 
to-^iV: 

• 

210. The point changes ìts position with the change 
in the place of P, and traces out a curve, which is called 
the evolute of the originai curve. Hence we maj define the 
evolute to be the locus of the centre of the circle of curva- 
ture, and ita co-ordinates are a and /3. 

And since from y=zf(x) ; p and q maj be found in terms 
of y or a?, 

and /. fromy— /3= — £- ; x—a=i—JL .«• 

and y=zf{x) ; y and x may be eliminated ; therefore there 
will arise an equation between a, /3 and Constant quantìties, 
whìch will be that of the evolute. 

211. Since a?-a+(y-/3).^=0; 

dx 

but this is the equation to the normal of the originai curve* 
drawn from a point, of which the co-ordinates are ar, y, an^ 
passing through a point whose co-ordinates are a and /? 
Hence the normal passes through the centre of the circle of 
curvature, and the radius coincides with the normal. 

212. The radius of curvature is a tangent to the evolute. 

Resuming the equation (a?— a)-f (y— /3).-^=0. 

dx 

Differentiate it, consideri ng y^ /3 and a as functions of x ; 
B..l+g+(,-«.g=0, 

da 

dx dx' dx * ** dx SJJ rf/ii ' 

dx 

... (a5_a)-(y-/3).g=0; or (/3-y)=^. («-«). 

o2 
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which is the equation to a tangent drawn to a poìnt, (/3, a), 
and passing through a point, (y, x). 

But 03— y)=-/-(a— ar) ìs identical with 
da 

or with the equation to the normal of the originai curve. 

Hence the normal to the curve^ i. e. the radius of curva* 
ture, is the tangent to the evolute. 

213. To find the length («) of the evolute. 
Since i?»=(ar-a)« + (y-/3)«. 
Differentiate, considering R, y^ Xy /3 as functions of a, 

But i?«=(a;-a)«|n-C5^y| 

=(*-)'{^+a (^)- 

=(._„).. (l+g)' (2). 

Divide (2) by (1) ; 

• ^=1+*?!=^. 

c/a* c/a* c/a* ' 

.'. lÌ=:s-\-c, c being some Constant length. 

Hence, if the equation to the curve be algebraical, i? may 
be found in finite terms, and the length of the evolute found ; 
or the evolutes of algebraic curves are rectifiable. 

Cor. Let s^, j,, be two arcs of the evolute, from its com- 
mencement to the points where the radii are Ri and R^ ; 

let «2— «i=a ; .*. a=R^—Ri ; 

or the difference between two radii of curvature equals the 
length of the are of the evolute iutercepted bj them. 
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214. From this property the 
curve has derived the name of 
evolute. 

For if we take a string of 
Constant length, one end of 
which Ì8 faatened at B^ and the 
remainder ìs made to coincìde 
with the curve COOiB, then if 
the string be unwrapped or 
evolved from COOiBy it wìll 
descrìbe the curve APPi. é 
COB is called the evolute, and 
APPi involute. 

From this constructìon it is obvious, 

(1) That the are OOi is equal to Pi Oj --PO. 

(2) That is the centre of a circle of which the radius 
OP is the radius of curvature to the point P, 

(3) That PO is a tangent to the evolute. 

(4) That PO is a normal to the involute. 

215. Another, geometrical, method of finding the radius 
of curvature and the co-ordinates of the centre of the oscu- 
lating circle is to assume that centre to be the litnit of the 
intersections of two consecutive normals. 

dx 

For (y— j3)= — — - . («—a) is the equation to the normal, 

or (a:-a) + (y~/3).g=a 

Now at the point of intersection, a and fi remain the 
same for the two normals, while x, y and -^ vary, since at 

a consecutive point, x and y become x-^-dx and y'\-dy\ 
therefore differentiating, considering a and j3 as Constant, 

The same equation that has been before obtained to find the 
co-ordinate j3 of the centre, and a is then known from 
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And R maj be found from the equation 

216. Hence to find the radius of curvature in spirala. 

AP the spirai, S the pole. PO a 
normal, and the point of ultimate 
ìntersection of two consecutive nor- 
mals. O is the centre of the circle of 
curvature. 

Now S0^=SP^+P0^-2P0.PN, 
or ri2=r2+JR«-2^.jE?; for PN=SV. 

Then since SO and OP remain 
Constant, while 

jS'Pand SYysTjy and since p=f(r); 




dr 



dp 



ì£ OM be drawn J. to PS, or PS produced, then PM=z^ 
the chord of curvature through Sy 



and PM^PO x 



SY_ dr p_ dr 
SP dp r ^ dp 



217. Evolutes to spirals. 

The point will trace out the evolute, and PO is a tan- 
^ent to it, and SN is perpendicular to PO, we must there- 
fore find the relation between SO and SN, 



Now r^^=r^+R^'-2Rp 



and|>i=PF= Vr^-p^ 



(2), 



and|>=/(r) (3), and R=r,— 



(4). 



between these equations p, r and i? maj be eliminated, and 
the resultiug equation will involve r^, pi, and Constant 
quantities, which will be the equation required. 

Ex. Let the spirai be the equiangular. 
Here p=mr ; /. ^=-— =— , 

op ITI 



Pl=: \/r2-^2 — ^^1_^2. 
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ri2=r2+jR8-2i?jo=r2 4.^-2r« 



fiì? 



or the evolute ìs a spirai sìmilar to the originai, and de- 
scrìbed round the same pole S, 

218. If two curves intersect, the distance A between 
them, measured along the ordinate, is, (when x becomes 

If we put (—A) for A, the distance A^ between them at a 
point where x becomes a;— A ; is 

Now since A may be taken so small that anj one term shall 
exceed the sum of ali that follow it ; we observe Firsty that 
if ^1=0, A and A^ bave the same sign, or that in a contact 
of the first order, the curves touch, but do not intersect. 

Thus the tangent does not cut the curve, unless A^^Xìy 
or at a point of contrary fiexure. 

Secondly. K both ^^=0 and ^2=^9 ^^ ^^^ contact be of 
the second order. Then 

A= -^aA^+^^A^ + àc. 
A 1 = - AJi^ + -^4 A* - &c., 

which bave different signs, and therefore if the osculating 
curve be below the given curve at a point where the abscissa 
is a;+A, it will be above it at a point where x becomes 
x^h. Hence the circle of curvature both cuts and touches 
the curve. 

There is however an exception to this, when the radius 
of curvature is a maximum or minimum ; for then (as we 
shall see in the next article) ^3=0, and the expressions for 
A and A^ bave the same sign. 

For if the contact be of the third order, 

A=-44A<+-46A«+&c. Ai=^4A^— ^6A«4-&c.; 

that is, A and A^ bave the same sign, and therefore the 
osculating curve does not cut the given curve. 

Hence, when the contact is of an even order, the oscu- 
lating curve both touches and cuts the given curve, but 
when the contact is of an odd order, it merelj touches it. 
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219. Prof. When the radius of curvature is a maxi- 
mum or minimum, the contact is of the third order^ or 

eJ1±£^ : |»=0 : and let r=g. 

But 1 +/?*+(y— i3)5r=0, and if there be a contact of the 
third order, we must differentiate this equation, and put the 
co-ordinates of the curve for those of the circle ; 

.% 2;?y+p5r+(y-^)r=3;?3'-l±2. r=0 ; 



••• ^■-^— Ti- 



The same as before, and therefore when A^-=0\ for the 
circle and the curve, or when the contact is of the third 
order, the radius of curvature is either a maximum or 
minimum. 

220. If 9=0 ; and p is finite, i?=: oo ; this takes place at a 
point of contrary flexure ; for the curve changes from convex 
to concave ; the circle of curvature becomes a straight line, 
(the tangent), and before and after the point the radius of 
curvature is measured in opposite directions. 



Examples. 

(1) Find the radius of curvature and evolute of the 
common parabola. 

y — lux, -— — — , -7—5— — Q*~r"~~ — r> 
ax y dx^ y^ dx y* 

y^ y^ y^ 



^^(l+p2)f _ {4a.(a.fa?))i _ 2(fl-fjg)f _ 2 ^ ^j^ 
—q 4a2 ^a Va 

—q y^ 4a* a^ a 
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*-„=_;,.(y_^)=-2£.y(£±f)=_2(;r+«); 

.*. 3ar=a— 2a, ora:=^ ~ ^ J . 

But V y*=4aa:; /. (4a*/3)»=^(a-2a); 

o 

the equation to the semi-cubical parabola. 

(2) In the Conio Sections, R x (normal)^ 

iV 

Normal=i\r=ry\/l-f^*; .% iv/l4-p*=— ; 



3 



• • Xl>— — — • 

New if the vertex he the erigi n, and the axis the axis 

y*=2»M; + fia:*; /. yp=.m-\-nx'y 

/. yq^-p'^^ni .\ y^g=ny^—pY 

=« (2 ma? + wo:*) — (»» + na;)*= — j»* ; 



/. ^= 



w* 



(3) Find the radius of curvature of the ellipse. 
h i . b X 



ba 

• • Jii»— « ' ' • 

ba 

Cor. Lei R^ ^ ^^^ radius at the vertex, and R^ the 
radius at the extremitj of the minor axis ; 
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ùa a ba b 

the length of the evolute of the elliptic quadrant 

-7? !?-«' l^_à^^b\ 
b a ab 



If A=:a maximum ; — 3 \/a* — c*a;*.tf*a?=0; 



a' ^ . a 



/, a;=:0, and a:*=— ; but ar=- or > a ìs impossible, 

d'i? 



and ^-=--3c*\/a*— c*a:*+3c*ar^A/a*— c*x* 

= — 3c*a, if «=0; 
therefore ^ is a maximum, when x=^0, or i/=+b, 

Hence» at the extremities of the minor axis the cirde of 
curvature touches the ellipse. 

(4) To find the evolute of the ellipse, 



^ ^ ^g ba 6» • 



\aj aer a ^5^5 ^^^^g 

But ^+g=l 5 ... (£5)*+{*^^=i , 

.'. (ao)t+(6/3)f=(ae)^=(a'-A»)i. 



EXAMPLE8. 
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(5) Eadius of curvature and evolute of cycloid. 




AN=x ^ 

JVP=t/ 

CB=2a 



. d^_ A/2a-~y , . ' Jy2_2a 
dx Vt/ dx^ y 



. dy d^y_-a ^. . _?|V--^. 
•• dx'dx^" y^ 'dx' •• cte2 y2' 



To find the evolute. 






V2ay'-y^'dx 



y-j 



-y 



nd -^=^= 



cte A/2a«/— w2 dx y y 

• -^=: A«-y = . / 2a-'(-/3) , 

Take -^i»=ari=— j3, and mO=a=:y^ ; 

. rfa_.rfyi_, /2a—Xi_^ ^/2aXi'-Xi^ 
d(^ dxi \/ i^^ ari 
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The equation to a cycloìd, of which the vertex ìs A^ and 
the diameter of the generating cìrcle=2a. 

(6) Find the chords of curyatare drawn through the 
centre and focus of an ellìpse. 

Since if CP=:r, and CT] X to tangent=p, 

/. 2 Ì0gp=l0g aW— log («2 + ^2 _y2) . 

* * pdr o*-|-6*^— r^* 

/. chord through centre=-s — =— ^^ — — ^=-_^ 

dp r CP 

diameter=2r*:=i(^±*!r!Ì)=25g' . 

dp p Pt 

COB. Thediameter=a(£!±*!z:r!I'=,^^. 

(7) To find the chord through the focus. 

Here if 5P=r, SY^p ; p'^^J^ ; 

2a— r 

.% 2 log p=log h^ +log r — log (2a — r) ; 

. 2</p_l 1 _ 2g ^ 

*' pdr r 2a— r r.(2a — r)* 

:. chord=2p — = — 5^ -^= — -—rn ' 

dp a AC AC 

(8) Find the form of the parahola y=a4-òa:4-ca;*, which 
has a contact of the second order, with a given curve at a 
given point 

Make the given point the origin: then the equation to 
the parahola becomes ysszbx+cx^; and let y=if{x) he the 
equation to the given curve, from which find/i and q. 

But from above -^=ò + 2ca? ; and --^=2c; 

dx dx^ 

.% pz=.h'\-2cx\ and q=z2c> 
But at the origin x=^0 ; .% h^p^ and c=| ; 
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■•• (»-g)=l-('i)' 

The equation to a parabola, of which the axis ìs per- 
pendicular to the axis of Xj the co-ordinates of the vertex 

— ^ and —P ; and the latus rectum=3-. 
2q q q 

Cor. The general equation to the second degree, or 

contaìning fi ve constants, may ha ve a contact of the fourth 
order, with a curve. And should there be a point at which 
a^ — 4c=Ò, the osculating curve is a parabola. Immediatelj 
before and after this point, e? must be greater or less than 
4c; and therefore the osculating parabola is intermediate 
between an osculating ellipse and hyperbola. 



Exam'ples. 

(1) In the cubical parabola where a^y=za? ; 

(2) In the semicubical parabola where ay^=a? ; 

6a 

(3) If y2 ^ ^2 — ^jaj _ fly . an equation to the circle, 

>v/2 

(4) The equation to the hyperbola being y*=-^ (a:*— a«); 

^_(cV-o^. ^^^ ^YiQ equation to the evolute is 
ah 

(aa)l-(6/3)l=<a> + *')^. 

(5) In the parabola the chord of curvature through the 
focu8=45P; and the length of the evolute 

^ 2(SPl-SAÌ) 

^"SA 
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(6) If yx=^a\ ■R=— ^ 92 «.a ^ > *^^ equation to evo- 
lute Ì8 

(a + ^)Ì-(a-/3)i=(4a)i 

(7) The equation to the catenary ìs 2y=^a \^ +é~^) ; 
shew that the radius of curvature is equal» but opposite, to 

the Dormal. i?= — ?-. 

a 



(8) K r=a(l +co8 6) ; the radius of curvature = — — ^ ; 

3 

and chords=— -. 
3 

(9) In the spirai of Archimedes, the radius = the chord 
of curvature, when r= 



^/3 

(10) The evolute of the epicycloid, of which the equation 
is «*=«•. --II—-., is another epicycloid, 

Pi'=«'. ^ \-\ and a,=— . 

(11) Find the chords of curvature drawn through the 
centre and focus of an hyperbola. 

(l«)Ifr=CP;chord=2(!li:^±*!). 

(2-) l£r=SP; chord=?!l?£±r). 

a 

(12) K y ^ /i-}--__=c, be the equation to a curve 

^ •/ 

(the Tractrix) ; the equation to the evolute is -7-= — " 

da. e 

(the Catenary). 

(13) In the focal distance SP of a parabola, take SQ 
=ÌW; find the equation to the locus of Q, and the radius 
of curvature. 



SQ^Vy SA=ay ^-45Q=0; r=2atan|. 

32a»(4a« + 3r») ' 



EXAMPLES. 207 

(14) Determine that point in a cubìcal paràbola, where 
the curvature is the greatest : and the point in the common 
parabola where it is ^^ of the greatest curvature. 

(1) «=^, (2) x^Sa. 

(15) If ad = Vr^^^-a sec-> f^\ (the involute of the 

circle), shew that p= Vr^—a^ ; and find the equation to the 
evolute. 

(16) In the parabola if 2> be the point where the axis 
intersects the directrix, and PiV, QM be ordinates of cor- 
responding points in the parabola and evolute, prove that 

(17) If X be the angle which the normal makes with the 
axis of X in the ellipse, then 

(l-.c«sìn*\)i 

(18) In the curve (hypocycloid) of which the equation is 
29 -f yi = ai ; the equation to the evolute is 

(a+/3)*-h(a-/3)5 = 2a^. 

(19) Let R and R^ be the radii of curvature of the ex- 
tremities of two coniugate diameters of an ellipse, then 

(20) When the angle between the radius vector of a 
spirai and the perpendicular on the tangent is a maximum 

P 

(21) Two normals at two points in a parabola, on opposite 
sides of the axis, the ordinates being as 1 I 2, intersect in 
the evolute. 
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CHAPTEE XV. 

Envelopes to Curves. Caustics. 



221. When a curve touches a series of curves, ali described 
after a given law, the former is said to be an envelope of the 
latter ; these latter are of a given form, and the problem is 
to find the touching curve or envelope. 

For the better explanation of this application of the 
Differential Calculus, let us suppose that ìt was required to 
find the equation to the curve, touching any number of 
equal circles, whose centres are in a known curve. 

Then if y and x be the co-ordiuates of the touching curve, 
a and /3 those of the centro of one of the circles 

Cy-/3)*+(:c-a)»=r». 

But /3 and a are the co-ordinates of the known curve ; 

/. ^=0(a); 

.-. {y-*(a)}'+(a;-ay=/^ (1). 

Now if we suppose a to receive an indefinitely small 
ìncrement, the equation (1) will belong to an equal circle^ 
the centro of which is indefinitely near to that denoted bj 
equation (1) ; and the two circles will intersect at a point of 
which the co-ordinates are ultimately x and y ; and similarly 
proceeding with a third and other circles^ we may conceive 
the touching curve to be formed by the continuai intersec- 
tions of these circles : and to determine ìts equation, which 
must be ìndependent of a, a must be eliminated between 
the equations {y--0(a)}*-f (a?— a)*=r*, and the equation 
which indicates that we ha ve passed from the consideration 
of one ci relè to the other, that is, the difierential of the 
equation (1), taken with respect to a. 

Hence we may conclude, that if F==/'(arya):=0 represent 
the equation of one of the given curves, the touching curve 
may be found by eliminating a between the equations 

r=0, and ^=0. 
da. 

dV 

222. That r=0, and ^=0, are sinmltaneous equa- 
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tions, maj be also thus shewn. Besuming the equatìon to 
the circle. 

Let a + ^a, and /3 + ^/3 be the values of a and ft in the 
consecutive circle ; 

.-. {a;-(a+aa)}>+{y~(/3 + aiS)}2 = r2; 

therefore by subtraction, 

^x^ay - (a;-(a + aa)}2 + (y-/3)2- {y-(i3 + a/3)}2 = 0, 

or da {2 . (a?-a)-aa} + 3/3(2 . (y-/3)-a^} =0, 

or2(ar-a) + 2.Cy-i3)^-t3i3^+aa}=0. 

óa òa 

Now make Sa=0; and 30=0; then the poìnt of inter- 
section of the two circles becomes a poìnt in the touchinor 

curve ; -^ becomes the differential coefficient of /3 with re- 
ca 

spect to a, or ^, and 2(a?~a) + 2(y-)3)^=0, whìch is 

da da 

the differential coefficient of (ar— a)2 + (y— /3)2=r2 with re- 
spect to a, between which two equations a maj be eliminated. 

Prob. I. Find the curve which shall touch ali the straight 
lìnea defined by the equatìon y=aa?+^ v'a^ + l, r being a 
perpendicular of Constant length from the origìn upon the 
lines. 

Differentiating with respect to a; x and y being Constant, 



XT 



ra n • T "s/a^+X 
.—Il • • _ — ' « 






r 



and Vo24-l=— a-=: 



X v'r*— ^2 



^.2 ^2 r^-o?» 



— — v^r2-^9. 



^r'^^x^ VH— a:» > r^-a?^ 

/• y^+a:2=r2, the equatìon to a circle. 

Prob. II. A gìven straight line slìdes between two rect- 
angular axes, find the curve to whìch it is always a tangent. 

Let e be the length of the line, a and h the parts of the 
axes cut off in any gìven position of the line ; 

p 
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/. ?+?=!, and a«+6«=c»; 
a 

. ^+?(_ ^^-0 anda + ò'^-O- • '^*-^«. 
a^ b^ da da da b 

... 1-5=0; *=.^Ì, .■...+*•«.• {!!^)=.-, 



a 6 e 



.3 



/. (a?'+y*)a = e, and 3^+^*=^*. 
Prob. III. If a" +6*= e", the equation to the envelope is 

n n « 

Prob. IV. Find the curve which touches ali the lines 
defined bj y=:»M7-h Vm^a^ + b^ ; a and ò being Constant. 

ay + b*x^=a^b\ 

Prob. V. Find the curve which touches ali the ellipses 
described round the same centre and with coincìdent axes, 
the rectangle of the axes being a Constant area (m'). 

Here — + ?^= 1 : and a6= fw* ; 
o* b^ 

.*• 2xi/:=m% the equation to the rectangular hjperbola. 

Prob. VI. Find the equation to the curve whose tangent 
cuts off from the azes two lines the sum of which=c. 

Prob. VU. Find the curve which touches ali the curves 

included under the equation y=a? tan6— -^- --, 6 being 

^ ^ 4Acos*(^ ^ 

supposed varìable. 

a:«=4A(A-y). 

Prob. Vili. Find the curve when AD^^cT^^ . A T. 

Prob. IX. Find the curve, when the rectangle ctm- 
tained by two lines, drawn perpendicular to the axis of x^ 
one from the origin, the other from a given point in the 
axis, to meet the tangent, issò*. 
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Prob. X. Find the curve whose tangent cuts off from 
the axes a Constant area ; the axes being first rectangular, 
secondly oblique. 

Prob. XI. Find the same as in problemi 7, when h and 6 
both yarj ; but »»^=A'sin^ Q . cos d ; m^ being a Constant area. 

64w« 

Prob. XII. Two diameters of a circle ìntersect at right 
angles, find the locus of the intersections of the chords joining 
the extremities of the diameters, while the diameters perform 

a complete rcTolution. Ans. 3?*+^=— . 



Caustics. 

223. Bj the same method as that used in the preceding 
article, the equations to the curves formed by the intersection 
of rays reflected by a surface, or refracted through a me- 
dium, may be found. These curves are called Caustics. 
Some of them may be practically exhibited by means of a 
ring of metal, placed on a sheet of paper and held towards 
the rays of the sun ; the curved part of thè sugar tongs may 
be thus used. 

224. Prob. Rays of light fall perpendiculaCrly to the axis 
of Xy find the equation to one of the refiected rays, and the 
equation to the curve of their intersection, or the Caustic. 




p2 
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QP one of the ìncident rays, 
Pq a reflected raj, makìng with the normal PGy 

/LgPG=/:_GPN. 
AN=x, e=jLNPG, 
NP=^y Y and X the co-ordinates of Pq ; 
/. F—y=m (-Y—af) is the equation to Pq. 
But «i=:tan Pqxz^ì&n (90+26)= — cot 20 

the equation to the reflected ray. 

Now differentiating, F"and X being Constant, and 9=^~? ; 

ox 

^ 9 

from y=f{x) the equation to the curve -^4P, /> and q xnsj 
be found in terms of y and x: then between (1), (2), and 
yr=:f(jx)f y and a; may be eliminated, and the equation 
between Y and JT, or the equation to the Caustic, maj be 
found. 

Cor. 1. If the incident rays proceed from A^ the prigin 
of cO'Ordinates, we shall find by a similar method that the 
equation to the reflected ray is 

* 2py+a;(l-p»)^ ' 

CoB. 2. To find the length of Pp of the reflected ray. 

JY={X-xf^{Y-yf 

_y' (l-p'y _ (l-t.p')' . 
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.% Ì5,=J. L±£!, or, (Art. 209), 

the lengtb of the reflected ray = ^ the chord of curvature 
perpendicular to the azis of x, 

Hence, we may construct the caustìc : take OP the radius 
of curvature, draw i^ = ^ the chord J. to a?, and makiug 
wìth OP the same angle that NP does, then p will be a 
point in the caustic. 

Ex. 1. Let the rays fall perpendicularly to the axis of the 
parabola. 

„ . 2a 2a 4à^ 

g 2a 

1— «2=1-^=1 — -=± , 

^ y^ X X 



2q^ 



— 8a« — 8a« — 2a 



f3 



Aaxy xy 



Tr . 1— p' x—a /3a— af\ 

... y.=|.(3«-.)«=^^(9a-J5r)- 

vrhence the caustic cuts the axis at the origin and at a dis- 
tance 9a from the origin. 

Ex. 2. Beflecting curve a cycloid ; rays parallel to the 
diameter of the generating circle. 

AN^x\ NP^yi BC^2a. 

e 




^ dx y 



a 



y' 



Tt9 
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,-. X=x-^=x+^V2ay-ffi (1), 

^=y+^-^=-(2ai,-ff^) (2); 

.-. y=a- Va^-aV. (3). 

From (3) ^= 1 = ^^ . 

"^ ' dV 2Va'-aV 2Va-V' 

the equation to a cycloid of which the diameter of the gene- 
rating circle is a, and therefore the base = AB, 

225. When the pole S oi & spirai is the focus of inci- 
dence, to find the length Pq of the reflected raj, and the 
Caustic. 




PO the radius of curvature = R, 
SP==r, A SPO=d=z A OPqy 
SY^p, Pq =r, 

q being the point of intersection of two consecutive reflected 
rays, and therefore a point in the caustic. 

Now Sy 0, q may be supposed to be fixed while P moves 
through an indefìnitely small are. 
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Also S0^=ir'^+R^-2Iìr cose (1). 

Oq^=p^ +R^--2Bp cos (2); 

••. r^-i2co80^+JBrsìn©=O, 
da ad 



dr 



p ^-^cos6^H-/2p sin 6=0 ; 
dO dd 



• • 



^ (r— 72 cose) =- Tarsine, 

^ (p-/2 cos e)= --72p sin 6, 

But r +P) for a very small variation of P, is Constant ; 

/. -—ss—-? ; hence by di vision, we bave 
dd do 

p R cos B—p . Rrcosd 

r r~iicos0' '* 2r— -^cos(^* 

df 
But 7? cos d=i chord througb 5=» ---; 



^dp 



p p dr r dr\ r J 
wbence p tbe lengtb of tbe reflected raj may be found. 

22%. To find tbe equation to tbe locus of q. 

Join Sq ; draw Sy^JioPq, 
lAXSq^r^S Sy^p^'y 

.•.p,=r8Ìn2fl=2r^IIZ.J=?P^^ (1). 

r 1^ = r2 + p2 _ 2rp COS 26 
= (r + p)2 — 4rp cos* 6 

=(r+p>-leP! (2); 

wbence from tbe given equationj3=/'(r); and from p-=if^{r\ 
p and p may be found in terms of r ; and from (1) and (2) 
r may be eliminated, and tbe equation found between pi and 
Ti, wbicb is tbe equation to tbe caustic. 
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Ex. 4. An indefinitely small reflector is placed in a cir- 
cular ring. Every other point of the ring is luminous, find 
the caustic. 



r' 



Here />=^ ; 2a= diameter of ring ; 



2 



. V^^ 



i^2 » ••• ^^S (^) =3 log r-log (4a2) ; 






Hence the caustic will be a circle, the diameter-—. 

o 

Ex. 5. Let the reflectìng curve be the equiangular spirai. 
p=:mr; !^=im^r; logr^ j =logr+logm*; 

1 1 

p r 

Pi=z2m \/r2ZwV-==2»ir \/l— w», 
ri2=4r2— 4j»2=4r2(l— «i2) ; 

or the spirai is a similar equiangular spirai. 

227. Wlien rays of light fall upon a piane refracting sur- 
face, find the equation to the caustic. 




QR an incidenti 
JR5arefracted J^*^' - 

QA J_ìo B AC the surface ; 

A the origin of co-ordinates ; 

AQ=za; Z^RQA=ze; /LRqA=i^\ 

*• y= —a? tan ^4- Cis equation to Rq. 

Buta?=0; y=:^AR=za1imQ=^C\ 
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/.y=— artan^ + tftanO -(l)» 

also sin6=«»sin^. (2), 

sìnce the sines of the angles of incidence and refraction are 
in a Constant ratio. 

If now e and ^ be supposed to vary slìghtlj, while y 
and X remain Constant, the intersection p of two of the 
refracted rays will be found, and p will be a point in the 
causile. 

^ .-V xdé __ add 
rrom(l) ^ = — s-s» 1 

eoa-* ^ cos* 

(2) cos 6d6=»i cos ^ . rf0 ; 

' /'ic~__cos<^_ 1 tan6 ^ 
** V ma^'iiOàd wi'tan^' 

• l4-tan2A= — 5— = 1H — stan^Oi / — — . 

But -4-= (1 + tan» 0) v/ ^ ! 
coa^ ^ Va;' 

/. tanfl==--==A/ 7-— Ti— 1 ; 

1 ^ /ma / rr* , 

r ma _ a?* V ma ) / a?* ~, 



Make . ^ ■ =i3, and »ia=o ; 



••• ©'-©■=- 



1, 



the evolute of the hyperbola, of which the centro is A and 
focus Q. 
If «i be < 1, the caustic will be the evolute of an ellipse. 
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Change of the Independent Variable. 
Lagrange's Theorem. 



228. In the preceding pages, we have in general assumed 
that X is the independent variable, and have derived the dif- 
ferential coefficients, from the equation y =/*(«). 

We now proceed to find what values must be put for 

-r^ > -tK 9 -ri 9 &c. when y is the independent variable; and 
dx dx^ cuxr> 

afterwards, find what must be substituted for the same 
quantities, when both y and x are functions of a new 
variable 0. 

229. Prop. If y=/{«) ; and /. x=f-\y) ; find 

dy d^y © . . cdx d^x q 

J.^^. &c. interne of_,_.&c 

Let y become y+hy when x becomes x+h; 

••*=i*+J-T:2+d^-2:3+*" (^^- 

But since a+A=/-^(y+ A) ; 

therefore substitutìng h in equation (1), we have 
dx\dy ^dy« 1.2^^5^ 2.3 ) 

^dx^Sdy^ dy dy^ ) 1.2 , 



^ld«i *+**'•) 17273 



da^^dy 

^Éc'd^ ^\di'dy^ dx^'dyV 1.2 

,\d?x dy ^dx d^ d^ ^ da^] k^ 
'^Xdy^'dx dy'M^'dy^ dx^'^^)2.3 

+ &C.; 
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.M=f!.^; ... *^=^, (Art 42). 
dx dy dx dx ^ 

dy 

dy d^x d^y dsi^^Q, . d^x éPy ^_q. 

dx' dj^ da?' dy^"^ ' *' cfy* ds?' dì^ 

. gy^ dj^ 
'• dji^ "^' 

or putting 

py qy r, &c. for the differential coeflìcients when y=/(a;), 

Piy qi* ri, &c when a:=/-'(y) ; 

Pi Pi" 

. , . d^x dy , ndx d^y d^x , cPy «fe* ^^ 
AlsO) since — . -^ + 3 — . — ^ . — + — ^ . — =0 ; 
dy* dx dy dsc^ d}f di? dy^ 

Pi P\ 

Pi 

and similarlj may other coefficients be found. 
230. Take the expresfiion for the radius of curvature. 



« « .£1— ««^-i^^^-^— —————— 



l».' 



Ex. Let y^^nimx ; /. a— ^ • 



4m' 






a 



^ W^ ^(4^'+.^»)^ _2 . (m-^:c)^ 



j^ 4»i* Vwi 

2»» 
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231. Ify=/(0), and a:=0(0), to express ^, ^, &c. 

• ^ n dy dx éPy d^x « 

in terms of -^ , — , — - , — , &c. 
rf0' dd' dd2' ^^2' 

Let y+^ 04-»»> and x-\-h^ be corresponding values of 
y, 0, and x ; therefore, by Taylor's Theorem, 

A«^y^ . ^y _^ , ^y «*' « 
^=5a"*."^5d^TT2+5S^-2T3-^^'- 

G^o; ox^ 1 . 2 cu;^ 2 . 3 

. dy , cPy m^ , q 
dò do^ 1.2 

<Zy /dx , d^x w»2 . ^ \ 

=Ì-U"'^50-^TT2+'^^-} 

1.2 cfoja \do* dd dd^ ^ J^ 

__dy dx y(dy d^x d^y dx^\ «»^ , « 

"di*5S'""*"v^*55^"^^*rf;^>/'r:2"*"^''-' 

dy 

•• c/0 cte'rfd' rfa: dx^ 

dò 
, d^y_dy d^ d^y dx^ 

dà^^dx'dó^'^d^'dà^* 
d^y _dy d^x 



• • 



dx^ dx^ 

35» 



dx d^y^dy cPx 
dH'da^ dd'dS^ 



d^v 

and similarlj may -j^ be found» 



fdxy 
\dój 



cte» 
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232. The expressìon for the radius of curvatare being 

\ dxV 
R^ 55^; if a;=^(d); y=/(e), 



dx^ 



KdQj 



óy d^x __dx d^y 

dx^ .dxy ' ' 

\dtìj 

dy d^x^dx d^y 

Wdd^ dd'de^ 

233. Let a?=— r cos 6 and y=r sin 0, find ^, r being a 
functìon of 0, 

_=rsm9-co80-,J=rcosfl+8me_; 

d^x n , n ' t\dr n d^T 

,— -=r cos 6 + 2 sin -_ — cos 6 — , 

dd^ dd dd'^ 

--4=:— r8in0 + 2cosfl — -f8in6 — ; 
dd^ dd dtì^ 

•• dtì'^ dd^ ^de^' 

dy^ ^_dx d^y_ 2to^^^ ^^ . 



r2 + ^M 



(■ 



r'+2-— - — r- 



Ex. 1. Let r=sa sin d, the equation to the circle from a 
point in the circumference, being the angle between the 
tangent at origin and r, and a the diameter ; 

.'.--= a 008 0= v^a^_r-, -7-== — «sin 0=— r; 
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s 



'• ~r^+2a2-2r2+r2"'2^ 2* 
Ex. 2. Let r^=a2 cos 20, the equation to tlie Lemniscata ; 

.'. -z-= sin 26= .^ / i_i_: 

dd r ^ A/ a* 

• «.L^'**—- ..2J. «*— ^_«^ 

d^r «2 . . £?r 2a* «^ 

__= -- . sin 2 6 . . cos 20 

dd^ r2 rf(^ r 

^_a*A_r^\ 2a2 r« , 

r^ V «*/ r * a* ' 

•• dtì^ — :^2—^^'' — :ir-^ 

3o* 3a<r 3r* 

■ ■ * 

Ex. 3. Transform the equation 

d^__x_ dy y _^ 
dx^ l-a;2*rfa; l-aj2 > 

into one where 0= cos~^ x ìs the independent yariable. 

dx di^x 

ar=cos6; .•.__ = -sin (? ; :^ = — cos6=:— a*, 

au do* 

dy dy àQ^^ \ dy 

Sx'^'dx'^ fein e' de' 

and j^= ^ Wdm _ dO'^ rilTÒ'^^^ 56 , 

1 rf^__co8 6 ^,cos6 dy y __^^ 
"1526*562 sla^*56 sln36'rf6 Sn26"" ' 



• • 
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234. Find Ry the are being the independent variable. 

But if X and y be functions of s^ 

(àyy 

dx^ fdx^i \dx) \\ds) \ds) y 

dy drx__dx d^y 
and —^y ^^ ds'd? . 

\ds) 



rfy d^x^dx d*y 
ds' d^ ds'd^' 

mnltipljing the numerator and denominator by ds^, 

"" c(^<^a; — dxd^y 

where <fy, (2r, ^^ and eZ'a; are the first and second difier- 
entials of y and x with respect to s. 

235. Again, V i=^.^-^.^; 
^ ' R ds d^ d8 d^" 

• L=:^ /^^V-2^ ^ ^ ^4.^ r^V 

'•jK* cf^^Ac^/ ds'ds'd^'d^^d^\d^) 
T^„f .. <^. ^^— 1. . ^« cPx dy d^y^Q, 
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■••ì=a/©"-@)" 



.-. B=: 



V(S)HS)"- 

Cor. Let cPa? and dhf be put for the second differentials, 
and multìplj the numerator and denominator hj ds^, 

j^^ da' 

Vid^xfHd'!// 
Ex. Find the radius of curvature to the catenary. 

Herea?=V^c?*+«*; y=c?log[^ J, 

dy__ e d^y^ —cs , 

e e 

236. Next, let u=if{x, y), to find — and — in terms of r 

and 0, when x=<l^ (r, 6) ; y=^ (r, 0). 

f/w £?M dx du dy 



dr dx dr dy dr 

du^du dx du dy ^ 
d6'~'dx'dd^'dd" 



. du dy^du d^^^du fdx dy^dy^ dx\' 
"'Tr'dd dd"di'''dx\dr'dO dr' ddj' 
du dx_du dx__durdx^^_dydx\^ 
dr'dd dè'dr dy\dr*dQ dr' dój ' 



• • ' 



du dy^du dy 

du dr' dd d6 dr 

dx dx dy^dy dx ' 

dr'dd dr' da 



• • 
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du dx du dx 

du dr' dd do ' dr 

dy dx dy dy dx 

dr"di dr'dd 

237. These values are much sìmplifiedy when 

ar=rco8 0; and ^=r sin 0. 

For ^=cos0; -^=sin0, 
dr dr 

dx ' a dy f. 

--. =— rsinO; -£ = rcos0; 
au au 

dx dy dy dx , on , • q/j\ 

du 1 fdu a du . a\ 

-_=_( _-.rco8 6— -^.sinO ) 
dx r \dr dO ) 

du « rftt sind ,,v 

=^-^^^'-^d-— ('>' 

^=^.8in0+^.^?^ (2). 

dy dr dd r ^ ^ 

Ex. 1. Transform x - — y — -, to varìables Q and r : when 

dy dx 

a;=rcos6; y=rsin0. 

(1) xa!=r-i^.cos6,sin6 + -.^.co82 0; 

dr do 

(2) xy=r--.cos0.8in6— -— .sin^O; 

Ex. 2. If --— +---_=0; transform it when a:=:rcos6, 
dx^ dy^ 

and y =r sin 6. 

T? /o\ ^W ^«^ , a . du COS0 TT 

From (2), _=^.8ma+-._= T, suppose; 

. d^u dV dV . a, dVcosO 
. ——=—-=__. sin 6 + 



• • 



dy^ dy dr dO r 



T» . dV d^u . « , d% COS0 du cosd 
dr dr^ dOdr r dO r^ 



• K 
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dV cPu .„n,cÌM ^^ ZI, ^« cosa du aìnd 
-—-=—— -—.Sinai — ;-. QoaO-f-——, — .. , 

dO drdtì dr ^dd^ r dd r^ ' 

. ^" =;..2tì d^u.cos^e dhi . cos^d du 
dy^ dr^ r^ dd^^ r dr 

28Ìn6.co8 6 f rf%^l du) 
r \dddr r'ddì' 

Similarly, or by cbanging 6 into ^—O, 

^" ^^c2tì d^u.aÌTì^e d^u , sWe du 
— =cos* o • — + . \- . 

dx^ dr^ r^ dd^ r dr 

_ 28me.co8 6 { d^u l du) 
r '\dddr r'dtìì^ 

" d^^^dy^ dr^ r^' dd^^ r' dr^ ' 

238. Traneform the doublé integrai ffVdxdy into one 
wbere r and are the variables, x and y being the same as 
before. 

V a;=rcos0; y=rsin0; 

/, e2a7=cos 6 . dr — r sin d . £?0, 

d'y =sin 6 . €?r + r eoa . rfO. 

Now since in integrating, one of the quantities y or x\& 
supposed to vary, wbìle the other is Constant, let ^=0 ; 

/. O=cos . fi?r—r sin . É?6, 

d^=8Ìn 6 . é/r +r eoa 6 . rfO ; 

/• sin . dy^dr ; eliminating £^0 ; 

.*. if dy^O ; dr=0 ; /. <iir= - r sin ,dQ ; 

/. dxdy^ — r sin 6,ddx -, — = —rdrdd ; 

sin d 

.-. //Vdxdy= ^//V^rdrdB. 
Thus if V=é^^^\f/é^^y^dxdy^'^//e'^rdrdQ. 

Ex. 3. If ^+^=0, and «Hy2=r2, transform to an 
dx^ dy^ 

equation in wbicb r is the independent yariable. 

Ans. —-+-.-- =0. 
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ar^ r ar 

x=rcosd; y =r sin . sin ^ ; 2r=r sin . cos ; 

transform into a f unction of r, 6, ^; 

assume p=r sin 6 ; and use Ex. 2 ; 



ar^ sin 



1 rf2,^ 1 d r . f, du\ ^ 



See Camd. Math. Journaly VoL i. p. 121 ; and O'Brien's 
Tracts. 

Ex. 6. TrsLUsform ///Vdxdi/dZf to a funetìon of r, 6, ^, 
///Vdxdydz=i///Vr^dr sin 6 . dO . d<i>. 



Lagrange^s Theorem. 

239. Let u^f{y\ where y=2?H-ar0(y), and « is indepen- 
dent of X ; required u or/(y) in terms of x. 

By Maclaurin, 

where CTo, CTi, i/a, &c- are the values of ti, ^, ^, &c.; 

dx dx^ 

when a?=0. 

First, if;c=0,y=2r; /, U^^f{z\ 

Now— ==^.^ and^=^.f^. 
cte c(y rfa:' c^z dy' dz' 

But ^=0?. ^'(y) . ^+0(y), where *'y=^) ; 

Q2 



228 lagbangb's theobbic 

dz 
dx^ dxdz dzdx dz dz 

9 

as 

''• E 

And so maj ZJs be found ; but to find U^ 



assume 



^{{m}^-^} 



let {<^(lf)] 






•* ds^'^dx.d2^ dz^dx" rfaf-^ 

/-'.({»(y)}.%}_^-({»(y)}'-g} 



/• R= 



^==1 



Httnoe if the assamption be trae for »— 1, it is trae for n ; 
and it Ì8 trae for usi and ii=:2; therefore it is aniversally 

trae» and writing Z for '-^ ^'\ we bave 

uz 
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«te» '2. 3"^ "^ «fo"-' •l.2.3...« 

+&C (1), 

which is the theorem required. 

COE. If/(y)=y or y be required, then 
/(z)=z, and Z=^M=1 • 

+^^\-»+*- (^)- 

Ex. 1. y8_ay^5— :0; find y or the root of the cubie 
equatìon. 

Here y=- 4-- •y'^ and taking serìes (2), 
/. «=-, a?=:-, ^(y)=y*; 



a a 



.-. ^z)=2», {^(«)}»=«<', W«)}»=«9, {^(*)}<=«»; 



... y=^+c» . ?+6 . z« . j^ +8 . 9zT . ^ 

a^ a^ cfi a® a^-* 

Ex. 2. In the same example, find y^ 

Here Z=n2^\ i^{z)^=3^y and using series (1); 



ed? 
«te» 



{^(«)}»Z=n.«^; .-. ^{»y)'--^ =w.(«+8).(n+7).g"*'; 
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JL JL • ^ 



1 • 2 • o 

1.2,3 a^ a' 

Ex. 3. Find logy, when l--y4-o*'=0. 

y=H-a«', and tt=logy; 

/. z=l, «=1, ^(y)=a^/(2?)=log2;; /. Z=l ; 

z 

and m)KZ^^^/..S$^ 

dz^ * z z^ s^ 

=9-42a« — eAa^ + 2a« ; 2? = 1, 

/. logy=:a+(2^-l)j^ + (9^2-6^+2).^-^+&c. 

Ex. 4. Let y=«i+tf sin y, find y. 

Here «=»i, a:=tf, ^(y)=siny, and/(2f)=2r, Z=l ; 

^(«) =8Ìn i?=sin m if «=0 ; .% (^(«)} ^= sin* z ; 

,^ ^{»(2?)}*_2 sin z . cos z=sin 2;r=sin 2«i if ar=0, 
a2r 

[f(z)} 3=8in»;» ; /. ^M^=3 sin* z cos z, 

— ^V« =6 sm « cos* «— 3 sin* z 
=6 sin «—9 sin* «=|(3 sin 3«— sin z); 
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/, y=m+sin m . - +sin 2m .-z — ^+K3 sin 3i»-*-8Ìn m) — — 

Ex. 5. Let afi=ay-fèy*-|-cy*+6y*+&c., find y in terms 
of x^. 

a a 

... z=J; «=-^; ^(y)=y«+Jy»+|y«+&c.; 

a a* a* a' 

a general formula for the inversion of serìes. 

Ex. 6. Let« + ^A+^,.— 2+^.2-3+&c=0; 

find h in terms of u, and its difierential coefficients. 

Putp,y,r,&c.for-, ^,,^,&o.; 

/i jt>v 2 2.3 y 

p p ^ 2 2.3 

{p p^ 2 p^ 2,3 i 

If a be a root of an equation tf=0 ; and a; an approximate 
value of Of so that X'\-hz=a\ the precedili g series maj be 
used to find a near value. of the root ; and it has been thus 
used by Lagrange. Thus if u =a^ — 2x^ 4- 4« — 8, 

,_ 1 u 3j?^~1 m2 

Ì22.(«3-ar-M) 2^(jr3-a;+l)3* 2 

21ar*-12aga~6j?- h3 J^ . &.1. 
^ 2«.(a!3-.a: + l)« '2.3^ )' 

whence if a?=- ; /• «=—-—; a=a:+A=l'61 nearly; 

and if l'61 be put for Xy a more correct vaine maj be 
obtained. 

END OF THE DIFFERENTIAL CALCULUS. 



THE 

INTEGML CALCULUS. 



CHAPTER L 



1. The Integrai Calculus ìs the inverse of the Differ- 
ential, its object being to discover the originai fanctioii 
from a given relation between the difierential coefficients 
and functions of x and u.' Here we shall only consider the 

case in which the first differential coefficient — is an expUcit 

ctsn 

function o{ Xf sa (p^ (x), and tt=:^(a?) is required. 

2. The process by which u is found from —- is called m. 

tegration, and when performed is expressed bj prefixing the 
symbol y;. 

Thus if -— =9(a:), «==4 . 0(ar) + C. 
dx 

Also since if -—=^(a:); /, du=^{x) . dx^ 
dx 

u is found by prefixing the symbol^ thus M==/^(a;) .dx+C^ 
since /is the initial letter of summa^ for the integrai is said 
to be the sum of the difierentials of the function. 

Hence /f{x) . dx, and fx<p{pc) are identical : also since 
fdu^^Uy we see that/and d indicate inverse operations. 

A Constant quantity C is added, since Constant quantities 
connected with the originai function by the sign + disap- 
pear in differentiation : and therefore, when we return to the 
originai vaine Uy an arbitrary quantity as C is added, which 
must be determined by the nature of the Problem. 

3. The simplest case is when — =zaaf*. 

dx 

dx 
/. assnAy and »i=n— 1 ; /. «=»i-f-l ; 

and ^ =?= -J?L ; /^oi-s: -^ . a«+» + C; 
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or to integrate a monomiai, add uniti/ to the index, divide hy 
the index so increased, and add a Constant, 

COK. 1. Alsoifg=«ar-=|;.«=-^.-^+C. 

which may be derived from above by writing —w for m. 

Cor. 2. The general formula fails when «i = — 1, for 
tben 

• 1-1 0^ 

Butifm= — 1, —-=-=0.-. 

dx X X 

X dx J%^ 

the same vaine of u may be derived from the general 
expression, if C be first determined, 

For, suppose m=0 when x^=h ; 

/. 0=— — -h (7, or C= — — ; 
#» + ! «i-f-1 

.•, tt==a. -; — =-5 if»»= — 1 

w + l 

=a log r=« log a:— a log è=a log a?+ C. 

4. Since if w= log {/(a:)} = log (z\ where «=/(a?), 

dz Cdz 

du__dx 

T 



^ ~* •• 



^=log(^)+C. 



Or, if tbere be a fraction in which the numerator is the 
derivative of the denominator, the integrai is the logarithm 
of the denominator. 

Ti t T M. du X 1 2a? 



/. M=J.log (!+«•)= log -/l+nf'. 

Ex. 2. Let ^= J''-^ . ; .'. «=log(a:«-ar+l). 
dx or— «+1 

5. .•.^+^+*:+&«5.=^(;,+y+r+&c.); 
rfa? cte aa? oa?^ 
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or the integrai of the sum of anj number of dìfferential 
coefficients = sum of the integrala of each differential coeffi- 
cient. 

Ex. 3. Let ^=Aar^Bx^+ Ca*+&c. ; 
dx 

w-Hl »+l j» + l 

6. If ---=2J*". ^--, where -? is a function of a?, find «. 
dx dx 

Since if w=;2«+» + C, J=(»» + ^3 ^"* • J J 

or to integrate a function of this description, increase the 
index hy unity^ divide hy the index so increasedy and bj the 
differential coejfficient of the quantity under the index. 



Examples of Simple Integration. 

(1) Let^=aa^; /• tt=^. 
^ "^ dx 4 

(2) Let — =-5=aar*; .% m= — r^""- 
^ ^ dx 3^ —la; 

(3) Let ^=aa?» ; .% w=;rT:i'«a? » . 
^ ^ dx m-^-n 

(4) Let~=(aa:» + *ra:'»~\ rfM=(aaf +è)«.a!»-Wa?. 

Let 2f=aa?" -f 6^ ; /. dz=^naxf^^dx ; .% £?m= — ^sf^dz; 

na 

«a^ «a.(wi4-l) »a.(m-f-l^* 

(5) ff =(«*+*)-; ... «=(?£±5;;\ 

dx ^ ^ a.(m+l) 
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(6) -T-=(^**+^)"'* ^ì ^ being a whole number. 

Expand {aaf^-^-by^i multiplj each term by Af, and integrate 
tbem separatelj. 

du «u** 

(7) -r-=7 T-^% ^ aod n being wbole numbers. 

^ dx [a-^oxy 

Let a +èa?=2? ; .% a:=--j — ; dx=^dz; 

b 

x'^dx (2?— a)"* cfo , 

Expand (z^ày*, and integrate each term separatelj, first 
dÌYÌding by 2f. 

(8) ~= — ; y— ^, ira and » being integers. 

Fora: putì; /. ^=-4 
z dz z^ 

du du dx 1 du -j;»»*»-! 

which resolves itself into the preceding case. 
fc,-. du 1 11 ^ /h d f^ , /h\ 



.\ «= — =..tan" 



(Vf)- 



<'»)i 



=r;^'---«=7s'""'('v1> 



'"' e"jÌj' •■• «='^('"+«)- ■ ■ 



cfw a?^ 



(13) ^=(a+èar+ca?2)"'.(è + 2ca?); 
uà; 

_(aH-*a?H-ca:2)"+» 

•' "" — sm — 
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(14) *?= ** 



dx 1+a;^ 

When the index of x in the numerator is noi lesa than that 
in the denominator, divide bj the denominator, 



.% «=--— — +a?— tan->a?. 
o o 

7. Integrate the foUowing differential coefficients. 
(1) axK (2) ax^+bx'f+cx^. (3) {ax^-^-by.x^. 

(4) (2ax+x^)7.{a+x). (5),-^,. (6) 4^!±?5±i- . 

(10) (ax^bx^y. (11) j^,. (12) (^,. 
(13) T^. (14) ^ 



The resulta maj be tésted bj differentiation. 

8. In the four succeeding chapters the functiona wiU be 
integrated in the following order. 

(1) Bational fractìons of the form 

AixT"-^ BiX^i + Ciafi -f &c.' 

(2) Irrational quantitiea. 

(3) Exponential and logarithmic functions. 

(4) Circular functions. 

The integrala will be then applied to the areaa and 
lengtha of curvea ; 4o the volumes and aurfacea of aolids of 
revolution. 
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CHAPTER IL 
Eational Fractions. 



9. Every rational fraction may be represented by 

for the index of x in the numerator can by divìsion be made 
lesa by unity at least, than that of x in the denominator. 

This fraction may be separated into others of a simpler 
form. Now the denominator may be composed Ist of 
simple factors ali different. 2nd. Some of the factors may 
be equal. 3rd. It may contain quadratic factors, with im- 
possible roots. 4th. It may be an assemblage of ali theee. 

10. First let ^ be a fraction where Vis the product of n 

factors each different, so that 

F=(a:— ai)(a?— a2)(^'-«3)— (^"~0« 
Assume -^= . ^' , + ^^ .+^-^. + &c. + ^" • 



V (a?-ai) (X'-a^) {x-a^) ' (a?-a«)' 
:.U=Ai{x^a2)»{x—a^)..,(x--a^-{-A2'(x—ai),{x-'a^).{x — a^) 

+ &c.H--4„.(ar— ai)(a?— a2)—(^--«»^-i) 

Successively make a;=ap a2, a^y &c. ; and let Uàif Ua^, 

Ua^j &c. be the corresponding values of U; 
or^i= * 



(«l-«2)(«l--«3) 

Similarly, A^^ , --^^^ --r-- , and -^ , = y ,-^ — , 

(«2— ai)(a2-a3),&c. (03— «i)(«3— «2)— 

Jx\VJ Jx^-^\ tAaJ-aj Jxx-a^ 

=Ai log (a:— ai)H-i42log (a?— 03) + -^3 log (a?— 03) + &c. 

=log(ar-ai/K«^-«2)'*H«-«3)'''-(«-«n/". 



1 
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1 1. Let some of the roots be equal, viz. m of them =0, or 
let (oj— a)"* be a factor of V. 

Let r=r(ar-ii)«Q. 

Assume S=r-^+ / ^x„^i + / ^.„>^ +^g'+rì' 

/. Ì7=^Q+ {5.(ar-a)+C.(ar-a)2-f &c.} Qj^Pix-^ay. 
Let a;=a> and let Z7a, Qa be the values of Uand Q; 

.\ Ua=AQ,, una A=^i 

.-. CT- ^ . Q=(ar-a) {[j54- C' . Ca;-a) + 2> (ar-a)2 +&C.] 

Q4-P(a:-a)«-»}. 

Hence, as the right-hand side of the equation is divisible 
by {x—à)j the left-hand side is also, let the division be 
effected, and let W be the quotient ; 

Again, make x=iaf and we bave B^-~^y and proceediog 

in the same manner we at length arrive at P, which is either 
Constant, or a function of a; ; if the latter, the case is reduced 
to that of the preceding article. 

To illustrate these methods, we will take two examples.* 



Ex. 1 . Integrate -:;- = -r — — -r — ^ — 
^ dx a:3-6a;2 + llar- 



6a;H 



(a?-l)(a?-2)(ar-3) 



Let -,,4^^:£+i-^=^+ A + 



ar»—6xa-Mla?-6 ar-1 «-2 a?-3* 

.•.a:»-.7a:+l=^(«-2)(ar-3) + ^(ar-l)(a?-3)-fC.(ar-l)(«-2). 

Leta?=l; .M-7 + l=-o=^(l-2)(l-3)=2^;.-.^=:-l 

«=2;.\ 4-14+ l=-9=S(2-l)(2-3)=-S;.-. 5=9; 
a;=8;.-.9-21 + l = -ll = C(3-l)(3-2)=2C; .-. C=-^; 

•**J[ "F^"» ./srrr+2^i=2~ 2" • (^^=3 

* In these and the foUowing examples the Constant wUl be omitted. 
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= -?log(a5-l)+91og(a:-2)-^log(a:-3) 
=log 






V{x-'ì)^{x-sy^ 



du 2x^5 



Ex. 2. Integrate ^ 

Let 2^-5 ==„J^+^4.,Z.; 

.-. 2a;-5=^.(a;+3) + ^(a;+l)(a?+3)-fP. («4-1)2. 

Leta?=:-1; /. -7 = ^(3-l)=2^; /.^rr:-^; 

.-. 2*-5+^(aj+3)=llf+ll="(ar+l) 



2^ ' 2 2 

=^(ar+l)(a;+3)+P(a:+l)»; 



/. ^■=B{x-ifZ)+P(x+\). 



Let «+ 1=0 ; .♦. il=2B; .•. B= — ; 

2 4 

ar+3=0; .% ii=-2P; /. P^-^--, 

2 4 

• r^=-'^ f ^ +^^ /* 1 _ii /» 1 

7 1 ,11, /x+lN 

=2-iTT+T^«Ci+3j- 

12. Next^ let V contain quadratic factors having im- 
possible roots. 

(1) Let F contain two impossible roots only, and let 
(«— a)'+j3* be the quadratic factor; 
.-. r=Q.{(a!-a)«+/3»}. 

Assunse .♦.-^= ^-iV g; 
:. C7'=(iI!/ar+ÌV^)Q+P{(a?-a)24-i32}. 
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Put ar=a+i5 \/^ ; /. (ar-a)2+/32=0. 
Then Uhecome&Ui + U^ -v^— 1, andQbecomesQi + Qa ^/— 1. 
Substituting and making the sum of the possible quan- 

tìties=0, and also the coefficient of V — 1 =0, J9f and N maj 

be found. Or if P be first^ found, subtract P{(a?— a^+jS»} 
from each side of the equation ; 

... Jtfa:+i^=^-^'i(^--)^+/^^} is known ; 

• /'^rs rj^±N_ fP 

To integrate ^=-i^+^. let ar-o=«; 

= Jf log ^(a,-„)«+^«+^^+i?^tan-(^). 



«=lf log ^x" +/3« + ^ tan-' g. 

Ex. 3. Let — = ''~^ = 5ZÌ ; 

dx x>+l (x+l)(x^-x+l) 

Let £:iÌ=:_fL+^^±^ : 
iB^+1 a?-fl aj2— a; + l 

/. x-S=A{x^'-x+l) + (x-^l){Mx+N), 

A, 

a?=— 1; /. -4=3^, or -4=^-; 

o 
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• • 



/ a;-3 __4 /^ 1 1 pAx-5 



To integrate -— =- 



4a'— 5 



fite a;2 — a? -f 1 



(-1) 



4 



Let «--=«; /. — = -f.; and4a;— 5=4«— 3: 
2 dx dz 



.'4«-3 . 




f__3^ 1 



«''+^ 



«* + 7 



./ 



=2 log(*»+|) -2 a/3 tan-'^ ; 



V3 
2a?~l 

V3 • 



^tan 



V3 



1 



Ex. 4. Let — = , 

cte (ajH-l)(a? + 2)2(a?24.1) 



l=^.(a;+2)2(a:2 + l)+{^+(7.(a? + 2)}(a?2 + l)(,c+l) 

+P.(a?H-l)(a:+2)2, 

«=-2; .\ 1=jB.5.(1-2)=-5ì?, i.e. .B=-l, 
» 5 

ar=-l; /. l=zA.2=^2A; .\ A=- . 



+p.{x+ì)(x+2y, 

_ (5x* + ìSx^ + 2S^ + lSx + S) _ 

10 — 



or 



(a;+2).(a? + l){C7.(a;2^1)4.p(a?+2)}. 
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Divide both sides bj (a: + 2) . (a; + 1 ), or «* + 3ar + 2 ; 
... _?^^±*=C(a!«+l)+P.(x + 2). 

Letar=-2; /. -|=5C; .'. C=-^®-; 

25 lo 50 =^^+2). 

or-(!?±Il^^i±l>=P(<r+2); 

•• 50"' 

***A »^ V«+l 5^(a;+2)* 25^a:+2 50^^ a:» + 1 

-IjlogVirn-^tan-'ar. 

13. If there be m qaadratic factors, each =:(aj— a)2+/32, 
assume 

/. J7={iVj:+iV^+(Afiar+iV0[(a?-a)8+/32] + &c-}Q 

first find (Afe 4--^, by putting (a? -a)« 4-/3^=0 5 sabtract 
(iW«+iV^). Qfrom Z7; divide both sides by (a?-a)«+/3»; 
then proceed similarlj to find Mi and N^. 

£x. 6* Let -r>^=7— 5 — =T3"; n > 

K («^ + l)«(ar+l) 

V (x^-t-l)* «^ + 1 ar+l* 
/. Cr=l« {(jr/*+i\r)+(ilfiX+iV^i)(a:» + l)}(x+l)+/1[ar»-f ly. 

Let «= -/^ 5 
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Hè.(ar+l)(a?-l)==?L^lL=(ilfia;+iV^O.(a?^ 

= - JHfi + JHfi >v/^ +iV^i >/^ + iV, ; 

• ^—-1 a ?-l _i g-1 ,1 1 

a?— 1 
14. To integrate the fraction y-r — — -, divide it into 

(x^-^iy 

two others, r~- — — -, and — - — -—. And 

^'it /z-s — T^ Ì8 a particular case of /-- — --- which has 
not jet been integrated. 



Integration hy Parts. 

15. The method usnallj given for the integration of 
I : Ì6 called the integration by parts, which is very 

general in its application, and which we now proceed to 
explain. 



.'.fj%=P9-f9.%, 



or if a differential coefficient can be divided into two parts, 
one of which is a function of x as />, and the other the 

b2 



dx 
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differential coefficient of a known function q ; then u, the 
required function, is equal to the product of p and q^ 

minus the integrai, of q multiplied hy -^ . The utility of 

uX 

this method depends upon g S- being less complicated than 
the originai function p-? . 

CL3C 

Ex. 1. Let^=a?3(l+a?2)5=a?2a?(l-fa;2)«; 

_««(ij-*«)6_(i+««y 

12 84 



_ (1 +«;«)« j^_l+a?') 

12-1^— ;• 



16. Integrate -=-= 



dx (a;2-hl)»* 
1 _ a?«4-l _ a;g 1 . 

. C ^ - C ^ _ p x^ 

'U(«^+ir JcC^^+i)*^^ •A(^^+i)"' 



/• rc^ —a? 1 /^ 1 

•'•J[(a:2^1)«=(2»-2)(a?2 + l)«-i"^2^i:2 l((^TÌ)^' ' 

'*jf(a.« + l)»'^(2n-2)(a:a + l)--i "^ (^ "2^^^; J^O+^Ò^ 
^ 2«--3 P__}__ 
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Ex. 2. Let n=4, or let 1 j-^ — yrr be required. 

/*_1__^1 a? 3 r_}__ 

/ ^ 1 _1 ar 1 /M_ 



1 a? , 1 . , 

2 ar2+1^2 ' 



• r ^ —^ a? . Ì5 a? 3.5 a? 

"tA(aJ^ + l)*""6*(^Hl)3 4.6•(a^i^-l)2 2.4.6V-fl 



+ — "- — tan^^ a:, 
^2.4.6 



17. To integrate ^^=-= rr^ 

*=* dx (l+ar7 



.-. P=^^^ |=(— 1)--^^ n2n-2)7lV.^)- - 

"tA(T+^ (2w-2)(l + a;2)"-»'^2n-2^(l+a?2)«-i' 

a formula of reduction by which the originai integrai may 
be made to depend upon 

according as m is an odd or even iateger. 
18. To integrate functions of the form 

^ , 1 

and 



In these cases the trinomial a-\-hX'\-cx^ must be reduced 
to a binomial ; and then the integration may be effected by 
roethods already given : we will first however shew how the 
function may be integrated when f»=0 and n=l. 
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19. Integrate— = L_. 

1 _1 1 



a+èa?+ca;a e fa , b S 

and ;>«+*?+?=*» + ?_Ì1. 
ce e ^c^ 

• ^=^— 1 

V e "4cV 



(1) Let?>Ì! or4ac>è»; 



e 4c2 






4c» 



But V /*-_L^=l.tan-'f; 






2c 



e V^ac'-b^' W4ac 

= —=£==. tan-» ^^^-^^ 
•v/4ac— ^54* A/4ac— 62 

(2)Let?<|i,makea«=^!7|^; 
e 4c2 4^3 ' 






^ log 2ca?+&- >v/ò«-4ac 



Vò2-4ac 2ca?+ò-f ^/62— 4ac 

20. To integrate - ^ 

g^ _1 af 

{a + bx-h cx^y^^ ' /A Sv * 



(-+5'-^;)' 
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Let a?-|---=2:, OT x-\-a=:Zf if a= — ; 
2c 2c 

ce e 4c^ ' 

(1) Let-> — -;then I /\'^^l^ may be found by the 
method iised in Art 16. 

must be integrated by partial fractions. 

21. To integrate —-r — — ^ --. 

T * 1 . Cte 1 

Let a?=- ; /. — = —- - ; 
z dz z^ 

du l du 1 2^+*" 

^~ «8 '(te z^\az^ + bz+cy' 

whìch Ì8 the case of the preceding article. 

22. To integrate g=-jL_; and ^=^^' 

Since when n is an even number, 
a*-l=(a?-l)(ar+l)(a;a-2arco8~ + l)(ar2-.2arco8l5 + l)... 

continued to the factor x^—2x cos [ J ir-l- 1 ; 

and when n is odd, 

a--l=(a;-.l)(a?«-2afcos?5H-l)(Hr2-2a?co8 — H-1)... 

n n 

„ 1 

continued to the factor a:^— 2a? cos «■+ 1 ; 

n 

and %* the factors of a:"+ 1 = are contained in 

^•2— 2a?co8 — T + 1, 

n 
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we may integrate these differential coefficients by resolving 
them into partial fractions, having simple and quadratic 
factors for their denominators. 

23. Let n be even, then since 

a7»-l = (ar-l)(ar+l)(a:2-2a?co8?^-fl), 

n 

where ar^— ^«cos .-f 1 represents ali the quadratic factors; 

.•.log(ar"-l)=log(a:-l)-|-log(a?+ 1) +log(a;'»-2arco8 — -hi); 



2a?— 2 cos 



2m: 
n 
2mTr 



. naf^' _ 1^1 n^ 

«»-l X-l X+l „ ^ 2M7r 



• • 



a:2-2a:co8^^4.1 
n 

^ 2x^--2xcos — 
• ^^ — ^ . ^ _, « 

■'^-' ^-^ ^ + ^ 0.2-20. cos?^+l* 

Now subtract n from the left-hand side of the equation, 
and on the right side, uniti/ from each simple factor, and 
two from each quadratic factor ; 

2o 2mT 
— 2a?cos^ 

n _ i l n 



«-_! 0.-1 ..+Ì ,,_2^,„3 2m.^j' 

n 

a:^— 2o?cos 



2^cos?^+l 
9» 



The last integrai is of the form C ^"^^ and ia if 
we make a?— /3=2?, 1— /52=2a 

=^ tan-> f -/3 log V^Hl^, or since 8=sin ?^. 

c/x«"-l w a; + l ni n . 2»}7r I 



— C08 
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— ^logA /ar2_2a7cos — ^ + 1 1. 
w V n . ) 



24. The metbod is the same when n is odd. 

J-. 1 
The same method applies to — -= -; and n odd, 

a:»+ 1 =(a?+ 1) («2-.2a; cos ?^±iir + 1) ; 

n 

n even, a:" -|- 1 =(a;2 — 2a? cos — ^L ir + 1) ; 

n 

whence giving proper values to m, u may be found. 



Examples. 



2) /LL_=log— i=. 

3) il ^ =J_Iogi(±t^l 

J.{!e+a){x+b) b-a ^{{x + af] 

^^ J.{x+à){x-\-b){x-\-ef{b-d){c-a) ^°^ ^* '*' "^ 

{a—b)(c—b) (a— c)(o — e) 

5ar-2 ^Ij^g (*+2)'« 



7) /l_J__=logf?^±lY 

/»__«_____ _3_ . j /'«+3Y 

^J.(«+2)(«+3)2 «+3'*" ^U + 2;- 

/» X 3 1 _L 2, ^/ar— 2\ 

^ Jx{x-2)(x+òf 5a;+3'^25 °U+37" 
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(10) a - ^— 5^±I2_+logf?±*Y 

/in /* 'c'-S 1 ^+3» 1 i,-/^ig-8\ 

(12) /^ 1 .-Ì£±i_+logf^' 

\A(«' + 3ar+2)» «»4-3a;+2^ ^\x+2)' 

(13) /* 



«»+«*-2x 3 * V'«*+2«»' 
^''^i (^+l)%'+3) ='°^VSf3- • 

+ Yq {log '/«*+! + 3 tan-'x} • 



%Jm^ 



a!»+óx»+8«+4 «+2 



=^_+log(«+l). 



(19) /I Hf =log^^ + V tan-'x. 

(20) r—i— =-i-?-+-iogr^^±i=ì 

^ '^J.«*+4a!+3 6x+1^9 *^Wx2_2x+3/ 

+^_tan-'f^V 

.„,s /* 8x«+«-2 __1^___5^_ 
"^ ^Jt(«-l)»-(«*+l) 2(x-l)» 2'x-l 

(22) /lir£±i^=l|logii±^-tan-'«l. 
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/^ 1 1 , y/x^ + X^- 



2 



2-2a;-5a;« 



/» «« «» 2x 2 a/2" , /3 
^ '^JLa+Sx» 9 9 9V3 V2 

(27) /l^=-Ltaii-'f^. 

ran /!_!__=— L+i-—li-tan-^a?. 

^\,2c« c;y,a + 6«+cx* 
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(39) / — — .= — log ^.--tan-^-. 

(42) f, 



^^ =tan-»(2a^ + l) 



2a:*+2«* + l 



^ Vx^^+l 2'*'3 ° (a;4-l) ' V3 "" 2-x 
(45) /"J_=hog(^:^ll:^^^^S--J-tan-^^ 

r - — -^ being=0, when a;=0, is when «=1 



3 " 4 3a/3 



(49) f l__=_J_+Alogr^±^Y 

(50) /:lj_=_j__w Vi±? 

V»«(l+a^)* 3(l+a!») ^V *" 
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CHAPTEE III. 
Irrational Quantities. 



25. These functions will be treated in the foUowing order : 

(1) Those which are the differential coefficients of known 
functions. 

(2) Those which maj be reduced to rational functions by 
means of obvious substitutions. 

(3) Those which must be referred by means of FormuUu 
of RedìAction to known integrals. 

2^. I. If M=8in-^a?, 

du 1 . /• 1 .1 

i du 1 . /• -1 1 

tt=cos-*a?, —-=— — ; /. / — — =cos~^a?, 

dx Vl-a?2 ,Av^l-a?2 

tt=:F8Ìn-^g, ^= _i ; /. /^-=L==r8Ìn-i«, 

dx V2x—x^ Jx A/2a:— a?2 

X du 1 . /* 1 1 

tt=sec-*jp, -— = — - - ; /. / =sec-^a?. 

dx xVx^'-ì JxxVx^ — l 

CoB. Since -— sin-* - = — - ; .*. / — _ =8Ìn-*-. 

dx a Va^—x^ Jx^a^—x^ o, 

Similarly / _ =- sec-* f - ). 

Jxx^x^—a^ « V«/ 

27. IL Nexty to integrate : 

1111 



^/x^±a^ Vx*±2ax xVx^-^a^ xVa^—x^ 
(l)If^=-.i=; .\du^ ^^ 



dx Vx^+a^ Vx^i-d^ 

Let Vx^ + a^=xz; /. x'^=-- , 

2 log a?=log a^ —log (a;^— 1) ; 
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dx dx dz 



=idu; 



xz Vx^ ± a^ ar^— 1 

=iog :ì£fE^±f =iog (x + ^/ìh^) + e. 

28. Since ^ ^ ^ » 

.•. / . =\og(x-{-a-\-Vx^+2ax). 

29. If^=— i=; .•.rf«=- "^ 



dx xVx^+a^ xVx^-{-a^ 



Let ^/x^i-a^^Zi /. ar2=:2;2-a2. /. 21oga:=log(z2— a«). 

c^a; dx dz 






«^ arv/a?2 4-a2 i^^—a^ 



.=c;t<; 



j;z2_a2 2aJ; U— a ar + a' 2a ^z+a 
1 .^ ^/x^-i-a^^a 1 , ir2 



2« >/a:2 ^a^-^a 2a ( ^ar^ + a-^ + a)* 

« War2-f-a24.ay 
30. 



Hence, if $= 2=, «=^ . log f -=^= Y 

c/a? xVa^-x^ a ''yVa^—x^ + aJ 



n/x Va-^bx+cx'^ Vc\ f^jLp _L s 



°""Ia/(-Ì)'-:-^. 



1 C 1 



X 



V(-4) 



V'c 1 / f^, ÒY 4ac-'l^ 



4c« 
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which being of the form / ; 

=-i..iog \u^^^ J^^^i^^\-Jl=a 

Ve {\ 2c V e e J V4ac—b'> 

32. Also, 



\^4iac — è* 



■) 



>. r,— =-!-- f ■ 

«Av a+èa?— ca:* Ve \ /a bx ^ 



1 



V. 



1_ 

a/c 






= — = . sin 
Ve 



— 1 



V 



X-- 



4oc + 6' \^c 



V\/4<ic 



+ 6^ 



4c« 



33. Integrate ---= 



1 



^ «Va + éar-fca:* 

L.et a?=- ; /. -_= — .; 
z dz s? 



.'. du=z 



z 
or u 



dz 






iV 



x-l.= 



— rfo 



1 



«" A/a«*+èz4-c^ 



. (Art. 31.) 



34. Integrate -7-= — 

doc x^Va + bx-^cj^ 



:5 



1 



y «_ • 



%/z Va 



^b b 
^2 2 



;2;*+è2;4-c « J« Va2;*+è2; + c 



1 
a 



J M 



az+l 



1 



K Vaz'-j'bZ'\-c 2 Vas^-\-bz-\-c. 
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Vas^-^bz + c 



35. Integrate ~= 



dx {a + bx)^/c^ex 

. du_^ e 22r__ 2 

rf;? (ac— óc + èz^)^;" e '^ ^r ^ ae—hc\ 

(1) Let ac>6c; 

2 / è , 2r\/6 

/. w=- X A / — ^ . tan-^ 

2 ^ ,f ^l / ^ 

= .^ . — rr^-=rtan-M — =-^^ V c + ex ). 
V o V ae — oc \\^ae — bc J 

(2) Let ae<bc, and let ^^Il^=fi^ ; 

=^^ log ^=1 log ^^-^^^-fi 

36. Integrate -?= 

oa? (a + bx)\/c+ex^ 

2? b\z J dz bz^ 

o . ea^ 2ae , e 
b^ bz bH^ 
b^c 4- ea^ 

= ^J^ . (/32 - 2cu; + 2;2) by substitution ; 

_ -1 

'v/PcTèà2 A//52-2a;?+z2 ' 

... u= ^^ r ^ 

Vcb^-^ed^J^ Vft^-2az-{'Z^ 
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37. Integrate -5-= 



Iiet Vc+ea;2s=sa?2;; ,% x^=^-i — » 
. dx--'^ —1— 

a+&««=f!f!z:ff±*f; 

az*—ae-\-bc xz 

«'— « 1 cdz 

az^ ^ae-i-bc x^ ' {z^ — ^)^ 
^ ^5? ___1 dz 

the integrai will be either an angle or logarithm. 
38. Integrate -j-=s 



T * 1 . in \ dx 11 

a+oo; b\z J dz b z^ 

... ^= ^ (Art. 31.) 






39. Integrate -^s= J!r(a + 6«)«, JT being a rational fané* 
tion of X, 

Leta+*a?=««; .\a;=?!i:^, and~=?^«-»; 

6 dz b 

ois 6 6 

where Z Ì9 the value of X^ when < — 7— is put for or* 

40. Integrate ^=:X.(a?+ Vl+a?^/, where -X" is either 
a rational function of or, or of x and v^l +a?^. 

8 
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and Vì+a^=x^+x=^(z9^g-^y^ 

iiz •" 2 z«*' 2-^' a«+' ' 

Z being the valoe of X, when ^{sfi—sr^) is put for «. 

41. Integrate ~ when it is either 

(IX 

or 



In the former^ make 2a*»— l=:2r*»a;*»; 

^' (^) =^-^" (1). 

or^.|=^^ (2); 

therefore by dividing (2) by (1), 

1 cfo? «J"^' 



(1— a:7)aJ2;'dl2r 1— 2^*^-2; 

. ^ du dx du a:**-* 
i.e. -r-.-T- or — = 



dx dz dz 1—2?*^ 
In the latter, let 2a!«-l=2*»; af^ ^=«*»-J ; 

and l-a!-=l--i(^««+l)=r^(l--2**); 



•• "= =^-"^ ^'—- 5^* 



(1— a?^)z dz dz l—z 
These forinulas were rationalised by Lexell. 



Binomial Differeniial Coeffictents 

42. To integrate ^ =a!«-» (a + 6a!")f . 

It may be rationalised when - or -+? is an integer. 

n n q 
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(1) Leta+**^=««; .-. «"=^^, *"=(^^)'5 

■ •••-s=£-(^)'"'' 

** dz dx' dz ' dz 7ib \ ò J * 

wliich is rational if — be an integeri and easilj integrable, 

by expanding thebinomiaL 

(2) If ~ be a fraction. Let aH-6«»=a*2;«; 



n, 



m 



• • * -— 5 > * — » 



p 



dx aan af"^ , . , -xl? a^if 



••• '"s=-?-7r^.' (■'+'')■= 



e 54.5 

which is rational when — +^ is an integer, and easily inte- 

n p '' 

grable if — +^ be a negative integer. 
n j9 

43. We bave assamed that m and n are integers, but if 

r Tx - 

tbey be fractions as - and — . Make v''i=z; /, a;*=r*''i, 

and x'isst^i' . AIso n is assumed positive, for if not, let 

1 
0?=-; /. x-^=su\ 
u 

Ex. 1. Let ^=«3 v^TT^ • 

Here m-l=3, and n=2 ; ,% -=^=2. 

« 2 

Let !+««=««; /. a:«=2»-l, «*=(«2-l)«; . •' 

82 
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dz <iz ■' * 

•'6 3^ 5 3^~'*''^' 

2. Let *5= ' 



» « ^ « ^ 

1 1 JT-* 

And = ~ = ^^ . 



• • 



B-^'^S'-C-')' 



•••"=-(?^=-(H 

a: 1 Sa;* i 5i» ' 

Ex. 3. Let ^= ^ =(l-g»Y-i , 

n q n n 
Let A 1 — a;*«=a:*«* ; ,% «»=- ; 

a; rfz l-f-2;* 



• • '^— rr":3r— t— -;ì> 



dz xz dz 1-f-z' 

wbich may be integrateci bj partial fractions. 

44. This method of substitution is seldom adopted, the 
integration by parts being more ganerally useful, we shall 
henceforth confine our attention chieflj to it* 



^ ^ du af* 
45. Ex. ^= 



dx Vi-x" 
• VI— «^ VI— ar* »* vi— a* 



d!r 
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bj puttìng m— 2, m— 4, &c. for i», the integrai may be 
reduced either to 

r-^=. or r-J=; 

or, to — Vl~a?2, or sin-* a;, according as 9n is odd or even» 
Ex. Let / — - — be required. Here »i=4. 

r ^ — - g^^ì^^ . 3/ ^ ^^ 

=— 2 +Ì8m-*«+<7; 

•••/7&=- '—^\%^n +lr5---+<^. 

46. To find the general value of the integrai. 
(1) Let m be even =2n9 

let P^= /L^=. and Q,^,=a*-* vT:^ ; 
t/« vi — «2 



'1 Q .2«-3 
2«-2 ^*-* 2n-2 



■**»-» :r! — s '*»•-» "f";r: — s -'«»-» 



Ì>=-iQi+^P^ wherePo=«m-»«; 
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l 2n 2n.(2n-^2) ^*"* 

2n.(2»-2)(2«-4) ^'^«^*+»^-]- 

. <2n->l)(2n^3)(2«-5) 8.1 . ^ . ,, 

2«.C2n-2)C 2yi-4J. 4.2 '''' """^ ^• 

If the integral=0, when «=0. Then C=0, fop <L_i, 
tìt»-» &c. each=0, ^^ 

I^a:=:l, Q^„ Q,,^ &c. eack=0, and àn-'a:=T; 

2' 

.,r ^ , ^'o°^*=OÌ (2n-l).(2«^3).(2«-.5)...3.1 t 
•A >/!-«•* to«=li 2».(2«-2).(2»-4)...4.2'2V 

(2) Let m be odd and=2n-|- 1 ; 

• l' — — ^ n I 2» o 



«nd Pi= r f__^ =- vTT^ j 

•■*• '^'""" ~ l2;iTT ^''+ (2n.H)(2n-i) ^ 
j. 2w.(2»-2 ) _ ) 

^(2»+l)(2n-l)(2"ir:8) *^'*-« + *<'-| 

_ 2n.(2«-2)(2«-4)...4.2 , 

<2» + l)(2«-l)(2«-3)...5.3'^^-*'+^- 
If -Pto+i =0 when x=0, since then Q^=.0 ; 

/. n^_ 2«-(2»-2)(2»-4)...4.2 , .^ 
(2i.+ l)(2«-l)(2n-3)...6.8'^ ' 
vhence by sabtraction, 

P _ 2«.(2«-2)(2«-4)...4.2 
; (2»» + l)(2»-l)(2»-3)...5.3 
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Let x=l; 
^ p a»*^ froina?=:Oì 2n.(2n-2) ...6.4.2 

Cor. If n be infinite, we maj make i\,=^2n4-i> 
^^v 1.3.5.7,&c__2.4.6.8,&c. 



2 2.4.5.8,&c. 3.5.7.9,&c.' 
x_2.2.4.4.6.6.8.8,&c 



2 1.3.3.5.5.7.7.9,&c/ 
which Ì8 Wallis's Theorem for the length of the circle. 

47. Let^=(a«-a:«)r. 
dx 

by which u is redaced, « being odd, \o fj^a^ -^ti?^ 
^a: *A Va'-*-»» ^, Va^-a;» 



a2 



=*Va2-.a;«+^.BÌn-».-. 
2 2 a 

If the integrai be required between x=0 and a;=a ; 



2 2* 

3 rraS 
4*"2" 



^a,^ ^ 6 ^^ ^ 2.4.6 2 ' 
id (là^-a^^ 



J 1.3,5.7...(«— 2).n ira 



2.4.6.8...(«-l)(»+l) 2 
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48. Integrate -j-= 






aS*** Vl-t-a^ 









For m+2 put m; 

and the integrai may be reduced either to / — ■ ' . ^ or 

I , according as m is odd or even ; 

/• 1 X 

also / =log , 

JxX^/ì■^x^ l+Vl+a:» 

and C—^—^f _L_=^v:^=M:i=-^^I±g, 



49. Integrate ^= ^ 



da: a-»Va8— 1 






<£c 
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therefore, writing m for (»i+2), 

and therefore tf may be reduced, m odd, to 



a/j^-I 



/ — = sec-*«, and m even, to / = 

ExAMPLE. Find / =: 

T— i==i:^+i.8ec-a:; 
50. Integrate 5^=-;7=^- 



:^^?!zLÌ+I4sec-a.. 
3^ 2.4 



af» _ /*— af^* . (a — a?) + a**^* 



,/sc '\/2cia: — *c* t/* 



V2ax-'3i? 






a— a; 



v2aa?— ar* 

therefore, substituting 

m f ,— =:-a;'^V2ga?— a''4-(2m— l)a. / - 

«Av2aa:— a?" t/x a 



\^2aa?— a;* 

.m — 1 



J ^ af* _ a^V2fla?-a:' 2m-;-j. ^ P a?"^' 
« \/2ax—Jc''' m m ' 'J V2ax—a 

pi • X 

by wbich w may be redueed to / — — ■ = Fsin-^ -• 

•^ "^ Jx V2aa?-a:" « ^ 
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The last term 

m.{m-ì).{m-2)...2.i a 

51. If «=0, when «=0, and its value be required when 
x = 2a. Then, since ali the terms vanish when a?=:0; 
.% 0=0: and when x = 2a, ali the terms of the form 

ai^i V2ax^ vanish ; but V sin-»~=ir ; 

2a 

•\ I ^^ 1 from a;=0 to ar=2flf, 

1 .2. 3. ••(»!— 1) m 

52. Integrate 5^= -_i_. Letali; 



Vz-^fi 2a 



which is easilj'integrated. 
53. Integrate ^= ** 



c/b 'V 



de Va-^òxi-cx^' 




Va+bx+cx^ \ r /ab 



^Whf^^ 



2c e e e 4c2 ^^ ' 

/1-=^_=J_ pIU^. if 1^ 



which may be made to depend upon /-. 



s^ 



_ ^^«2 + ^2 

54. Integrate ^"- ^ 

^ 3^\^a-tbX'i-cx^' 

Let a:=^- 5 /. ^=-.1 ^=-_ g^* 
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which maj be integrated bj the preceding method. 
òò. Integrate -7-= = — ===.. 



. ('-') 



Ve V2aar— a?a ' 2 e 2.4 c^ 

and thus t^ depends upon / — =^=r ; thìs integrai is mei 

cAcV2oa?— a?^ 

with in Mechanìcs. 
Ò6. Lastlj to prove Bernoulli's series for^^u. 

SinceX«=:wa?- /ir^. 



du^x^ du ^ f ^d^u 



&C-«=&C. 

. >. x^ du , a^ d^u X* d^u , « ^ 

.../,«=„«__._+___. _-__._+&c. 



%Jx 



d^ af* 



dxf 1.2...» 
Ex. Let u^eue^-^-bx^+cx+e ; 

.'. ~=3aa:2 + 2te+c, 
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awr* ,ha?,ex^, 
^ — + — + \-ex. 

4-32 



ha? ax* 
4~ 



Sxamples. 



(2 



(3 



(4 



(5 



(6 



(7 



(8 



(9 



f-^=l^^-h^^'^^'^^''(^^'^^-^ 



2Va+bx 



r L_=-Liog 

«A xVbx—a Va *° A/ a V'»' ' A/ ^a; * 

pVa-\-bx __ Va^ bx b . f \/a-t-6ar- V^) 
Jx x^ X 2 Va IVa+^+V'ai' 

•A a?« V4 + 3a: 4a? 16 ^ v'4i-aa:+2' 

t/Ba?(a + èa:)^ aia-ybx^ aVa \Va-\-bx-\- Va)' 

(10) A— L - g+3^ 4 .i^^/^ -^TTg-i \ 

•/xa:(U2a:)l 3 (H-2ir)l Va/Ih- 2«+l/' 

'c/x(2 + a:)Ì \. ^^ 5^35; (2:^ 
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<-^>/s7é5-<»^»'>M-i,r-i- 



( 



( 



«N /'a/1+««_ fi 2 Ul+a;»)^ 

6) X«»(l +««)? =^^ (1 +««)8 . 

7) /,«»(l+«»)S=!^(l+*2)5, 

\Av'l-ar« U 15 15J 
J^VT^^ i6 24 16) 16 



(22) /,(I-2*»)^ =|{*!5_l^£?+aj'v/l-2«>} 4-i«(l -2*»)? 

(23) /I_£L_=(x2+2)— i=. 
*/«(l+««)' vl+a» 

(24) /l_fL^=^ l^-|I0g(,+ ^/IT^). 

(25) /L^L_=-fa:H?)_l— . 

(26) /l-^ = fa:4+4:i^ + 8^_I_ 



»• 

5 



(27) /;_^=(«f^+^+j)_L 
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(28) r \- ,-tan-. f£lE^\ 

»/x(2+a!)\/l+aj 

(30) r. ^ • =log(2«+l+2Vi-rx+«»). 

(31) r ^ ^sin-'felY 

(33) r ' ^Iog(2+«-2^H^^V 

(34) /" ^ ^ ^sin-». ffZlg.Y 
•/xa:va:*+a:-l \xV6J 

(35) /: 1 - 1 1 /l-«-^2Vl+^ Y 

(36) r L_=_L.co8-'.a/Ì^. 

V.(l +*»)-/!-«» V2 V l + «» 

(88) r -J =tan-Y_i±3£_\ 

^«(l+«)Vl+a:— a» \2Vl+x—a*J 

(40) /! _i4_==loir /^ *+3-2A/l-«-a>' N 

Jx(l+X)'\/1-X-X* \ 1+x )' 

(41) r^ ^ =008-». flzfV 
V-x^l+aa:-*» W2/ 

(48) C- - * -nin-». . /»*r_^' 
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(44) r-j-^ — -_L_. 

Jx (a + òx^y ay/a-^bx^ 

(48) r,^ =|.t»n-u/lgl. 

(49) r ^ .= S±f=. 

(50Ì /* ^ -p-l 1^ 2 ) g+g 

^A(2aa!+«»)^ U(5ia«+a:«) 8a»JaV2a«+««' 

(51) /* 1 - 2.(2^-^l) 

(55) /*^=2^/i+J=|logr?±i±^Vtan-'■;^l 

(57) e ^ -./ .,A-.^^p^-3M 

4gc— 3ft* . { 2exA-b+2 '/eV a+bx-\-cx' \ 
8<flVe °^t 2c 1 
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(58) Bationalise the integrals 

^i)rt±^, (2)/\ f 

in (1) make x=z^^f and in (2) make (1 +x)=s^, 

-l(2+a:»)Vr=^. 

(61) r?;±^ ^ =-^coa-»/^^) 

make x — = — 



X z 



(62) / 5 . .. , s= — . sm-^ ;. 
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CHAPTER IV. 

Integrais of Logarithmìc and Exponential 

Functions, 



57. These functions are of the form Xflogxy.X.a', 
where X is a function of x. 

58. Integrate^ -X". (log x)\ 
Let/,^=P,XP.- = Q, and/,Q.l==i?. 

JP X 

Then/,^(loga:)"=P(loga:)"-n./,P. (loga:)«-^ 1 , 

X 



and /^-.(loga;)*-^= Q(loga:)"-^-(n-l).XQ.(loga:)"-^.- 

r^ . (log a:)*^=i?(log a:)»-»-(w-2) .Xi2.(loga;)'»^ . 1 ; 

.-. X -X' (log aj)'*=P(log xy-n.Q (log a:)«-> 
+».(»- 1) , i2 . (log a?)*^> - &c. 

59. /,ar (log a:)^ 

/,:r«(log ^)n^ af»^^(log ^)'^ ^^ .X;e»*i . (log o;)-^ . 2 

/^a^ (log «;)»-*= ' ^, - -— Y ./x*" • (log a:)«7*, 

and in tfais manner may the integrai be reduced fo 

/pTO+l 

y^a;"*= , if n be a whole number^ 



9 

X 



x"^^^ r/1 N- n 



and .-. /^ «"• . (log a:)'*= .^^ {(log «)« TT(log x)^ ' 

+^ll^\logar)-*-&c.} +^>(^-;)>(^~2)>--2»V.i. 
(«1+1/ ^ ~ (»i-|-i)»+i 

Every terra of the integrai vanishes both when «rr-O and 
x=l, except the last, which vanishes onlj when a;=0 ; 

T 
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60. Integrate / r- » n a whole number. 

r-^_= fillio. Sincea:^:i^=:.l=l 
•A (Ioga:)" J, (Ioga:)» rfa? a: 

r cf.(Xa: ) 
-y-a? .il dx 



(n-i)(loga:)«-^ n-1 Ja:(logar) 



73* 



Let ^'(/^)=P; 



' Va (log*)" («-l)(loga:)->^n-iy. (log*)"-' ' 

*°J.aog«)-> (»-2) (log X)-» ■^1.-2;/. (log x)Hi' 

where Q=s— li-— :— ' ; 

**Jc(loga:)« (n-1) (log a:)»-» (n-1) (n- 2. (Ioga:) 

Q.x 



-^^-&c. 



(n-l)(n-2)(n-3)(loga:)' 

in this manner the integrai may be redaced to / — I— , 

•/«(Ioga:) 

which cannot be integrated ezcept by a serìes. 



"ind /- 



61. Find . ,. 



a-»+».l 



Let log a?=2f ; /. a?=e*, and a?*"=c"** ; 
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=10g 5? + (W + 1) . 2; + l-j-^i--+l-^_p— +&C. 

CoB. If fn=iO, we have 

62. Integrateci (f .X^ X being a function of x. 



Since 



rf.a" 



dx 






•*• Jx^ •X^- 



Xc^ 



l rdx^ 

A[/ dx ' 



Let ^=P, ^=0, &c.; 

/.cr.P^^-^./QcC; 

Ex. 1. LetX a?^ • «* be required. 

-4 A 

.\f,fiif^.<f=a'. |-j— __+ L--j^-i &c. 

Ex 2 /*f!!=__IL?l_4-jL. /*J?^. 

'"Jc ^ (»-l).iB^^ (»-l).(«~2).a:»-* 

t2 
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^^ &c 

(n— 1) . («— 2) . (w— 3) . x-^ 

''"(«-l).(«-2)...lj[ x' 

" \+Ax+ — -\- — ^&<i.\ 



a; 



=log x+Ax -h — — - + — ^„ + ■ -h &c. 

^ ^ 1.2* 2.3» 2.3.4* 

Ex. 3. Find f^l . log (a -f òx). 

log (o + òa;)=log a (1 -f - a7)=Iog a +Iog (1 + - x) 

e» ci 

/, / -log(o4-òar)=loga?.loga 

+U^-:2^^-^3-^-4^*+^^r- 

Ex. 4. Findy;x«^. 

:r-=l 4-it:rlog ^+(^^;og^)%(^^log^y + &e. ; 
° 1.2 1.2.3 

+^./xaj'(loga:)3+&c. 
Hence, the integration depends upon/|.a:" (log a:)*", Art, 59; 
.•./x«loga?=- . (loga?-^), 

/,ar»(loga:)«= Jj(loga:)«-|loga;4-y ) , 
/,(a:log*)»=^((loga:)3-3(ioga;)«+3^(Ioga:)-yj, 



\2 
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+ 



and arranging tlie terms according to the powers of log a:, 

/• uLt WJJ^ n^jA ^3-|4 ^4<p5 

+ I -?r-"-x^+ — 5 &c. J nlogx 

V2 32 43 / ° 

/ar^ __ war* w^^jS ^ \ ^2 (log a:)^ 

\J ~¥'^~W °7 1.2 

, /ar*__«a;^ , «2a:^__« '\«3(loga;)* 
■*'l,4 ^"*"~6^ 7 1.2.3 

+ &C. 

Cor. Since a?"* (log a:)"=0 ; both when a?=0, and aj==l ; 

and if n^=z\,f^7f between the same values 

=1-1 + 1— L 4-1— & 
1 22 33 44'*'55 ^ 

This last integrai gives the area of a curve, defined by 
y=ix^^ included between two ordinates, each=:l, one drawn 
through the origin, and the other at a distance=l from it. 

-=é^ |J_-_J_1=^ (-^\ 

xf "ll + a: (l-f-a;)2j dx'\\-^xr 

. /> X _ €^ 

63. Findyjc-'* between <= — 00 and ^=x. 
Now by Art. 46, between a?=0 and ar=l, we bave 



(1 + 



Let ar=e-^ ; /. ^= - 2^^ e-^ ; 

ut 



• 4^21 rte^^^ ^ pe-^^ 



g«2(2n+l) 



TT 



2n+l'2' 
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the limits of t being— oo and 0; now let g= ; 



/. 2 



lj*V 2^ J IJ,V 2(7 



TT 



25^ ^ VJ/V 2^ 
Now makìng 5^=0, in which case A /- 



_/.-*?«« 



=:^; 



2y 

but as the vaine of the integrai is the same for t positive as 
t negative; /. the integrai, from ^=0 to ^=oo, = v^^; 

.*. from /= — 00 to <= + oo 5 _/J 6-"= -v^i. 



Exam'ples. 

(1) /,a:4(ioga.)=J^loga;-|). 

(2) f,x^(^o«xY='t. j(log«)«-|log«+?(. 

(4)^Lloga.=|(logx)- ^_jl_=log.logi. 

Jt (ìòg":«)» a (log «)" 2 . log « 2 ;X log a*' 
JxVìo?:x 4/Wa; 8 log a; . (8 . log «)« 



(8 . log xy 



(7) /.a .a^^a |-_-_+_-_|. 

(8) y;e^^=é^{ar*— 4a:3 + i2a;2— 24a?+24}. 

(9) y;c-^a:3=-c-*{a:3^3;i.2+6ar + 6}. 
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/- - 3 



(10) f^xe'^'^ = 2e^* {a?^ - 3a? + 6 v';^- 6} . 

^V'« ^1 1.3 3.5 3.5.7 j 

<">/?Ìi='°«(?fi)- 

ri7i / • «■■(2-»') _^ _ /i+f 

y> a?c* e* 1 ( a? ì 



n? «3 



+ — :! — ::: +&c. 

(i» + 3)3 (m + 4)4 



(20) /a;«e^p^°^ *2^ |=«(n-l)(«-2) ...2.1. 
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CHAPTER V. 
Circular Functions, 



—4. — 



64. These are of the form sin" d, eoa** 0, (sin 6)*" . (cos 0)% 
— ; — — , and X.aìn-^x, where X is a function of x; these 

(sm oy 

inay be integrated by parts, and he reduced either to known 
or more simple functions such as, 

8in0, COS0, — ^-, tanO, cot0, ^-— , , and 



cos^O sintì cosÉ^ cotìt^siut^' 

Also (1) yisin0=— COS0. (2) yjcos6=3in0. 

(3) /ll_=tan0. (4) /li_=-cotft. 



(5)/,tane=/'«Ìl^!=- 
*/fi coso 

(6) /e coi e ^r^"^ 



= — log cos 6. 



=logsin6. 



65. Integrate -; — , , and 

sm cos Q sin t/ < 



sin ^ cos d 



rn /^l _ /^ sin0 -1/^/^ sino sinO ^ 

^ ^^sinO ^l-co82(^ 3^ U-cosO l + cosOy 



• 6 
sin^ - 



= *^°KbS)=^^°S --| = log(tan|) 



CÒS^- 



(2^ C^ _ /* cose — i/^f cose cose ì 

^ ^c/eC08è"^l-.sin2e""'f^ tl+sine 1-sinel 

-i-'»^(r^:)=>««'»(H) 

(3) / ^ ^ _i^ singe4-cosge _/'sine^ /*C( 
^fl sin e cose J^ sin e . cos e ^ COS e ^ si 

= —log cos e + log sin e=log (tan e). 



cose 

sin e 
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66. Yìnà/^X, sin-^a;, wliere -X" is a function of ar. Make 
/^X=Pf and then integrating by parts, 

and / , - has been ìntes^rated. 

cA a/1 -a?2 ^ 

Ex. / — ^ sin-^a?. Here P= — ^ i3^ . 



X sin-^a? 



= - a/1 —«2. sin-^a? +>;'/! — a?2 



Vl-a?2 '^' A/l-a;2 



= — a/ 1 — a;2 sin~^a; +a?. 
Similarly mayyi-X'cos-^'c be integrated. 

67. To integrate -T-rsJTtan-'ar. 

dx 

.'. yi X tan-*ar=P tan-^a?— /- ^. 

tA 1 +a?^ 

68. Integrate -— =sin**0. 

Integrating by parts, since sin**6=sin**-^6 . sin ; 
/. yj sin»0=/8Ìn'*-»0 . sin 

= — 8Ìn"-*0 . cos + (w - 1 ) .yj 8in"-*a cos^e ; 

and putting 1— sin^flfor cos^d 
= — 8ìn*^^d cos d + («- 1) ./^ sin»-*0— («— \)/q 8in»0 ; 

. r ' «n sin*-* 6 . COS , « — 1 >. . -.on 

n n 

a formula by which yj 8in**0 may be reduced to— cos 0, or d 
according as n is odd or even. 

Suppose n to be even or = 2»», to find the value of 



TT 



/^sinO)*» between 0=0, and 0=-. 

Let//8in 0)*«=Pg„ ; sin«™-i0 cos 0= Q,^^ ; 
. P — ^ n _j_ 2m— 1 p 
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But Q»„_i=0 both for 0=0 and 0=^ ; 



2m—l p . p _2m—S 

2^ ^,«_,; .. -^«-«-2^^1:2 






_ (2m~l).(2w-3)...3.1 p 
2w.(2w»— 2) .4.2' ° 

_ 1.3.5...(2m— 1) w 
2.4.6...2m *2* 

69. Integrate — -=co8"0. 

yi cos" 0=/i cos**-^ d . cos 
= +cos*^»0 sin 0+(»- 1) .y; cos*-«0 sìn20 
=cos"-^0 sin 0+(»— l)/ecos»-*0-(»- l)/flCO8*0 



n n 



a formula by which yico8**0 may be reduced to sin0 or 0, 
according as n is odd or even. 

70. Let ^=-J-_. Since 8Ìn20+cos20=l ; 

• _/^ sing04-co8^0 _/ * 1 Pqos^Q 

' J (sin &y J (sin 0)«-« t/fl (sin «)»' 



, / ^COS^e CO8 1_ /" 8Ì 

^^ Jfl (li^ (n- 1) (sin 0)»-^ w - 1 ^g (sin 



sin 



0) 



•. «= — 



COS0 A 1_\ / ^ 1 

(w- l)(sin ey^^ \ n-^ìJJs (sin É 



__ CO8 W--2 r___}__ 

■" (n-l)(sin0)"-^ "^ n- 1 ;/fi (sin 0)»-^* 

a formula by which n may be dimìnished. 



71. If ^= ^ 



-^=_ _ then, as in last article, 

C?0 (CO8 0)» ' • ' 

Je (cos 0)"-« t^ (cos 0)»' 
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COS0 

C08 0)*^^ * 



, / ^ sìlice Bìnd __!_ /* cose 

^" ^ (cos f^)" («- 1) . (cos 0)«-^ «-!,>( (cos tf)*^' 

• ^^ sin e »~2 / * 1 

• • ** (» — 1 ) (cos tf )»-^ « - 1 c>^ (cos e^)*-'* 

du 

72. Let :i7:=(8in 0)"»(cos 0)", w and n both integers, 

du 

(sin ©)"• (cos 0)»=(8in ©)"• cos (cos 0)»-^ ; 
A/g (sin 6)"(cos 6)»= ^^^° g)""^'(co8 0)"-^ _^ «~1^^ (sin0)"«(cos0)»-^} ; 

^ (BÌne)"'^XcosQ)""^ + ±d^ (yj (sin Wcos 0)-« -/^ (sin 0)^ (cos 0)»} ; 

4. _?zJ: . /(sin 0)« (cos 0)»^ ; 

. «_(8in0)"»+»(cos0)*^> , w — 1 .,. ^.„. ^x-j 
•• ^^^ ^n-u^ +^^./g(8in(9r(cose)"-', 

a formula by which the integrai may be reduced to 
. /e (sin 6)*», or/fl (sin 0)*» cos 6. 

73. Let ^=?Ì5!:», 

do cos*»0 

,^^ /* sin"^^ e sin e _ (sin 0)"^^ _ m - 1 /•(sineO^ 
^ (costì)" («—!). (costì)»-^ n—ije (costì)*^** 

a formula by which the integrai is reducìble to a known 
form. 

74. Let$f=0».sin6. 

dd 

'i 0" sin 0= — 0» cos + « ./0*-^ cos 0, 
/fl 0"-* cos 0= -h 0»-^ sin - (w ~ 1)/^ 0"-* sin 0, 
/b 0^ sin = — 0*-* cos f (n - 2 )/tf 0"-^ cos 0, 

&c. = &c. &c« 

/tf 0" sin 0= -0»cos + «0"-^ sin 04.n(n— 1) 0*-*cos 

— n(«-.l)(«— 2)0»-3sin0— &c. 
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Cor. Similarlj mayyi 6"cos d he found and shewn to be 

=©"8in0+w0'*-'cos0— «(»— l)0"-»sin6 

— n(n—l)(n— 2) 0*^008 + &C. 

/o. Let -— =0-"8in0= ; 





, /•8in0__^ 8in0 1 /•cosfi 

'Vfl "5^» (n- 1)0*^1 w-1^ r=^ 



^ 



and /*CQ8^— _ cos0 _ 1 /»sin0^ 

• /*sin0__ 8in0 _ 008 1 PbjM 

Je 0"" (w-l)0»-i («-l)(»-2)0«-* {n-ì){n-2yj d'^ 

sin cos , sin , » 



e 



(w-l)0»-* (w— l)(n— 2)0"-* («-l)(«-2)(»— 3)0*-* 
by which the integrai may be reduced to / -^^, (if w be an 

nteger)=ni-il+-^-&cl=0-^ + -?Ì--&c. 
^ '^ ^ 1 2.3 2.3.4.5 J 2.32^2.3.4.52 

a simìlar method applies to / — 

Je 0" 

76. Integrate sin md . cos 720, sin md . sin 7i0, and 

cos »I0 . cos 710 ; 

V sin7w0.cos«0=J^.{sin(/w4-7i)0 + sin(77i— 7i)0}; 

/./, (sin «fl . co8«fl)= -^ j22!(!?LL^»+22i(?^:i!OOl 

l yw-h7l 771—7» J 

Also since cos 7710 . cos 710 =^ . {cos ( 77» + Ti) + cos (l» — «) 0} , 
and sin 7710 . sin 710 = ^ . {cos (771— Ti) 0— cos (tti 4- 7i) 0} ; 

'^ 77*4-71 77} — 7t J 

l 77» + 7l 771 — 7» ) 

Cor. Similarly if ~=sin(a + 77i0) . cos(ft+7i0), 

put for sin (a f 7710) . cos (ò 4- 710) its equivalent expression 
^ [sin {a + 6(77» + 7i)0} + sin {a-è + (77i— 71)0}]. 
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77. Integrate (tan 6)"*, and (tan 6)-^. 

(tan 0)«=(tan 0)"»-« {1 + tan^ d) - 1} 

=(tan 0)"-» l:^!l?-(tan 0)"^ ; 

ad 

.'. /e (tan 6)"= ^*"" ^''""' -/» (tan e)-*-*, 

/e (tan e)n^= (t^"<^)"~' ^/^ (tan 0)-*, 
&c. &c. 

... /, (tan e)-^(*g"J)- -<•*«» ^^'^+ (*'^" ^^"^' -fec. 

m— 1 w — 3 w— 5 

by which u is reduced either to 6, or fé tan 0=— log cos 0. 

78. tf- T ^ ^/- 1+tan'0-tan'0 

Je^t^ndr Je (tan0)- 

r rf.(tan0) 

^0 _ /* 1 __ 1 r 1 

/ ^ (tan «)"» y^ (tan d)"^^ (»» ~ 1 ) (tan 0)"*-» ^ (tan 0)^-* 

and r ^ = l -/" 1 ; 

y^ (tan 0)'»-^ (w-3) (tan 0)"»-^ ^ (tan 0)"»-* ' 

* Jb (tan 0r ('w- 1) (tan ^)"*~^ 

4- __ ^ __ ] 4.&C 

(m-3) (tan 0)*»-^ (w-5) (tan 0)™-*^ 

and thus w may be reduced to 0, or / = log (sin 0). 

19. f^ef^ bili kx. 

y^c"*sinAa:= — - .y^c^cosAa?. (1), 

a a 

ffl^ Ofìfl nHf k 

2iXià./^é^ cos Aa;= +- .y^c^ sin Aa?. 

a a 

k 

Multiplying by - , and transposing, 

a 
*!.Xe~ sin Aa;=-*f!l^?i*^ + *./,«<« cos Aar (2). 

CL et Ci 
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Adding (1) and (2>, 

/• «r . r (a,Bmkx—kcoskx)è" 
/. f^er sin Aa:=^ .. , 



A*+o» 



80. To integrate -— = t 

° dx a-\-b. C08X 



1 



a(cos2 |+sin2 1^ +^(^008^ ^-sin^ |) 



sec^^T 



(a+6).co82|+(a-6).sin2| a4-6 + (a-6)-tan2| 



Let 2;=tan - ; 



(1) Let«>*; .-. «=-7jrp(*^'^-'*vSf) 



0— a 






• A/3-ha+ V6— a.tans 

■ log 



V3a-a2 



v'^+a— V6— a.tanx 



81. Similarly may / j— ; — be found. 
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r ^d(b eoa x) 

, /• cosa? __ /*a+6co8a?— a 
^ a + 6 cos a? 4^ 6 (a + 6 cos a?) 

= /*P_« 1 ) a? _q r_J__ 

J^ \h h' a-\-beoaxì b bj a + 6 cosar* 



82. Integrate —-= — _-, .^ . 

dx a+o(co8a?)2 



p 1 -. C sec^^ 

Jxa-\'b (cos a:)' ^ a sec* a: + i 

-r sec^^ , 1 ^^^^,/ /X^.tana?") . 
J; a+ò+atan^a? Va^ + aè W^ a + 6 / 

^^- ^ 7^= ^ -^ A tori ^ • ^* ^^'^ ^=^ » •*• :;f;= rz^ ' 

{tv a + o tan a; az i-\-z^ 

— — {ft .log (a cos a; +6 sin a?) + as^ . 



o>i Ti» É?w a' + 5' cos a; 

84. If -i-=7 = r- • 

dx (a + 6 cos ar)"* 

j * _ ^sina; , /VB-j-^cosx_ , 

""(a + òcosa?)"^^ ^ (a + 6 cos ar)"*-* * 

•\ dìfferentiating and omitting the denominators, 

o' + 5' cos a?=^ cos a? (a + ^ cos a:) + (»i — 1 ) ^6 sin^ a? 

+ (5+ Ccos a;) (a + 6 cos a;) ; 

/. (m— l)-46+-Ba-a'+(^ff + -Bfi+C'a— 6')cosa? 

- ((»i - 2) -4 - C} cos2 a;=0, 

(»i— l)(a2_^2j a2^t>^ 

__ (a5' — W) sin x 

•'• ^""(wi-l) (a2_62) (a i- 6 co9 a;)"-^ 

/» («!■-. l)(flfl^ - bb') + (m-2) (aò^^q^ft)cos a; 
^ (w— l)(a2-62^(a + 6cosa7)'»-* 
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CoB. 1. If 6'=0 and a'=l, /^ ~ ^ 

^, (a 4- 6 cosa?)"* 

Ir —esina; 

/• (m— 1 ) a—(m — 2)b cos a;) 
^ (a -f- 6 cos a?)"*-' r 

Cor. 2. If a'=0 and b'= 1 ; /* ^^^^ , 

^ (a -h o cos xy* 

, 1 ( fl sin a? __ /* (ffl-l)&-(wt-2)goo8a; 

(»i — l)(a'— è*)t(a + 6cosa')"»-* ^ (a + 6 cos a; )"*-^ 

85. Integrate /, (a + 6 cos a?)"* by means of multiple 
arcs. 

(a + 6 cos a?)"*=a*"( 1 + - cos a?)*"=a"*( 1 + w cos a:)"* ; w= - ; 
but (I + n cos 3?)"*= (1 -h ^ (e^V=ì 4. e-^>^^)} "• 

+ 1.2.3 ^'-8.(«'^'+^^')' + &c. 

= 1 -i-mn cos a?+ . ^^"^ ^ . ^ (2 cos 2x + 2) 

+ —5^ — ^ ^ ^.— (2cos3ar4-6cosa:) 

+ — ^: ^ — f-^^ ^. — (2cos4a?+8cos2a? + 6) + «c. 

1 • 2 . o . 4 16 

= ^Q + ^ 1 cos a? + ^ 2 cos 2ar + -^3 cos 3ar 4- -^4 cos 4a? 4- &c. 
. m(m^l) o . m(m— l).(m— 2).(m— 3)w* , « 

^•=2''Ì2+ 272^4 + 2.2.4.4.6 +*''J ' 

to find Ai, -^3, &c., take the logarithms and differentiate ; 
mn sin ar ^ A^ sin x + ^A^ sin 2a?4- 3^3 sin 3ar4-&c . 
'* 1+ «cosa?" ^o + '^ico8a;4--^2cos2a:i-&c. 
Then V sin a; cos aa?=^ {sin (a + 1) a?— sin (a — 1) a?} 
cos X sin /S«=^{sin (/>4- 1) a; + sin (^— 1) a;} ; 
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therefore multiplying out and arranging the terms according 
to the sines of the maltìple are ; 

0=(-i4iH — —?«— «1^0» +—^27i) Sina: 

+ (3^3+- A^n^r-^ n—^ ^2^+^ ^4») sin 3x 

"^ {m-^2)n ' ^3 (m+3)n "' 

^ _ (m— 2)/43W-6^3 

hence ìf Aq, A^, are known, the other coefficients are also 
known. 



86. 



When 7w=— 1, or u= / . 

^a: l + wcoso; 



^o=l+lw2 4.1l|7i4 4&c.- ^ 



2 '2.4 vr=:^2' 

^2=-?. («^0+^1); ^3= --•(^1^+2^2); 



2 

w ' " " ' " n 

^4=-.l(^a»+2^2); 

similarlj we may find the coefficients when »i= — ^, 7»= — |^ ; 
the latter case is aseful in Physical Astronomj. 

87. Let !^=log ( 1 + « cos a?). 
dx 

log(l +«cosaf)=«cosa?— Jn^cos^ar + ^n^cos^a? — ^«*cos*a:+&c. 

"■ 2*2 2.4'4 2.4.6*6 ^' 

4 3 4.6 

= — -i4o+-4icosa?— -^2Cos2a?H--^3C083a:H-&C/. (1); 

u 
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, j 1 «2 , 1.3 «* . 1.3.5 n« , « 
° 2 2 2.4 4 2.4,6 6 

tifi» 2 2.4 2.4.6 ^/l— n^ 



' -r-5= — , — -; /. -4o=log f-log- + C, 



• • 



and C=log2, for ^0=^9 wlien «=0; 



.-. A.^^^ (Ézi^-), 



, - .1.3 n», 1.3.5 «». , 

. d^_2|«« 1.3 n« 1.3.5 n« ì 

_ 2 2 , 



... ^.=2(li:^) + c=2(i:::^"); v c=0; 

and to find A^y A^^ &c., differentiate (1); 

_^.?l!!^-.=^isina-.2^28ìn2a?4-3^8sin3a?-42^48in4a:+&c. 
l + ^cosa; 



|i^^^^3=|^^ ^,=|i\rs^,=| 



/. A^^ÌN\ A^^tN^ A^=ÌN\ ^,=|iVr5,<fec.; 



.•./xlog(l +ncos)=/,{log (^) +2iVrcos«-.|i\^co82x+&c.} 

-arlog-^+2iV^sinir--^xV2.BÌn2ar+-^iV^.8m3a?-&c. 
2iv 2 • iS 0,0 

Cor. Ifn=l; .•.iV=l,andlog(l+cosa:)=log^2co8«^]; 
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•*• =log 2+2 log cos - ; hence putting 2x for Xy 
log oosa;=:log ^ +cos 2«— J cos 4a?+^ cos 6a?— &c. 

MI 

Andn=— 1;/. iV=:— l,andlog(l— co8j;)=log2— 21ogsin- 

«• 
=— log^— 2 log sin - ; /, putting 2x for ar, 

log8Ìna;=log^— cos 2a;— ^cos4a;— ^cos&e— &c. ; 

1 1 

*^fo^'^% cosa?=log ^+^ sin 2a?— - — 8in4a:+-— - sin 6a;— &c. 

2.4 o .6 

yi log sin a?=a? log -J^ — ^ sin 2a— - — sin4ar— -— - sin Sar— &c. 

and ^ log tan « = — sin 2a?— -J^ sin ^x-^ &c. 



Examples. 

(1) /« (sin 0)3= -i . (sin 0)« . cos 0-| cos 6. 

(2) /« (cos 0)3 = i . (cos 0)2 . sin + 1 . sin 0. 

/oN /•/• flNii flf(8in0)* 4(8in0)2 , 8 1 

(3) /^(sm0)»=-cos0|i^-^+~L_jL+_^|. 

/>i\ /•/ /i\fi • /if(cos0)* , 5(cos0)3 , 5cos0ì ,50 

(5) /«(sinO)». (co8fl)«=^{(sme)«-i(8me)«-§}. 

O 

(6) /, (sin 6)» (cos 6)* JÉ^l^^ììt + 5 sin» fl cos fl 

D O 

-^8inecose+^. 
(7) /,(8ine)8(co8e)»=j(-5?|^+Aj (Biney. 

U 2 
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Je (cos oy l5(cos0)« 15(cos 0)^ 15 . co80Ì 

(11) /"(Bìne)»^ 1 /(sin 0)2^1}. 
^ Vtf (cosÉ^)* (cos 0)3 ^'^ ^ ^^ 

ri2ì /^ (8'"g>^ -_ ^ ( (sinQ)^ 4(8ine)g 8| 
^ ^ ^ (co80)2 cosai 3 3 3)' 

(13) /"(???^*=:l(cos6)3-3cos0|_l 3 1 ,^?. 

^ ^ Jq (sin 0)2 . (cos 0)3'^ 1 2 (cos 0)2 " 2 i S^ 

+|.logtan(^+|). 

(15) /^ ? = ^ ~?cot20. 

^ ^^fl (sin 0)4 (cos 0)2 3 cos (sin 0)3 3 

(16) /tf (tan 0)4 =^ tan30— tana +0. 

(^^>jfc^=4(^^ 

(18) y; 03. cos 0=03 sin + 302 cos 0—60 sin 0—6 cos 0. 

nm /* a?« .1 (sin->a:)2 x^/l-x^ • i , «* 

(19) / — ain-^a?sa^ — - — ^— sin-*a;+--. 

Vx(l«a:2)f Vl-a;2^ ^Vl+« 

(21) /^-^^-^tan-»aj=a:tan-^ar-i(tan-^ar)2— log VT+7^. 

(22)/,^tan-.^Ì=^'tan-^ 

(23) /. e« . cos Jta,= ^Caco8fee+^ginto)^ 

A2H-a2 
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(24) X^.sm*a:=-?:!:jif^i^^^ 

(25) /.e-.(8ÌD^)^=^'^^"^^^^^"^'-^"^^^V f-r 

(26) /^ ^} , . , =-l=.tan-Y. /^tangV 



C08 1 sin 



^^c/(l-c2c082(^)5 I-C»' Vl-e2C0S«tf' 

(28) e ^ — ^ I -^sina? /» 1 ì 

(29) f% (cos 20)^ cos 0=1 sin (3 + 2 cos 20) \/cos 20 

(30) /" ^^"^ =logY ) 

^ ^ Jfi -v^sin^a-sina ® Vco8 0+ -v^sin^ a-8Ìn2 d/ 

from 0=0 ì 
to 0=aj • 

(31) yic*^^'*, (where ^=loga), between «=0, and d7=7r 
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CHAPTER VI. 



Application of the Integrai Calculus to de- 
termine the Areas and Lengths of Piane 
Curves, and the Volumes and Surfaces of 
Solids of Kevolution. 



88. We have seen in the Differentìal Calculns^ that if 

i/=:f(jxi) be the equation to a curire, and A the area of a 

dA 
portion ANPy that -=- =y==/(ar). Hence, when the equa- 

dx 

tion to a curve is given, ita area maj be found bj finding 

the vaine of /xf(pc), and this integrai may in general be 

found bj means of the rules given in the preceding chapters. 

J£ the equation to the curve be between pelar co-ordinates, 

then 

dA_r\ . ._rf^ 
___, .. ji-j^ _. 

It is sometimes convenient to substitute z for ^ {x) ; but 
then, since y=if{z\ 

dA dA dx dx 

dz dx' dz dz* 

89. Again, if s represents the length of a curve, of 
which the equation is y=^f{p^t 



•'«~I=a/'-£'---=/v/^ 



2 



where -^ may be found from y=f{x). 



90. Also, if V and S respectìvely represent the volume 
and surface of a solid of revolution, since 

.-. r=»/,y«, and <S=2» ./^ . /l+^. 

V dx^ 
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91. À Constant must be added to each of tbese integrals, 
the determination of wbich depends upon the nature of the 
particular problem. 

As an ìllustration, let 
the area A BD be required, 
the nature of the curve 
-4iVP being* known by the 
equation y=^f{x), where 
AN=:x^ and NP^y. 

Let 
^5=a, and ANP^A ; 

/. A=zANP=/,f{x)=^<t>(x) + C. (1). 

To find C, we observe that if ir=0 the area=0; if 
therefore at the same time ^(ar)=0; /. C=0, 

and ANP=ii>{x), and ABD=<i>{a)i 

the same result would be obtained had we successivelj put 
x = and x=a in equation (1), and subtracted the former 
result from the latter. This process is called integrating 
between the limits of a;=0 and x=ay and is commonly 
represented by the symbol /^/{x) ; the first limit being 
placed below, the second above the sign of integration. 

To take a second instance, let the area DB CE be re- 
quired where AC=b ; putting a for x in equation (l), 

area ABD=(p (a) + C, 

and area A CE=i> (b) + C; 

/. areB. BDEC=:(j>{b)—<i>(a). 

Hence, if the value of an integrai «=0 (x) he required 
between two values a and b of x, omit the Constant, and 
having put a and b successively for a; in (a?), subtract 0(a) 
from (b). This is called integrating between the limits or 
values a and b of x, and the integrai so found is called a 
definite integrai, and is expressed hj/af{x). 

We bave already found definite integrals in the preceding 
pages, and if we use the symbol, mentioned above, 

f^ ^ x^ _ 1.3.5...(2n-3).(2w-l) ^ 



/ 



to sc^ _ 1.3.5...(2m~3X2w~l) 
V2ax—x^''^ • 4 • 6. ..(!»— 1) . m 



Tra"». Art (50); 
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%J—9 



e-^=. \/x. Art. (63), and some others. 



When C is not determined, the value, ^(ar)+(7, is called 
the general integraL 



Areas of Curves. 

92. To find the areas of curves, or to integrate 

dx ^' ^^ do'^J ' 

Ex. 1. To find the area of 
the circle. 

CN=x 



CA=a. 



:. area CBPN=:/^ V^aZ^i, 

But /V^2i:^==/?2Ì^£L 




a' 



X . X 



C=0, since area=0 ; if 37=0 ; 



sin-^ - can onlj be approximated to, by means of an infinite 

Cb 

serìes, but if a;=a, it=- , and, 

quadrant ACB=r^-^r^^=.^ . ^=![^ . 

.*. area of the circle =7ra2. 
Cor. 1. Ku4A^=a7,y= y/^ax-x^ 



.\ ANP=f^'V2ax-xK 
and when 37= a, u4iV!P becomes a quadrant ; 



■••/ 



v^2aa?— a?'*= 



wa/ 
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•T 



The two definite ìxììegTBÌs /q'' Va^—x^ SLnà /o'' V2ax-x^, 
sboald be carefuUy remembered. 

Also/xVà^—x^ being= CBPNy where CN is sometimes 

called the cosine to radius CA; /. /^Và^---x^ is called 
a circular area of which cosine = x and radius = a ; and 

/^ \/2ax — x^ in which AN=x, is called a circular area, of 
which ver. 8Ìne=a: and radiu8=a. 

If ^iV^=the diameter, the area ANP is a semicircle ; 



•••/ 






Also V /^ Va'^— a;2=area of the second quadrant ; 

Cor. 2. To find the area of the sector ACP. 
Let^=area24CP; 0=Z^CP; 
. dA 



^ lr2 — i/i2. 

. a^B ad radius X are 
... ^=_=ax-= 2 

Ex. 2. To find the area of an ellipse. 
The centre the origin ; CN=:x ; NP=i/y 

b' 



a 



.\A^f,y^-.f^^a'^-x^^ 



a 



If p^ h irfl^ irai 

elliptic quadrant =^/ va^ — a;2=-.— = -^ ; 

/, area of ellipse =ira6. 
Had the vertex been the origin, and AN=:x, 

h p^ , b va^ irab 

elliptic quadrant = - / v2aa?— a?2=---^=-^. 

Ex. 3. To find the area of the common parabola. 
t/^=z4mx; /, y=2 Vwia:. 
^==/;y=2/^ v^mac=2 Vm. %J + C. 



298 



ABEAS OF CUAYES. 



• • 



area 



=/•- 



14^a^ = |2^/^.a?: 



=|y« 



=:f of circumscrìbing rectangle. 
Ex. 4. To find the area of the Witch. 



2a 



y=: — V2ax—x^ ; 

X 



r o PV2ax-'X^ o r 2a-ar 
/. area=y; y=:2a / =2a / — = 

t/» * t/ A/2ar— a^ 

=2a I >/2aa?— «»+a ver-sin-* - 1 + C. 
And area=0, if a?=0; /. C=0; 

/. area=2a| A/2aa?— a:''* + aver-8Ìn-^- L 

Let x=:2a ; /. area=2a x a . 7r=:27ra'. 

Ex. 5. Find the area of the hyperbolìjc sector CAP. 

Sector CAP=z 

ACiVP-area ^iV^. 



Let CN=x 
NP=:y 

CA=zal 







a 



=\ • (I ^^^^^^-~ ' iog(«+ vi?::^) j + e, 

and 0= -^ . log a + C; V ^ÌVP=0 ; if x=::a ; 
.-. ^iV7'=|?-^ . log (^+ "^f'^') 



ABEAS OF CTTBVES. 



299 



ha 



2 \a bj 



Ex. 6. Find the area of 
the portion PNMQy PQ being 
an are of the rectangular hy- 
perbola, axes the asjmptotes. 



a? 4- Va?^ — 



a 



-> 



a 



2 



Here ^ar=— -. 



Let CN—a, and Cif=:/3, 



r2 




% PQifi\r=|- . (log j3-log a) =1 . log m 



C!oB. Siiice^=^; /. ACNP=ACQM; 

/. sector CPQ=area PNMQ. 

Ex. 7. Find the area of the cycloid. 

Ongin at the vertex, ^— - 



X 



area 



=/«y=y^-X« ^=ya:-y; V2ar-ara, 



also V ifa:=0, y=0; if x=z2a, i/=:wa; 
/. /^y=semic7cloid=27ra2-i.7ra2=^^; 

.*. cycloid=37ra^=3 . area of generating circle. 

Ex. 8. The area of the cÌ8soid=-^. 

2 

Ex. 9. Area of the conchoid= 



1.1.^ a. a 
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Ex. 10. In the com- 
mon parabola, to fìnd the 
area ASF. 




SA=a, 
/_ASP=e, 
SP^ri 

1+COS0 ^« 

cos* - 
/. ^=i. /r^=a\l -J-,=a2.( -1— ("l+tan»^^ 




=.»{tan|4-^tan3|). 

Ex. 11. The area of the lemniscata =0^. 

Ex. 12. Find the area of the spirai where r=:ad^. 



dr i ' " dr ' ' 



and C=0; if ^=0, when r=0. 
Cor. Let »= 1, or the spirai be that of Archimedes ; 

/. area= 



^3 ^y.3 



'6a bit' 
if i?=r when 0=27r ; 

therefore area of spirai in first revolution =^ . 

3 

The area after two revolutions of the radius vector is 
when e=47r, or when r=2R. But before r=2R, it wìU 
bave made two revolutions^ and therefore have twice gene- 
rated the area from r=0 to r=E. 
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Consequently we must subtract the area described in the 
first revolution from that in the second ; 

. . area:= — VL ^ = . 

3R 3 3 

And the space between the arcs of the first and second areas 

= — - — — — — -=l:7rjfr*. 
3 3 

At the n^ revolution r=^nRy 
{n-\f /•=(n-l)i2; 

/. area after n revolutions=- . ^ ^ — ^ 

3 Ji 

Area after (w+1) revolutions =-——{(»+ l)3—«3j. 

o 

.% space between the arcs after n-\-\ and n revoluti ons 

=n times the space between the first and second. 

Ex. 13. Find the area of the involute of the circle, 
where r^—p^^=a^. 

dd ^ dr rVr^—p^^ 
dA pr __r Vr^ — à^ 

.-. A- ^ g^ +C7; and C=0. 

If j9=2iro; ^=47r3a2^ or subtracting ira\ the area of 
the involute exterior of the circle after one unwrapping of 



the stringssTra^r— — 1 J . 



Ex. 14. Find the area of the curve of which the equa- 
tion is 
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The curve has a nodus APMQ, Ay and Ax being 
tangents. 




3a2? , 3a2f2 

/. «=::— ^ > and y= 



1+^3 



l+«»* 



and since a? is=0, for each of the branches APM^xA A QMy 
this will happen ì£ z = qd or=0. 

^ dA dA dx dx 

dz dx' dz dz* 

^dx 3a.{l+«*-32^} o 1— 2«» 

^°^ dz- (i-^z3)» ' =^^ (TT^« • 



/. -4=/;y. 



cZa; 



/ 



9a«.# -. 



«>(l-2«') 



dy ' ^. (!+««)» 



g''[l-2(g»+l)+2]\ 



Let2r=0; /. (7=-?^, and let«ir=? at Jlf ; ' 

2 a? 

Integrating jzrsx and z^zi for the branch APM^ 
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/. the noduB APMQ=BxeA APMm—Breek AQMm^—- . 
If the area of the nodus onlj be required, then, 






dz 
dA ^ qdd 1 • ^^„o n x^ 



since tan 0=?=2; ; /. -—=0032 ; 
X dz 



dz ^ dz "^ 2 

r.A=U^; and x^':=.^^^; 



■•• -¥/r^=<'- 



3^2 

integrating from «=0, to 2^=00 : area=-— . 
Ex. 15. To find the area of the evolute of an ellipse. 

We might put y^=xz ; but better thus : 

Let ?=cos3 ; /. 2 =sin3 ; $= -3a sin . cos^ ; 
a 1^ da 

, dA dA dx dx e% n • a n „o n 

,\ A=i3aP ./flsin^ cos^ ; the limita of which are 0=^ and 
0=0, since those of x are and a. 

Now/fl sin^ cos2 0=??i^^ì^ + 1 /e 8in« ; 

o 5 

but coso -sin' 0=0, both when 6=0 uid %=\ ; 

• Z*^ • 4fl 9A 1 /^® • Bfl 1 5.3.1 TT 



... ^=3a/3.-Ì!L_=??i^^ 



6x4x4 8 *4' 



/. 4-^4=whole area=-^^=-7ri^5 — ^L . 

8 8 a6 
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Ex. 16, The same substitution applìes to find the area of 

For making ar=a cos*"** ; /. y=i3 sin*»*^ 0, 
dx 



do 



= -(2»+l) aco8»"0 sin 6 ; 



.\ A=-"{2n + l) a/3 n sin*»+* cos«»0 

= -(2n4- 1) a/3 P {sin**+« (1 -sin20)»} ; 

8 

1, A' .. ì^ ' inn (271— l).(2n-3)...3.1 X 

whence expanding, ,J sin-0= -^2^7(2^:^2)^4:2- '2 ' 

/. area=4^=(4n + 2)la/3 jM.^4?^)-. 1^^ 

^ ^ ^12. 4. 6.. .(2/1+2) 2.4...(2w+4) 

+ n (^-^) l»3...(2n4-5) _ (n--l)(n-2) 1.3...(2/i + 7) ^, ì . 
2 '2.4...(2n+6) 2.3 '2.4...(2« + 8)"^ '}' 

= - 7ra/3, the result obtained in the preceding example. 

o 



The Lengihs of Curves. 

93. To find the lengths of curves, or to integrate 

— = A / ^ +^ y when yz=zf(x\ 
Ex. 17. Find the length of an are of the parabola. 



Vx 



m r m 
_/• x+m _\ ^+2 l "2 



tyas ' 



X \/x^-\-mx j„ Vx'^-^mx J^ Vx^-\-fnx 
= v/a?« + »»a:+^log(a?+^+ //a;2-|-«w:)+C. 
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And«=0, ifa:=0; .-. 0= Jlog ("!) + C; 



.-. s= Vxi+^+'^ log (2^+f«+2Vx^ + mx\ 

2 \ m ) 

Ex. 18. Find when curves included under the general 
equation y^ax^ are rectifiable. 

which Ì8 integrable. 

(1) When — — is an integer=r, 

or-^-l=l or^=^ + l=2r±_l^ 
n 2r n 2r 2r 

(2) When g--^ + ^=aninteger=g', 

m . l m 2q 

or j=- , or — = — !l_. 

n 2g — ì n 2q — \ 

Let r= 1, 2, 3, &c. y=l, 2, 3, &c. ; 

n 2 4} 6 nl35 

Ex. 19. Let —=xy (the semi-cubical parabola) 

I dy Sa X \/x .« /- 2 



e Ve a/c 3 



lf«=0,a:=0; .-. C= L f c^5 

■v/c 3 

Ex. 20. Find the length of the cycloid. 
and C=0, since *=0, when a;=0; 



X 
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therefore <=2 \/2aa:=twice the chord of the are of the gene- 
rating circle, corresponding to the are of the cjcloid. 

Hence th^ cjcloid is rectifiable. 

If x=2a^ <=2\/4a*=4a, or the length of the semi- 
cycloid=twìce the diameter of the circle. 

Ex. 21. Find the length of the are of an ellipse. 

a dx u y/a^—x^ 

" dx^ a2(a2-a;2) a^d^-^x^) a^^x^ ' 

Jx ^/a2_^2 Jz Vl-«8 

y, Vl-r*-' ^ ' 2.4 2.4.6 ^ 

the integration of which depends on / — = 

If the quadrant be required, we must integrate from 
a;=0 to «=0, or from 2?=0 to 2; = 1, but then 

/^ g»» _7r 1.3.5 (2w-l) , 
vr=^ 2' 2.4.6 2« • 

/i gg _7r 1 /^i g^ _7r 1.3 . 
Vn?^ 2'2U Vn:72 2'2.4' 

r^ ^' ,^ i>3.5 ^^. /^^ 1 ^^. 

J, ^/l-g« 2*2.4.6' 'Vo A/l-g2 2' 
therefore elliptic quadrant 

2 ^ 22 22.42 22.42.62 ^ 

a series rapidlj convergent when 6 is a small fraction. 

(3) To find the same by circolar functions. 
Let ar=a cos ; /. y =6 sin 0, V a: is <a ; 



g2 



ds 



.\ — = v^a2 sin» tf 4- 62 cos2 tf 
dd 



= A/o»-(a2_.^2^cos2tf=a v/1— e2co82t^ 

=o{l-le2co820-Lli g4cos*0-l-lll^ e«co8«e-&c.}. 

2.4 2.4.6 
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Nowyi co8*»6=sin 6 . cos^* 6+(2n— 1) ./e C08*^6 . sin^O 
and sin6co8*^*6=0, when 6=0, and 6=^; 



ir 

,', caUìng I * cos*'0=Pj„, 



P =25LZÌ P , (2^-1) (2^-3) p 
*• 2n ' **-* 2«(2«-2) *^ 

_ (2w— l).(2n--3)... 3.1 x, .. p_.«' 
2w.C2»-2) ... 4 . 2 '2* • ° 2* 

fra f. la 1.3 . 1.3«.5 . 1.32.52.7 g n 1 
2^ Z^ 22.42 22.42,62 22.42.52.82*' """>• 

Ex. 22. Find the length of a hjperbolic are. 

a dx a ^x^^a^ 

• ^= /lT^= / (62 + fl2)a?2Z^ __ / g2ay2__aa 
"cte A/ cii;2 A/ a2(^a:2-o2^ 'V ar2-.a2 ' 

\ ^ #»2- 



=ae ^ 



e'2?2 



J« ^/2?='-l 



- /•__€?_ f, il 1.1 1 _ 1.1.3 1 . ì 

the limita being a;=a ; a;=oo , or 2;= 1 ; 2;=:ao ; 
now every term, except the first, depends upon 



Jz^ 



:, fn odd, 



x2 
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and r-_l==l .:^1 +fL=2 . r 1 

^z^— 1 
and ; — vanishes both when 2f=l, and 2=00 : 



But / =rr=^=Bec--*jr=^ ; 

1 z«Vz2::::i ^^ ^j^v'iàrzi 2.4'2' 






2f ^^-TTO r 1 1 1 . 1 1 



■*" 2^ 42. 6 V^ 22. 42.62.8*67'^ ^'^' 

Now the equation to the asjmptote is ^= — ; 

a 

b'^x^ / a^ + ^2 

a^ + — ^ =0? A / — -^ =ex=:aez. 






But ac / — =- =a«V2r2 — i=ae2? from i?=l to 2;=oo. 



If therefore / be the length of the asymptote, 
* 2 t2'c 22.4 V"^22.42.6'«» 



+ 



22. 42. 62. 8' «7 ■^•^^•l 



Ex. 23. Fìnd the length of an are of the logarìthmic 
curve. 
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Ex. 24. Find the length of an are of the Lemniscata. 



r2 =a2 cos 20, and ^—f/sj ^ + ''^ ^ 






a^ 



•A Vi -za ^ '2.4 2.4.6 ^ ^ 
Integrate from 0=s45<^ to 6=0 ; or from ^=0 to 

/^ g^ _1.3 TT /^^ gg _ 1.3.5 ir 

Vl^^P 2.4'2'^^^ a/^::^ 2.4.6'2' 

• =^ i._l . 1^3« _ ia.3^5« ia.32.52.7^ . . 
••' 2'^ 2^ 2^4-' 22.42.62'*■2^42.6^82 *^/- 

The whole length of the lemniscata =:4«. 

Ex. 2b, To find the length of the involute of a circle. 

ds T r 

Herer2-;>2=«2. __=___, = _. 

2a 2a 2a 2 

If 6=2ir, or the string be unwound once, *=2iraa, 

If 6=2n7r, or the string be unwound n times, length 

Ex. 26. If the radius of the circle be unity, and be a 
circular are, 0) the length of ìts involute, O2 ^^^ length of the 
involute of 6}, &c. prove that 

(9+(?i4-0a4-&c.=c«— 1. 

APi = d29 PiP2=P2t 

AP^^=d^, 
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... ^or ^=^ ; but fl,=i e»; 
QP 6 «1 * ? ' 



And «»3=^dOj,= fl,. ^=J-.e».dB; 



«1 



^ 2.3.4 



e+e^-^e^+kc.=e^ie^+~^+&c.=e9^h 



The Volumes and Surfaces of Solida oj 

Bevolution. 

94. To find the volumes and surfaces of solìds, or to 
integrate the functions 

Ex. 27. To find the volume of a cone with a circular 
base. 

Let a=altitude, 6=radius of base. 
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Then ìf the vertex be the origin and the altitude the 

. - 6 

axis 01 Xy y = - a? ; 

a 

AndF=Oifa:=0; /. C=0', .'. V=^X. 

a' o " ■ 

Let x=^a ; /, whole cone=^^^=^ of a cylinder of the 

o 

same altitude and on the same base. 
Ex. 28. Find the volume of the paraboloid. 

f/^=z^mx is the equation to the generating curve ; 
.% V=7r/^y^=iw/^4mx-2Trm.x^-^C, and C=0; 

But w^y2a?=volumeof a cylinder, base=7ry2 and altitude=ir; 
/, paraboloid =1^ circumacribing cylinder. 

Ex. 29. Find the volume of a sphere. 

Here y* = 2«a: — a?^ ; 

/. F=7r/,.(2aa;-a;2)=7r^aa:2-^j + C; 

and F=Oifa:=0; .'. C=:0; /. r=7ra:2|a-|| . 

2 4 
Let a? = 2a *, /. sphere = Ava^ (^ "" 3 ^^ ~ 3 '*"^^* 

Since circumscribing cylinder =2a . 7ra'^=2ira^ ; 
,% sphere=f of circumscribing cylinder. 

Ex. 30. Find the volume of the prolate spheroid (formed 
by the revolution of an ellipse round its major axis). 

»'=3(°'-*') (')• 

A 

ss:Z vb^a ; from x==. —a, to a?= 4- «• 
3 

If the solid content of the oblato spheroid, which is 
formed by revolution round the minor axis be required. 
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take the minor axis for the axis of x, and the major for 
that of y. 

Then in equation (1) put y for x and «for y, we have 



.•.solid=,jr|!(*»-.*)=-^(*..-f) 

=-xa'ò; from ar= — ò, toa?= + i; 

.*. prolate spheroid l oblato spheroid :ib : a. 

Cor. Sphere on major axis : prolate spheroid : : a* : ò*, 
sphere on minor axis l oblato spheroid llb^ l a^. 

Ex. 31. Find the solid generated hj the conchoid round 
the asymptote. 

Here xf/=(a + x) Vb^—x^ ; 
and since the curve revolves round the axis of y ; 

/, d V=Trx^d^=i — TT ^j- . ax ; 



Vb^—x^ 



.X 



ùnàx=b; r=0; /. 0=C-^|fló25}; .-. C=!^'; 



/. y=i—- TT {«62 sin-* , — 



3 



(:r2 + 2ft2)}. 



Let a:=0; /. whole volume=7rè2 !^-f _ [ . 

l 2 3 J 



Ex. 32. Find the volume 
generated by the revolution of 
the cissoid round its asjmp- 
tote. 

AB=2a, BM=rx, MQ^tj. 

Am 



Now iVQ2=: 



BN' 



or X 
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But xhf^^y (2a-y)3 ; .% xy= Vy . (2a-y)f ; 



.*. fy^-Jy^o.-y) ^'^ay-y^ 



"^/yia-y) ^/'^ay-^y^-\-a/^ V2ay-y^ 
(2ay^y^)ì 



3^^+a/X2ay-y«; 



,3 o /rt „_ o\S 



.-. r=.ir {(2ay-y'')l-|(2ay-y«)f-2a/, '/2oy-y»| ; 

2 



Ex. 33. Find the solid generated hj the revolution of the 
semi-cycloid round ita base. 

Make the base the axis of x ; /. ^= ^^^V-V^ ; 



dx y 



dx 



c^y JyV2ay^y^ 
- 2^ «* V2ay^y^ "^273**^ ver-sin-» ? ; 



••• ''='/ 



V2ay—y^ 2 



Ex. 34. Find the solid generated by the revolution of 
the cjcloid round its axis. 

andy=a(6 + sin6); a?=a(l— cosS); 
.*. r=7ra3 /^ (0 + sin 0)2 sin 6 

=7ra3 /ff {0« sin 0+26 sin» + sin» 0} , 
whence integrating from 0=0 to 0=7r; 



. rr 3l37r2 gì 



Ex. 35. To fina the volume of a conical figure, the base 
of which is bounded bj a given curve. 
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From A draw AD perpendicular 
to the base, and=a. In AD take 
AN=sx^ N being a point in a sec- 
tion oc, parallel and similar to the 
base BC. 

Let ^=area of the base, 
iS^=area of section bc ; 

S bl^ Am x^ 






A BD^ AD^ 




•2 



dV 



.-. S^A^^, and ^=5=^.^,; 



a^ 



a* 



A F=4/x«^=^+C; and C=0; 



a" 



3a2 



/. ^5C=:^^=:i^=basexi of the altitude. 

Cor. This propositìon ìs manifestlj true foc a pjramid of 
any base. 

Ex. 36. To find the volume of a Groin ; a solid of which 
in this instance, the sectìons parallel to the base are squares, 
and those perpendicular, bounded hj a given curve. 

Let the given curve AD be a quad* 
rant 

AN=zx, NP^y ; AB^BD^a ; 
therefore genèrating area=(2y)*=4y^; 



dV 



=4y«=4 (2ar— ar») ; 




dx 
A r=4ra»«-^)=|a3,if;c=a. 

Again, V genèrating surface =5 perimeter ofsquare=8y; 
dS ^ d* ^ ,-- . a ^ 

.•. iSf=8aar=8a2. 

And similarly may the volume and surface be found, 
whatever be the- curve APD, Also, if the base be any other 
figure, of which the area is a function of j^, as a circle, a 
parabola, a trìangle, &c. and APB be a curve of which the 
equation is y=zf{x\ the surface and volume may be found. 
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Ex. 37. Find the solid geijerated by 
a parabolìc area round ita ordinate. 

AM=^Xf AB^=ay 

.•.y=Ì(2ax-a:2); 

lo 
The doublé of this is a parabolic spindle. 

Ex. 38. Find the vo- » 
lume and surface of the 
solid generated bj the cir- 
cle BQP round an axis ^ 
ANx, in its own piane. 

JjGtAO=by OB=ia, 
MQ=y, OM^x. 

Then surface generated by QP 

=7r (NP^^NQ^)^^ {(6+y)2«(6-y)»} ^A^rby ; 



s 




dV 



tea' 



•• dx 



=4xèy; /. r=4x5/;y=4ir6-^=2ir»a2è, 



ux ^g. dx 

Ex. 39. The surface of a sphere. 

dy a — X 

y^z V2aw-~x\ and -j-^ — ■ , 

dx^ 2ax—x^ 2ax--x^ y*' 

^=2^/xy/Y/^+^s=27rXy.?=27r/,a=2rax+C, 

5^=0, if a?=0; .% C=0; /. surface of a 8egment=2iraa? ; 

/. surface of sphere =27ra . 2a=47ra2. 
Ex. 40. CoDvex surface of a paraboloid. 

=47r^/wlyi\/ar+»l=47r^/l»i(x^-m)3 +C, 
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andifA;=0, 5=0; .% C=— f x Vm. m»; 

- 87r\/m 8 3. 

.•, surface = — 5 — • { (a? + w»)** — w^ } . 

Ex. 41. Surface generated hj a semi-cjcloìd round 
ìts base. 

Here^=^Ì^^^EZ. • a /i+^'=a /?^- 

, rf^ dS dx ^ ,-— y 

dy dx dy ^ ^^^ay—y^ 



.\ S=:27r V2a . f ,^ 

4 

=27r \/2a{-2y ^20— y-g(2a—y)l} ; 

4 32 

/. surface by semi-cycloid=2ir . - (2a)2= -__ ira^. 

3 3 

Ex. 42. Find the same when round the axis. 

The vertex the origin, JZT^ \/ — ^^ • 
Surface=27ry;y^=29r|y5-/^5^| . J=2^/2^ 

= 4ir {y V2ax— "^^A ^^^.a—x} 

=47r^/2a|y\/i+^(2a— a?)l|, 
from a;=0 to x-=-2ay or y=0 to y^^va^ 
5=47r V2a\iras/2à'—^ . (2a)l | 

=87raJTa— - a[=8ira2. Jtt— - [ . 

Ex. 43. To find the surface of the prolate spheroid. 
y=-v/«-'-.^ and ^l+X-^-,-^ . 

dx a V «2 
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l to x—-^a) e 



Let e=0, or spheroid become a sphere ; .'. 



sin-' e 



= 1, 



and 8urface=2xa2 {1 + 1} =4ira2. 
Ex. 44. To find the surface of an oblate spheroid. 

dS ^n ds 

dx^ ' dxi ' 

dS Ci ds 
or —-z=z2vx.-j-\ 

dy dy 




. dS ^ ds ^ . fa^-e^x^, 
dx dx V a^— «2 



Make Và^—x^^z\ and c=- ; 



/. 5=-2ir(?/;^/c2^2^2 



From ic=0 to a?=a ; or from «=a to i?=0, 

—^ — r 



aS^tt^ . I a Ve» + «a ^ c2 log- 



a+ Va2 + c2ì 



/. 8urface=25=27re . |a \/c2 + a2+c2 log 

which =4?ra*, when c=0, or if the spheroid become a 
sphere. 
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(45) How much of the Earth's surface may be seen 
by a person elevated the -th pari of the Earth's radius 

above it 

Ans. -ih part. 

(46) Find the length of the curve, where a:'4-y*=a* . 

s=z6a. 

(47) If A=height of a parabolic frustum, a and b the 
radii of the ends, shew that 

Frustum=!^.(a2 + *2). 

(48) Find the area of the catenary, y=- (c5 -f c""à). 



Area= a Vy^ — a^. 

(49) The area of {x^-\-y^f=:a^x^'-b^y^ is 

=aè4-(a^-62)tan-^/'?y 

(50) The area of a parabolic segment, cut off by any 

2 
chord=- of circumscribing parallelogram. 

o 

(51) Content of sphere l content of greatest* cone in- 
scribed on it 1 : 27 : 8. 

(52) Find the content of the least paraboloid about a 
given sphere. 

(53) The area of the nodus in the curve defined by 
y4=fl5(a:3«2a:2y) is .^ ^ ^ . 

(54) Find the area oi x^y^ — a^y^^z^aK 

^=f('<«A/Ì3-»-'(D)- 

{SS) In a parabola, the area included between the curve, 
its evolute, and its radius of curvature 



=Vi>^+i''*+^1- 
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(06) If the subtangent of the logarithmic curve = that 

of the spirai, 6=. : the are included bj two radii of the 

r 

spìral=arc included hj two respectively equal ordinates of 

the curve. 

(57) Find the length of the spirai of Archimedes. 

2a 2 ^\ 2a J 

(58) The length of the epicycloid after one revolution 
of the generating circle=8 - (a +6)» and the area between 

2iY 






the epicycloid and the circle=3r5* ( 3H — 

V a 

(59) The volume generated by the revolution of the 
Witch, round its a8ymptote=47r2a3. 

(60) The area of the curve in which 

(a^— Ò^)8in0co8 . X, 1X9 
r= ^ ^ ; 18 =- (a— 6)2. 

(61) If equidistant ordinates he drawn in the hyperbola 
between the asymptotes, the contenta of the solida generated 
by the included areas round the asymptote» will be as the 

fractions ^^, ±^ J^, &c. 

(62) In AP the chord of a semicircle take AQ=PNy 
then area of curve traced by Q=- 



irà^ 



(63) If r=a8ec-, the area included by the curve, the 
asymptotes and tangent at vertex=:4a2. 

(64) If ^ = area of a logarithmic spirai from r=0, to 
r l Al that of the locus of intersections of perpendiculars 
fpom origin on tangents, with tangents, -^2 of the curve simi- 

larly described, A+Ai-^-A^-ì-kc^A . fl.Z^\, k=:lògea. 
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CHAPTEE VII. 
The Calculus of Variations. 
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Q' 




P 




^2III> 


X) 


P' 




]V 




N' 


B 



1. In the problems of Maxima and Minima hitherto 
solved, the form of the function which possessed the re- 
quired property has always been given. But there ìs a 
class of problems^ in which it is not only required to find 
when there is a maximum or minimum, but also the nature 
of the function which possesses the property. 

Thus if the shortest distance between two given points 
be required, we must, in order to find the minimum dis- 
tance, ascertain the nature of the curve that possesses the 
property ; and thus, to con- 
tinue the illustration, if C 
and D be the two points, 
we must, select from the 
curves CPD, CQD, that 
which is the shortest : in our 
reasoning we must there- 
fore pass from one curve '^ 
to another curve, from a point P in one curve to a point Q 
in another curve: the change from P to Q is called a 
variation of the ordinate PNi the symbol of variation 
being Im 

Thus if NP=t/j and if PQ be indefinitely small, the 
symbols ^ of variation, and d of differentiation differ in this 
respect ; by means of dy we pass from a point P to another 
P^ indefinitely near to it, but in the same curve : by 3y we 
transfer P to a point Q in another curve. We bave bere 
supposed the variation to be confined to the ordinate y : but 
a?=^iVmay also vary at the same time that 1/ does. 

2. SinceiVP=y; .% iViPi=y+cfy: also iV^Q=y+5y; 
.% N,Q,=NQ-\-d{NQ)=^y^ly^d{y^hy), 

mdN,Q,=N,P, + d{NiPi)=:y^dy+^y-{-dy); 
.\ ^y + d{y+ly)==:dy+h(y+dy)i /. ddy=My; 

or the symbols of variation and differentiation are inter- 
changed. 
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CoB. Hence also if dy be put for y^ 

.\ dMy=zh(Py; or V dMy^dddy^d^dy; 
/. d^ly^=ld^yy and thus d^èy=ddy, 

If the differential of y be taken=yj— y, and the variation 
of y be also supposed to be verj small, the theorem wìU 
admìt of the following proof : 

My^^(t/i-y)^dyi--dy=ddy. 

3. There is a simìlar theorem wìth regard to integration : 

For letyM=«i ; ,*. u=:dui ; /. èuz=ddui ; 
.*, J2u=/7dui=/ddui=:duiz=d/u. 

and thus /** lu = Ip u, 

4. From the preceding we may perceive, that variation is 
only difierentiation under a new symbol; and that to find 
the variation of a function of y, we must put y+èy for y, 
and that term of the expanded function which involves 
dy will be the variation of the function requìred : or, what 
amounts to the same thing, the variation is the difiPerential 
coefficient of u=~f(jy) multiplied by ^y ; thus if 

u=y*^, hu=iny^^ dy; and if 

«=/(«» y» P» 97 &c.) p, q, &c. being ^ ^, &c., and 

/. duz=i-^dx-{'--'dy-\--^dp-{---dq+&c. 
dx dy dp dq 

=MdX'{'Ndy-{-Pdq+ Qdq+kc. 

by putting M=^, N=^, P=^, &c.; 

dx dy dp 

.-. du=mx+My-^Fdp+Qdq-{-kc. 

5. To find d/uy OT flu ; u being a function of y and x and 
their difierentials ; and y and x being dependent upon some 
other variable as s or t, 

/. duz=zMdx+Nd:^x-{-Pd^X'\- Qd^x-ifkc. 

+ mdy -h nd^y -\-pd^y -f qd^y + &c. ; 

therefore \'d^x=^ddx, d^x=dd^x; 

.•. Su=mx+Mdx+Pdd^x+QM^x+kc. 

+ mdy 4- nddy -f pdd^y + qdd^y -f &c. 
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•*• integrating bj parta, and placing l after d^ 
/mclx=:JNdèx=z Mx-'/dNhx, 
/PliPx^/Pd*lx^Pdtx-/dPdhi 
= Pddx—dHx ^/d^P^Xy 
fQld^x=ifQd^lx^ Q/d^lx-^/dQd^lx 

&c. &c. &c. 

Similarly fnldyxs&nòy -—fdnly^ 

fpld^y =^pdly — dplx +/cPpdXf 
fqldhf = ^cP^y — dqdhy + rf'j'Sy —fd^qcy^ 
and substìtuting these values in/^i/, we bave 

/rf«=(iV— cfP+ <P Q-&C.) ^a;+ (n— é(p+ li»^'— &c) ay 
4-(P-c/Q-h&c.)«^Sar4-(jp-rfy+&c.)rfSy 

+/( Jf-rfi>r+ rf«P-éP Q + &c.) Ix 
'\-J{m — dn-\- (Pp — d^r -+- &c.) ly, 

6. The result just obtaìned is composed of two simibur 
parts, one due to the varìatìon of Ix, the other due to tbat 
o^ly\ and we tbus see that bad there been a tbird variable 
2r, there must be added to the preceding expressìon a series 
of terms similar io that which ìuvolves he, 

7. When u is of the form Vdxy to find the variatìon of 
fVdx. 

Let dV=^MdX'\-Ndyi-Pdp^ Qflq+Rdr+kc. 
wherep=|; y=g; ^-g; &c. 

and M^^J^; iVT^^?; P=.^; &c 
dx dy dp 

.\ aF=:iIlf5ar+iV2y+P3p+Qa^+&c. 

Now IfVdx^Jl . Vdx =/( Vldx ^dx.lV) 

=/( Vdlx^dxl V) ^JVdlx^fda^ V 

= Vlx -{-/{dxl F- Ixd V). 
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Bai /(dxS V-^ixd F)=/dx(Mèx ^M^+Pèp+kc.) 

—JZx^MdxAr NdyArPdp-\'hi^,) 
=/; N[ly-plx) +X PQP - q^^) +/x Q m- r^x\ A- ^o, 

'^ dx dx dx 

jj dxldy—dyldx Idy—plx 

•'• *^ 'dbt '~ibr- ' 

^ _^dxMp'-dpMx_^dhpj—qdZx^^ 

Now let di/—pdx=:w; /. ^/?— 9Sa;=--, 

^ , cPm7 5 , d^w 

dar cfcr* 

-f «7, 






c/o; <^a7 

dx dx dmr 

, /. o rf'w -od^w dR dw , <i*/? . c^R 

""•/.« -ar=-« ^-E -37+ asT "-•*• s>- • 

•••V.»'=Fi.+(P-^+^-te)» 

+ («-|^«>c.)0+<ko. 

8. Thu8 the variation of /^V consists of two distinct 
parta, one of whìch is under the sign of integration, and tha 

y2 
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other is not ; the latter is affected onlj by the varìations of 
the extreme values of y and or, the former is dependent 
upon ali the values between those extreme ones. Let 
^19 ^i* ^2> ^2 ^® ^^® values of x and y at these limits, then 
the total variation of yi V 

The part under the sìgn of integration must be taken 
between the same limits. 

9. If u=:f(xyz) and x stili be the independcnt varìable, 
then, since the diÓerential of V, may be put 

dV=Mdxi-Ndy+Pdp'\' Qdq + kc. 

-hJVdz-^-Pdp'-j- Q'dq' + kc. ; 
.% dV=MEx+Ndy-}-Pdp+ Qhq-^kc. 

+ iV'tf^ + F^dp' + Q'a^ + &c. 

We shall bave for the new variable z, a series of terms, 
involving 2V, P', Q\ &c. sìmilar to that in which N, P, Q, 
&c. are introduced ; /. if ^z—p^dx=:f4//the total variation 
will be expressed by 

a/.r=F3.+(P-g+^-&c.)«> 

^^ dx dx^ ' 

+(Q-f+*«....)^ 

, r CKT dP.tPQ , ^ 
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Maxima and Minima of Integrai FormuLce. 

10. "We proceed to apply the resulta of the preceding 
article to the solution of some geometrìcal problems, ìn- 
volving the lengths and areas of curves, the surfaces and 
volumes of solìds ; when these quantities are, wìtbin certain 
lìmits of the varìables, the greatest or least possìble. 

Now we know that if m, anj function of x and y, be a 
maximum or minimum, dti=0 ; and by the same kind of 
reasoning which has been used to establish this proposition^ 
ìt may be shewn that under the same circumstances the vari- 
ation of u also vanishes ; but if u= Vdx^ we bave seen that 
between the limits of Xi^ yi, X2, y^j 



dx. — -^ 






(Pj - r^ + &c.) wj -h &c. 

And since when y^F is a maximum or minimum, 5yiF=0 ; 
therefore the two parts of which the variation of/gVìs com- 
posed must separately be put=0; one part wiU determine 
the relations between the co-ordinates of the extreme values 
of the required function, the other the function which pos- 
sesses the required maximum or minimum property. 

11. Thus from iV— --+---y— &c.=0, and the equa- 

OX uX 

tion dV=Mdx-{'Ndt/-^Pdp-^èic> may be found the curve 
or function, which is the object of our enquiry, and from 
Vi^x^— Vihxi + PzW^—PitOi &c.=0, the position of its ex- 
treme points may be determi ned ; if however the extreme 
points be fixed, 3a;i=:0, and 0x^=^0^ and the latter equation 
disappears. 

12. Thus, if the shortest distance between two given 
points be required, the former equation will be quite suffi- 
cient for the problem ; the constants of the integrai being 
determined by the co-ordinates of the given points ; but if 
we wish to find the shortest distance between two given 
curves the latter equation is also necessary, since it deter- 
mines the points in the two curves to which the shortest 
distance is to be drawn. 
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Its use may be thus illustrated ; let PP^^ QQ, be the 
piven curves, and PQ, P\Q\ p// \Q' 

two curves drawn between 
them, and let Pi Qj be derived 
from PQ by writing x-\-lXy 
y^ly for x and yi also let 

dy j dy 

_^=:m; and ~=« 

dx dx 



be the equations to PPj, and Tf n »/ pf / 

QQj ; then if rr^yi, x^^ ^^ ^^^ co-ordinates of P and Q; 

,•, ^=»i ; and ^=n ; (since the point P is always in 

PPj and Q in QQi ;) and between these equations and that 
of the limita, V^lXi^^ ^i^^i +&c.=0 ; two of the quantities, 
as ly^ and ly^y may be eliminated, and the two independent 
variatìons, Ix^ and Ix^^ will be left, the coefficients of which, 
being separately put=0, will give equations, by which and 
from the given equations to the curves, the points P and Q 
may be determined. 

"We bave bere tacitly assamed that ldy^=^0 and Idx^^ssO : 
if this be not the case, some new conditions must be fulfilled 
by the limits, which will enable us to introduce the higher 
differentials of the equations of the given curves : by means 
of which some of the variations Idx^ Idy^ &c. may be elimi- 
nated, and the coefficient of the remaining variations sepa- 
rately put=sO, and the co-ordinates of the extreme points 
and the given conditions fulfilled. 

13. We shall now deduce from the equation 

some formulaB of great use in the solution of Problems of 
maxima and minima. 

Let dV=iMdx^Ndy'\'Pdp-^ Q£/y+Pifr + &c., 

andiV-^+^-^+&c.=a 
dx dx^ da^ 

(1) Let ali but iVand P=0 ; 



• • 



€ÌX 



dx 
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(2) Let ali but M, N, and Pbo=0 ; 

(3) Let Jlf=0, ÌV=0 ; and ali the terms after Q=0 ; 

'* dx dx dx* dx dx '** dx '■ 

oa; oa; oo? cu? 

COB. If iWdoesnotrrrO; r=Q5'+cp+Ci+yiiV: 

Prob. 1. Fìnd the shortest distance between two given 
points in the same piane. 

,.V=Vr^^;,.dV=^^^dp, 

A J»f=0;i^=0; P=^^=- Q=0. 

V 1+p* 



BotiV^— ^+&C.=0; .% ^=0; .% P=c= 



da; dx * ** 1 +p2 ' 

the equation to a straight line ; the constante a, b may be 
determined by the co-ordìnates of the given points. 

Pbob, 2. Bequired the curve of quickest descent between 
two giyen points. 

Let ^ be Tertical and be measured downwards. 

ds 



Then time= 



^ . 1^ r^l+p^ ^ 1_ /^jr. 



• J!f=0- N=-^^^', P- ^ : Q=Oj 
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1 



^=C=— =; /. Vl-^p 



.*, p= ^ / ^""-^ the equatioa to the cycloid. 

Prob. 3. To find the shortest distance between two given 
curves. 



From Prob. (1) F== ^/1-^p^ ; />=c; t/=ax+b the equa- 
tion to the line which is the least distance required. 

Let -f^zi^m, and ^=n, be the equations to the two 
dx dx 

curves, and y^ x^ , y^ x^ the co-ordinates of the points in 
which the shortest line intersects them ; then since ly^ Ix^^ 
are the variations of y^ and Xi as we pass from one pomt to 

another adjacent one in the curve -^=m ; 

dx 

^P=^yi=m ; and |^=^«=«. 

But TaSara— FiSa?i+Pa^2— -Pi«'i=0» 
whence since the variations of the extreme points =0, 

Tj^a:! 4- Pittai =0; Fa^a+^a«'2=0 

/. V^lx^+P^{iy^^p^lx{)=0...{n 
FaSara+Pa (^ya~P2^a:a)=0...(2) 

from(l)Fi+Pii»-Pi;>i=0; /. »,=/)i-^=-l=-i; 

from (2) ra + Pa»--P2P2=0; /. »=;)a-^= -—=--; 

-^2 i>a « 

."• l+cm=0; and l+cn=:0; 

which shew that the line must cut both curves at right 
angles. Also the equation tp the line being 

*a"~*i 

/. c=:Jf2llMl ; whence substituting for e, in 1 4-ci»=0; 
•i?a^~a?| 

and l+cn=0; we shall bave with the equations to the 
given curves four equations to determine the four quan- 
tities y^y x^y y^ x^ and thus the line is completelj deter- 
mìned. 
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Prob. 4. Find the curve, which within ita own are, its 
evolute and radìus of curvature^ contains the least area. 

Here ^=^ ^=(i±£!)l^IT5^2=(l±^ . 
dx 2'dx —2q ^ -2q * 

,*. F= ^ ^ ^ ; whence the curve is the cycloìd. 
9 



Pbob. 5. Find the curve when / / -^^ is a minimum. 
This is the solid of least resistance. 

Pbob. 6. Find the curve of quickest descent from one 
curve to another curve, the velocitj being that from a hori- 
zontal line. 

Here F=5 J^ ; .*. p= — ^Lzl', the equation to the 

cjcloid ; the equations of the limits give 

from which since -fl^^m^ and Ji*=», we have 

OATj CX^ 

Fi— Pi;>i+-Pi'^=0 5 and Ka— P2P2+-P2»*=0- 

... 1 +£l^=0; and JU+^=0; 
A/2a V2a V2a V2a 

/. l+/)i»i=0; and l+p2»»=0, 
which equations shew that the cjcloid cuts both the curves 

àt right angles, and from p^\/ — H^, we see that the 

base of the cjcloid coincides with the horizontal line from 
which we have supposed the body to have commenced its 
motion. 

Pbob. 7. To find the curve of quickest descent from 
one given curve to another given curve, the motion com- 
mencing from the upper curve. 

Let yi be the value of the ordinate at the point at which 
the motion commeoces, y the value at the end of time t. 
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_ Vl-Hp5 



In this problem the function V involves y^ one of the rari- 
able co-ordinates ot* the limita ; in such a case we must add 

/dV 
-j- to the equation of the limits» and then 
dy 

the whole variation of they^F'will become 

Jx «»i 

Now refemng to the problem, 



^__ Vl-fpa pdf» . a/1+/>2 

2(y-yi)5' Vy-yi^l+p2'rfyi 2(y-yi)i' 

whence from the formula V^^Pp-\-c^ 
vT+p2_ p2 1 



'^y—yi "^y-yi^^^+p^ • -^ e ^ ' 

the equation to a cjcloid, the cusp being at the point from 
whìch the motion commences. 

Next, to find f^; ^=-2^=-^, v N-^=0, 

Jx «yi oyi àx dx 

/. Tamara- Fiaa?,+P2W2-PiWi + (Pi-P2) 5yi=0, 
or ( Fa-PaP2)^ar2-( Fi -Pittai) aa?i +P2^5^2--A^yi=0; 

But if ;7^=^M &nd -i^=sn, be the equations to the given 

curves, ^=f» and ^=n ; /, substituting 

(1 +pa«) ^*2— (1 +^2»») &Pi=0, 
whence *.* Ix^ and Ixi are independent variablesy 
1+Pan=0; l+p2»»=0; .•.!»=% 
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or the tangents at the points where the cycioid cuts the 

two curves are p^allel; also since 2>2= — > ^^ ^^^^ ^^® 

n 

second curve at rìght angles. 

14. We shall now consider problems in which z is also 
a function of a?, and shall make use of the general method 
investigated in Art. 5. 

Prob. 1. Required the shortest distance between two 
points in space. 
Let 8 be the distance ; /, /ds=/ Vdx^ + dt/^ + dz^ ; 

=px+fz!,+pz-/{d.px+d4.i!,+d.pz}, 
ds ds ds ^ ds ds ds 

whence M=0, »i=0, M'=0; 

JV=^; n=^ ; N'=^ ; dN=0:=dn:=dN' ; - 
OS ds ds 

. dx . dy_. . dz 
ds ds ds 

ds^^ds^^ds^ e* -rc# -re-, 

an equation which connects the constante a, 6, e ; 

1 . . dx a dy 6 . a , i h , ,r 

also V 3- = -; :r=-5 •• ar=-2r-|-c'; y=-«+c", 
dz e dz e e e . 

the equations to the projections of a straight line. 

Prob. 2. Find the equation to the shortest line that can 
be drawn upon a given curve surface. 

Let dz=pdx+gdi/ be the equation of the surface ; then 
the variations of the co-ordinates x^^y z which are under the 
sign/must satisfy the differential equation, /. lz^plx-\-qly ; 

•••»^(sH-''s)''+(l+'-s> 

whence we bave from the part under the sign of integration, 

rf.-^+p.rf.-=?=0; and rf.-i?+0'.€?.-^=0; 
ds ds ds ds 

whence, having found p and q from the equation to the 
given surface, the equations to the curve may be found* 
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Ex. 1. Let the surface be a surface of revolution ; 

and considering « to be the independent variabley 

+P-:j:ò-=:r:T+2a;.^'(a:2+y^):T:T=0, (1) 



• • 



ds^ '^ ds^ ds^ ^ ^ "^ ' ds^ 



But if a;2+y2=r2, and 0=cos-^?; 

r 

yd^x-xd^yz^d.ir^dd); 
/. mtegrating, r^ — =c ; 



• • 



ds ds r 

Tfitì 

But --J- Ì8 the sine of the angle at which the shortest line 
ds 

cuts the generating curve or meridian ; hence if ^ be thìs 

angle, 

. ^ e e 

sin0=-= 



r Vai^-\-y^ 



Cor. Since r* — -=c ; 



••• ^('^-^)S=^{^+*'W'^' 



. dd_c / i+<l>'{ry 
•• dr'^r\/ f^-i? ' 
the equation to the projection on the piane of xy. 

Ex. 2. Let the surface be a sphere. 

Then if a'^ be the distance of the point of intersection of 
the shortest line with the meridian, from the point where 
the axis of z meets the sphere, r=a sin i// ; 

/, sin ó= — ; — - ; sin ó . sin \1'=-, 
asmi// a 

or is Constant, which is a property of an are of a great circle. 
Hence the shortest line is the are of a great circle. 
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Ex. 3. If the surface be a cone, 

dr 



/-= s- ^^ 



. dB cV'l+c' 
** dr r A/f^—fà • 

.\ e-\-c^=- 'v/l+c*sec-* T-") ; /. r^c sec T ^^ \ 

the equation to the ellìptic spirai. 

15. Besuming the equations, Art. 14, Prob. 2, since 

d*a?_ d^z 

d^y d^z 

d^^^^'d^' 

square, add, and add f-— J ; 

••• (S)*-(S)'-(^*=<'+^^'')(S)* 

or if R be the radius of absolute curvature, and y the angle 
which the normal to the curve makes with the axis of z^ 

1 _ 1 ^cPz\^ . . d^z cosy 






But if -r- be the direction cosine of the angle which the 
ds 

tangent makes with z^ 



dz 



d^z dy I cosy 

=siny; :tt— cosy .-/ = + — —i ; 



ds " ds" ' ds - U 

Now we know, if B be the angle which the tangent to a 

piane curve makes with the axis of a?, that +—-=_, or that 

ds R 

the rate at which the inclination of the tangent increases or 
decreases, varies as the curvature, hence the preceding result 
shews that this is also true for the curve of doublé curvature 
under consideration, possessing the property of being the 
minimum distance between anj two points on a surface. 
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Isoperimetrical Prohlems. 

16. The preceding problems have been those of absolute 
maxima and minima ; we now treat of questions of relative 
maxima and minima. Of this kind is the problem, ' Given 
the length of a curve, find its equation, when the area in- 
cluded by it is a maximum.' This Problem was first pro- 
posed and solved bj James Bernoulli, and from its nature 
was called Isoperimetrical, a name which was extended to 
ali problems of this kind. 

The problem of relative maxima and minima may be 
defined to be this. * Find y^{x) ; so that ^ u may be a 
maximum while fx^\=^c^ To solve this problem, we mul- 
tiply/c^i hy a Constant a, and add the product to^^ ^^^ 
make ^.Oi«-f ay^Wj) =0; or5^(«-f aMj)xsO; forsince^» 
is a maximum and^Uisxc, their separate variations will=0 ; 
and as the former is limited by the values of the variables 
in the latter, ali the conditions of the problem will be ful- 
fiUed and included in the variation of X(^+at^i) ; so also if 
there be another equation of condition y^f<3=Ci, we must 
add hf^u^ to the former integrals, and take the variation of 

Hence instead of F, we must write F+awi or F+aWi +^2 
in If^ V, and then proceed as in absolute maxima and minima : 
in these examples the total variation wili be expressed by 

Pbob. 1. Of ali curves of equal perimeters, find that 
which has the greatest area. 

Herey;Mi=/;v'l+p=c; f^V=;^if\ 



>v/l+p« Vl-hp* 






m • 



• • 



«-Ci = — \/a'— (y— c)«; 



dy ^a^^{^y^cf 
.*. («— Ci)*+(y— c)*=a*. The equation to the cirde. 
pROB. 2. Find the curve in which a chain of given 
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length / may bang, that ita centro of gravitj maj be the 
lowest possible. 

^=deptb of centre of gravity«= /^^ / "^^ " » 



dx dx Ivi H- jE>* 

p le a ^ y/ijc+liy-a' 



... y=log. 1^+^+ ^(»+/3)'-a'l the catenari. 

Prob. 3. Find the curve, whicb of ali those that bave 
the same length and include the same area, sball by rotation 
round the axis of x generate the greatest solid. 

Here /, V^ =^ {n^+a vTihp + hy). 

Frob. 4. Find the Brachystocbrone wben the length of 
the curve is given ; 

Prob. 5. Of ali curves whicb include a given area, the 
circle has the least perimeter. 

Prob. 6. The curve whicb by revolution round its axis 
generates the greatest solid under a given surface, is the 
circle. 

Prob. 7. The length of curve being given, shew that i 
will generate the least surface, wben it is the catenary. 

Prob. 8. If from a point two straight lines be drawn, 
and their extremities be joined by a curve, so that the area 
included is Constant, the curve will be a circular are, wben 
its length is a minimum. 

THE END. 



LOKSOir 
PBZITTBS BT BPOTTISWOODB AVD CO. 
KXW-BXBSBT 8QUABB 



By the same Author, 



THE ELEMENTS OE ALGEBRA. 4th Edition. 6«. 
PLANE AND SPHERIOAL TBiaONOMETRT. 5th 

Editiou. 7«.6d. 

THE ELEMENTS OF DESGRIPTIVE GEOMETRY. 6«. 6^. 
OUTLINES OP ASTRONOMY. 15th Edition. \0d. 



Z 



GENERAL LIST OF WORKS 



PFBLISHED BY 



MESSRS. LONGMAN, GREEN, AND CO. 

39 PATERNOSTER ROW, LONDON. 



THE CAPITAL OP THE TYCOON: A Narrative of a Three Years' 
Residence ia Japan. B^ Sir Ruthbrford Alcock, K.C.B., Her 
Majesty's Envoy Èxtraordinary and Mìiiister Plenipotentiary in Japan. 
a vola. 8vo with Maps and above 100 Illastrationa. 

Snt JOHN ELIOT : a Biography. By John Foester. With 
Two Portraìts, from originai Faintings at Port Eliot. [JMt ready, 

HISTOET OP THE BEPOSMATION IN EUROPE IN THE TIME 
OF CALVIN. By J. H. Merle D'Aubioné, D.D., President of the 
Tbeological School of Geneva, and Vice-Prcsident of the Société Evan- 
gélique ; Anthor of History of the Reformation of the Sixteenth Cen- 
tury, VoLS. I. and II. 8vo 

THE PENTATEUGH AND BOOE OP J08HT7A, Critically 
Examined. Part I. The Pentateuch Examìned as an Hiatorical Narrative. 
liy the Riffht Rev. John William Colbnso. D.D., Bishop of Natal. 
Sècond Bdition, revìsed. 8vo %*. Part li. The Age and Authorship of 
the Pentateuch Conndered, is nearly ready. 

THE 8T0EY OP A SIBEBIAN EXILE. By M. Eufin 
PiETROWsKi. Followed bya Narrative of Recent Events in Foland. 
Translated from the French. Post 8vo Is 6d 

BEMINI8GENCES OP THE LIPE AND CHAEtACTEB OP COUNT 
CAVOUR. By William Db La Rive. Translated from the French 
by Edward Romilly. 8vo Ss 6d 

JEPPEBSON AND THE AMEBICAN DEMOCEACY: AnHistorical 
Stud^. By 0)RNELi8 DB WiTT. TrausUted, with the Author's per- 
mission, by R. S. H. Church. 8vo 14« 

DEMOCEACY IN AMEBICA By Alexis De Tocqueville. 
Translated by Henry Rbeve, Esq. New Edition, with an Introductory 
Notice by the Translator. 2 vols. 8vo 2U 

ADTOBIOOSAPHY OP THE EMPEBOE CHAELE8 V. Eecently 
Discovered in the Portnsruese Lang^uasreby Baron Kervyn de Lettenhove, 
Member of the Rcyal Academy or Belginm. Translated by Léonard 
Francis Simpson, M.H.S.L. Post 8vo 6s 6d 



2 GS^TESAI. I.I8T OP KSW WOBKS 



XHX LàW OF VATI0N8 C0V8IBERED AB IHBEPXirDXIT 

POLITICAL COMMUNITIES. By Traybrs Twiss, D.C.L., Re^ns 
Professor of Civil Law in the University of Oxford, and one of Her 
Maiesty'B Coiusel. Part I. The Bigkt and Duties of NaH&ns in Time 
ofPeace, 8vo 12« 

Pili IL, The BiffM and JhMe$ o/NoKotu in Ttme of War, Is in prepuation. 

THE CONSTITUTIOVAL HIBTOBT 07 EKGLAHD, sinoe the 
AcceBsion of Geòrgie III. 1760—1860. By Thomas Erskinb May, C.B. 
In Two Volomes. Voi. 1. 8vo 15« YoL li. jast ready. 

H.KH. THE FBnrCE CONSOErS PAEMS ; An Agricultural 
llemoìr. By John Chalmbrs Mortrn. Dedìcated, by pmnisskm, 
to H.M. the QuBBN. Witb 40 Illnstrations on Wood, comprìsini; Maps 
of Estates, Plans, Vig^nette Sketcbes, and Views in PóvpectiYC of Farm 
Buildings and Cottages. 4to 52* 6d 

THE HI8T0ET OF EEOLAKD, irom the Accession of James IL 
By the Rig^ht Hon. Lord Macaulay. Library Edition. 5 vola. Sto ^4 

LORD KACAVLATS EI8T0ET OE ENGLAim, &om the Acces- 
sion of James II. New Edition, revised and corrected, «lith Portrait 
andbriefMemoir. 8 yols. post 8?o 48* 

THE HI8T0ST OE FRAKCE. (An entirolj new Work, in Fonr 
Volnmes.) By Eyrb Eyans Crowe, Author of the ' History of France,' 
in the Cabinet Cpcloptedia, 8to Vol. I. 14« ; Vol. II. Ì5e 

*»* The Third Volumb is Just ready. 



I 



I 



A EZSTOET OF THE BOKAHS TTKDEB THE EMPIEE. By 

the Rev. Charles Mbrivalb. B.D., late Fellow of St. John*s ! 
College, Cambridge. 7 vols. 8vo with Maps, jff5 6t ) 

JSy the tome Author. 

THE FALL OF THE BOMAK SEPUBLIG : A Short History of 
the Last Century of the Commonwealth. 19bbo 7« 64 

A CBinCAL HI8T0BT OF THE LAEGUAGE AHD IJTEBA- 
TURE of ANCIBNT GREECE. By William Murb, M.P., of ' 
Caldwell. 5 vols. 8vo ^^3 9* 

THE HI8T0BT OF GBEECE. By the Bight Bey. the Lobd 
BiSHOP of St. David's (the Rev. Connop Thirlwall). 8 vola. 8yo with . 
Maps, £Z \ an Edition in 8 vols. fcp 8vo 28c 



HIBTOBICAL AND CHBOHOLOGICAL EECTCLOPJEDIA, pre- . 
senting in a brief and convenient form Chronological Notices of ali the 
Great Events of Universal History ; including Treaties, Allianccs, Wars, 
Battles, &c. ; Incfdenta in the Lìves of Great and Distingvished Men 
•ad their Works ; Scientiftc and Geographical IHscoveries ; Mechanical { 
InventioDS, and Social, Domestic, and Economical Improvements. By ' 
B. B. WooDWARD, F.S.A., Librariau to the Queen. 8vo [/» the prete. \ 



PUBLISHSD B7 HSSBBS. UOSGtìiàJS AIO) CO. 



THE AHOLO-SAXOK HOME : a History of the Domestìc Institu- 
tìODs and Castoms of Eng^land, from the Fiftli to the Eleventh Century. 
By John Thrupp. 8vo 12« 

UYSS OF THE QTTEENS OF ENGLAND. By Agnbs Stbick- 
LAND. Dedicated, by permission, to Her Majesty; embellished with 
Fortraits of every Queen. 8 vols. post 8vo 60» 

LIVES OF THE FBINCESSES OF ENGLAKD. By Mrs. Mabt 
Annk Eyerbtt Gbkbn. Witli numerous Fortraits, 6 vols. pogt 8vo 6S« 

LOBD BAGON*S WOBKS. A New Edition, collected and edited 
by R. L. Ellis, M.A. ; J. Sfeddino, M.A. ; and D. D. Heath, Esq. 
YoLS. I. to V., comprising the Division of Phitosophical Works. 5 "vols. 
8vo 4^4 6« VoLS. VI. and VII., comprising^ the Division of lAterary and 
Pro/eMonal Work», 2 vols. 8vo jéri 16* 

THE LETTEBS ANB UFE OF FEANGIS BACON, including aU 
bis Occasionai Works and Writings not already printed among his 
PhiloiopMeal, Uterary, or ProfesnotuU Work». Collected and chrono- 
logically arran^ed, with a Commentary, bioi^n'aphical and historical, by 
J. Spbddino, Trin. Coli. Cam. Vols. I. and II. 8vo 2U 

XEHOIB OF THE LIFE OF SIB M. I. BBIJNEL, Giyil Engineer, 
&c. By Richard Bkamish, F.R.S. Second Edition, revised; vnth a 
Portrait, and 16 Illustrations. 8vo 14« 

LIFE OF BOBEBT STEPHENSOK, F.B.S., late President of the 
Institution of Civil Enfpineers. By Joh n Cordy Jeaffrbson, Barrister- 
at-Law; and William Fole, Member of the Institution of Civil 
Engineers. With Fortrait and Illustrations. 2 vols. 8vo [In the press. 

THE UFE OF SIB PHILIP SIBNET. By the Bey. Julius 
Llotd, M.A. Post 8vo 7« 6d 



THE BOLL OF THE BOTAL COLLEGE OF PHTSIdAKS OF 

LONDON; compiled from the Annais of the College, and from other 
Authentic Sources. By William Munk, M.D., Feilow of the College, 
&c. YoLS. I. and II. 8vo 12« eacb. 

THE HISTOBT OF MEBICINE : Comprising a Narrative of ita 
Progress, from the Barliest Ages to the Present Time, and of the Delusioos 
incidental to its advance from Empiricism to the digppity of a Science. 
By Edward Meryon, M.D., F.G.S., Feilow of the Rcyal College of 
Fhysicians, &c. Vol. 1. 8vo 12s6d 

HATEBIALS FOB A HISTOBT OF OH. PAINÌING. By Sir 
Charles L. Eastlake, R.A. 8vo 16s 

BIOGBAPHICAL 8KETCHE8. By Nassau W. Senioe. Com- 

Erising Biographical Sketcbes connected with the French Revolution, 
«gal Biographical Sketcbes^ and Miscellaneous Biographical Sketches. 
Post 8vo 



4 GENEBAL LIST 07 I?BW WOSES 



HALF-HOUB LECTUBES OlT THB HI8T0BT AND FEACTICS 
of the FINE and ORNAMENTAL ARTS. By William B. Scott, 
Head Master of the Government School of Design, Newcastle-on-Tyne. 
16mo with 50 Woodcats, Ss M 

SAVONAROLA AND HIS TIUES. By Pasquale Yillabi, 
Professor of History in the University of Pisa; accompanied by mw 
Documents. Translated from the Italian by Léonard Hornbr, Esq., 
F.R.S., with the co-operation of the Author. 8vo [Nearly ready, 

THE LIFE OF WILLIAM WABBURTON, D.D., Lord Bishop of 
Gloucester from 1760 to 1779 ; with Remarks on bis Works. By the Rer. 
John Selby Watson, M.A., M.R.S.L. 8vo with Portrait, 18* 

Bìf the Marne Author, 

LIFE OF BICHABD F0B80N, K.A., Professor of Greek in the 
University of Cambridge from 1792 to 1808. With Portrait and 2 Fac- 
similes. 8vo \U 

BIOGBAPHIES OF DISTINGUISHED SCIENTIFIC MEN. By 
Francois Arago. Translated by Admiral W. H. Smyth, D.C.L., 
F.R.S., &c. ; the Rev. B. Powell, M.A. ; and R. Grant, M.A., F.R.A.S. 

8V0 18« 

By the tante Author, 

UETEOBOLOGICAL ESSATS. With an Introduction by Baron 
Humboldt. Translated under the superintendence of Major-General 
£. Sabine, R.A., V.P.R.S. 8yo 18« 

POPTTLAB ASTBONOXT. Translated and edited by Admiral 
W. H. Smyth, D.C.L., F.R.S. ; and R. Grant, M.A., F.R.A.S. With 
25 Plates and 358 Woodcuts. 2 vols. 8vo ^£2 5s 

TBEATISE ON GOMETS, from the aboye, price 5^ 

LIFE OF THE DUKE OF WELLINGTON, partly from the French 
of M. Brialmont; partly from Origrinal Documents. Bythe Rev. G. 
R. Glbig, M.A., Chaplain-General to H.M. Forces. New Bdition, in 
One Volume, with Plans, Maps, and a Portrait. 8vo 15« 

MEMOntS OF Snt HENET HAVELOCK, Major-General, K.C.B. 
B^ John Clark Marshman. With Portrait, Map, and 2 Plana. 8vo 
price 12« M 

DIEMOIBS OF ADinEAL FASBT, THE ABCTIC NAVIGATOB. 

By bis Son, the Rev. E. Parry, M.A. Eighth Edition ; with Portrait 
and coloured Chart. Fcp 8vo 5e 

yiCISSITUDES OF FAIOUES. By Sir Bernasd Birsxx, 
Ulster King of Arma. First, Sbcond, and Third Sbribs. 3 vols. 
crown 8vo price 12« 6d each 

GBEEK HI8T0BT FBOM THEHISTOCLES TO ALEXANDEB, 

in a Series of Lives from Plutarch. Revised and arranged by A. H. 
Clouoh, Bometime Fellow of Orìel College, OzfonL With 44 Woodcuta. 
Fcp 8vo 6« 



prBUSHBD B7 HES8BS. LONGMAN AKB CO. 



TALES FBOK GBEBK HYTHOLOOT. By the Bev. Gt. W. Cox, 
M.À., late Scholar of Trinity Colleg^e, Oxford. Square 16nio price 3t 6d 

By the tome Autkor, 

TALES OF THE GODS AND HEBOES. With 6 Landscape 
lUastrations Arom Drawings by the Aathor. Fcp 8vo S« 

THE TALE OF THE GSEAT FEBSIAN WAB, from the His- 
tories of Herodotus, With 12 Woodcnts. fcp 8vo 1t 6d 

A DIOnOKABT OF BOMAN AND GBEEK AJTTIQTTITIES, 

with nearly 2,000 Wood Engravini;8y representi na: Objects from the 
Antique, illustrative of the Industriai Arts and Social Life of the 
Greeks and Uoroans. Bein^ the Second Edition of the ItliutreUed Coni' 
panioH to the Latin Dictionary and Greek Lexicon, By Anthony Rich, 
Jan., B.A. Post 8vo 12« 6d 

AirCIENT HISTOBT OF EGTPT, ASSYBIA, AKB BABTLONIA. 

By Elizabeth M. Sbwell, Aathor of ' Amy Herbert,* &c. With Two 
Maps. Fcp8vo-€« 

Bjf the tome Autkor, 

HISTOBT OF THE EABLT CHUBCH, from the First Preaching 
of the Gospel to the Council of Nicaea, a.d. 325. Second Edition, Fcp 
8vo 4« od 



OF THE BEY. STBNET SMITH. By his Daughter, 
[oLLAND. With a Selection from his Lettera, edited by Mrs. 



MEKOIB 

Lady Rolla 

AUSTIN. 2 vols. 8vo 28« 



THOMAS MOOBE'S MEMOIBS, JOTTBKAL, AND COBBESPOND- 
ENCE. People's Edition. With 8 Portraits and 2 Viirnettes. Edited 
and abridfi^ed from the First Edition by the Right Hon. Earl Russell. 
Square crown 8vo\2t6d^ 

SPEECHES OF THE BIGHT HON. LOBD MACADLAT. Cor- 
rected by Uimself. New Edition. 8vo 12» 

LOBD MACAULATS SPEECHES ON PABLIAMENTABT 
REFORM IN 1831 AND 18S2. Reprinted in the Travbller's 
Library. l6mo U 

SOUTHETS UFE OF WESLET, AND BISE AND PBOGBESS 
OF METHODISM. Fourth Edition, with Notes and Additious. Edited 
by the Rer. C. C. South e y, M.A. 2 vols. crovrn 8vo 12« 

TÈE HISTOBT OF WE8LETAN METHODISM. By Geobgz 
Smith, F.A.S., Member of the Royal Asiatic Society, &c. 3 vols. 
crown 8vo 3ls6d 

THE VOTAGE AND SHIPWBECK OF ST. PADL: With 
Dìssertations on the Life and Writings of St. Luke, and the Ships and 
Navigation of the Ancients. By James Smith, of Jordanhill, Esq., 
F.R.S. Second Edition ; with CharU, &c. Crown 8yo 8s M 



6 



GEinBRAL LIST OT KSW W0SK8 



AKD SPI8TLE8 OF 8T. PAUL. By the Ber. W. J. 
CoNTBBARB, M A.» late Fellow of Trinity Ck>lle;e, Cambridfre ; and the 
Rev. J. S. HowsoN, D.D., Principal of the CoUef^iate lostitatioii, 
Lirerpool. Peoplè's Bditi4fn, condenaed ; with 46 lUuatratioiia and Mapa. 
2 vola, crown 8vo 12« 



COKTBEABE AKD HOWSOK'S UFE AKD EPI8TLES OF 

ST. PAUL. The Intermediate Edition, thoroughly revised ; with a Selec- 
tion of Maps, Platea, and Wood En^rarings. 2ìrol8. square crown 6?o 
price 31« 6d 

COKTBEABE AKD HOWSOK'S LIFE AKD EPI8TLE8 OF 

ST. PAUL. The Library Bdìtion, corrected'and reprinted ; with ali the 
Ori^nal Platea, Mapa, Wood Engraving^s, andotherlUostrationa. Svola. 
4to48« 

THE GEKTILE AKD THE JEW IK THE COUBTS OF THE 
TBMPLB OF CHRIST. An Introdnction to the Hiatory of Cbriatianity. 
From the German of Professor DOLLiNoan, by the Rev. N. Da.rmbll, 
M.A., late Fellow of New College, Oxford. 2 voIb. 8vo 2U 

POBT-BOTAL; A Contribution to the History of Beligìon and 
Literature in France. By Cha.rlbb Bbard, B.A. 2 vola, poat 8vo 
price 24« 

HIPPOLTTTTS AKD HI8 AGE ; or, the BeginniDgs and Prospeota 
of Christianity. By C. C. J. Bunsbn, D.D., D.C.L., D. Ph. 2 yola. 
8vo80« 

Bp the tome Author, 

OimiKES OF THE PHILOSOPHT OF 1TKI7EBSAL HI8T0BY, 
applied to Lang:uagre and Religion: Containing an Accoant of the 
Alphabetical Conferencea. 2 yoIs. 8vo S3« 

AKALEGTA AKTE-KICJEKA. 3 toU. 8to é2s 

EGTPTS PLACE IK UKIVEBSAL HISTOBT: An Historìcal In- 
veatijration, in Five Books. Translated from the German by C. H. 
CoTTRELL, M.A. TVith many Illustrationa. 4 vola. Sto jffS 8t Yol. 
V., completine the work, ia in preparation. 

A KEW LATIK-EKGUSH DICTIOKABT. Bj the Ber. J. T. 
Whitb, M.A., of Corpus Christi Collej^rc, Oxford; and the Rev. J. B. 
Riddlb, M.A., of St. Edmund Hall, Oxford. Imperiai 8vo 42« 

A GBEEK-EKGUSH LEXICOK. Compiled hy HEintT Gso. 
Liddbll, D.D., Dean of Christ Cbnrch; and Robbrt Scott, D.D., 
Master of Balliol. Fi/th EdUion, reviaed and auirmented. Crown 4to 
price 31« td 

A LEXICOK, GBEEX AKD EKGLI8H, abridged from Lidbsll 
and ScoTT'a Greek-English Lexicon, Ninth Bdition, reviaed and com- 
pared thrpug^hout with the Originai. Square 12mo 7« M 



FUBLISHED BX 1CX8SB8. LOyGKAK A17D CO. 



A HEW ENOLISH-0BEEK LEXIGOK, contaming ali the Greek 
Words vsed by Writers of ^rood authority. By Charles Dukb Yongb, 
B.A. Seeond Bdition, thoroug^hly revÌBed. 4to 21« 

A DICrnOKABT OF THE ENGLISH LANGTTAGE. By B. G. 
Latham, M.A., M.D., F.R.S., late Fellow of Kinir's Colle^, Cambrìdfre. 
Founded on that of Dr. Samuel Johnson, as edited by the Rev. H. T. 
ToDD, M.A., with nnmeroas Emendations and AdditioDS. 3 vola. 4to 
in courBe of publìcatiun in Thirty Monthly Parts, price 5« each. 

THEBAirSVS OF XNGUSH WOBDS AHD FHSASES, classified 
and arran^ed so as to facilitate tbe Expression of Ideas, and assist in 
Literary Composition. By P. M. Roobt, M.D., F.ELS., &c. Ttoeifth 
Bdition, revised and improved. Crovrn 8vo lOf 6<f 

A FBACnCAL BICTIOKABY OF THE FBEVCH AHD SNGUSH 

LANGUAGES. By Leon Gontansrau. lately Professor of the French 
Laniniftfre ftnd Literature in the Koyai ìndian Military College, Addis- 
combe (now dissolved); and Exaniiner for Military Appointments. 
SixtA Bdition, with Corrections. Post 8vo lOf 6d 

Bjf the tome Autkor. 

A POCKET DICTIONABT OF THE FBENCH AHD EKGUSH 
LANGUAGBS; being a carefal abrid^ent of the above, preserring ali 
tbemost asefal featnresof the orij^inal work, condensed into a pocket 
volume for the convenience of Touriats, Travellers, and English Bieadera 
or Students to whom portability of size is a requisite. Square 18mo 5s 



LECTUSES OH THE SdEKCE OF LANGTTAGE, delivered ai the 

Royal Institution of Great Brìtain. By Max Mullbr, M.A., Fellow of 
Ali Soals College, Oxford. Third Bdition, revised. 8vo 12« 



THE BTUDEUrS HANBBOOK OF COIIFAEATIVE GEAHMAE, 

applied to the Sanskrit, Zend, Greek, Latin, Gothic, Anglo-Saxon, and 
Engiish Languages. By the Rev. Thomas Clark, M.A. Crown 8vo 
price 7« 6<l 

THE BEBATEB: A Series of Complete Debates, Outlines of 
Debates, and Questions for Discussion ; with ampie References to the 
beat Sourcea of Information. By F. Rowton. Fcp 8vo 6« 

THE ENGLISH LANGUAGE. By B. Gt. Latham, MJL., M.D., 
F.R.S., late Fellow of King's College, Cambridge. Fi/th Bdition, revised 
■nd eniarged. 8vo 18« 

Bg the some Autkor» 

HANBBOOK OF THE ENGLISH LANGTTAGE, for the Use of 
Students of the Universities and Higher Classes of Sehools. Fonrth 
Bdition. Crown 8vo 7< Od 

ELEHEUTS OF GOMPAHATIYE PHILOLOGY. 8vo 21^ 

XANTTAL OF ENGLISH LITEBATUBE, HISTOBICAL ANB 
CRITICAL ; with a Cbapter on English Metres. For the use of Schoola 
and CoUeges. By Thomas Arnold, B.A., Professor of Engliah Litera- 
ture, Cath. Univ. Ireland. Post 8vo 10« 6d 



I 



8 GENERAL LIST OF NEW WOBES 



OH TRANSLATIirG HOMEB: Three Lectures ^ven at Oxford. 
Bs^ Matthew Arnold, M.A., Professor of Poetry m the University of 
Oxford, and formerly Fcllow of Orici Collejfe. Crown 8yo 8# 6d— Mr. 
Arnold's Lati Wordton Trantlating Homer, prìce 3s 6d 

JSB1TSALEH : A Sketch of the City and Tempie, from the Earlieat 
Times to the Siege by Titus. By "Thomas Lewin, M.A. With Map 
and lUustrations. 8vo 10« 

FSAKSy FASSES, ANB GLACIEBS: a Series of Excursions by 
Members of the Alpine Club. Edited by J. Ball, M.R.I.A., F.L,S. 
Fourth Edition; with Maps, Illustrstions, and Woodcuts. Sqnare 
crown 8yo 31*— Travellebs» Edition, condeused, 16mo 5* 6d 

SECOITD SEBIES OF FEAKS, FASSES, ANB GLACIEBS. Edited 
by E. S. Kknnbdy, M.A., F.R.G.S., President of the Alpine Club. 
With 4 Doublé Maps and 10 Sinfcle Maps by E. Wbller, F.R.G.S. ; 
and 51 lUustrations on Wood by E. Whympbr and G. Pearson. 2 vola, 
sqnare crown 8vo i2t 

NINETEEN HAFS OF THE ALFINE BISTBICTS: from the First 
and Second Series of Peaks, Paues, and Glaciert. Square crown 8vo 
prìce li 6c{ 

KOITNTAINEEBING IN 1861; a Vacation Tour. By Johk 
Tyndall, F.R.S., Professor of Naturai Philosophy in the Royal Institu- 
tion of Great Britain. Square crown 8vo with 2 Views, 7« M 

A SITHHEB TOUB IN THE GSISONS AND ITALIAN VALLET8 
OF THE BERNINA. By Mrs. Henry Freshfield. With 2coloured 
Maps and 4 Views. Post 8vo lOc 6<Z 

By the game Author, 

ALFINE BYWATS ; or, Light Leaves gathered in 1859 and 1860. 
With 8 lUustrations and 4 Koute Maps. Post 8vo 10« M 

A LADTS TOUB BOUND KONTE BOSA ; induding Yisits to the 
Italian Valleys of Anzanca, Mastalone, Camasco, Sesia, Lys, Challant, 
Aosta, and Cogne. With Map and lUustrations. Post 8vo 14« 

THE ALFS ; or, Sketches of Life and Nature in the Mountaina. 
By Baron H. Von Bbrlbpsch. Translated by the Rev. Leslib 
Stephen, M.A. With 17 Tinted lUustrations, 8vo 15« 

THEBES, IT» TOMBS AND THEIB TENANTS, Ancient and 
Modem ; including a Record of Excavations in the Necropotis. By 
A. Henry Rhind, F.S.A. With 17 Illustrations, including a Map. 
Royal 8vo 18« 

LETTEB8 FBOK ITALT AND 8WITZEBLAND. By Felix 
Mbndblssohn-Bartholdy. Translated from the German by Lady 
Wallace. Second Edition, revised. Post 8xo9e6d 
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A GUIDE TO THE FYSENEES ; especially intended for the use 
of MouQtaineers. By Charles Packe. With Frontispiece and 3 Maps. 
Fcp 8vo 6* 

The Map of the Central Pyreneet, separately, prìce 3« 6ef 

HERZEGOVINA: or, Om^r Pachft and the Christian Bebels : 
IVitb a Biief Account of Servia. ita Social, Politicai, and Financial Con- 
dition. By Lìeut. G. Arbuthmot, A.H.A., F.R.G.S. Post Sto, Fron- 
tispiece and Map, 10« 6d 

CANADA AND THE CBIHEA; or, Sketches of a Soldier's Life, 
frotn the Journals and Correspondence of the late Major Ranken, R.E. 
Edited by bis Brother, W. B. Rankbn. Second Editiun, Post 8vo, with 
Portrait, price 7s fid 

NOTES ON MEXICO IN 1861 AND 1862, Politicali^ and Sociallj 
considered. By Charles Lrmpriere, D.C.L., of the Inner Tempie, 
and Law Fellow of St. John's College, Oxford. With Map and 10 Wood- 
cnts. Post avo Ì2s 6d 

EXPLOBATIONS IN LABBADOS, the Country of the Montagnais 
and Nasquappe Indiana. By Henry Youle Hind, M.A., F.R.G.S., 
Professor of Chemistry and Geology in the University of Trinity College, 
Toronto. 2voIs. [Just ready, 

By the sanie Author. 

NABBATIVE OF THE CANADIAN SED BIVEE EXFLOBING 
EXPEDITION OF 1857; and of the ASSINNIBOINE AND SASKAT- 
! CHEWAN EXPLORING EXPEDITION OF 185». With several 

! Coluured Maps and Plans, nuuierous Woodcutb, and 20 Chromoxylogra- 

I phic Kngravings. 2 vols. Svo 42« 

HAWAII ; the Fast, Present, and Future of its Island-kingdom : 
An Historical Account of the Sandwich IslHiids (Polynesia). By Manley 
Hopkins, Hawaiian CousaUGeneral. Post Svo. Map and lllustrations, 
price 12« od 

WILD UFE ON THE FJELDS OF NOBWAT. Bj Fbakcis M. 
Wyndham. Wìtb Maps and Woodcuts. Post svo 10« M 

THE LAXE BEGIONS OF CENTBAL AFBIcA: A Picture of 
Exploration. By Richard F. Burton, Capiain H.M. Indian Army. 
3 vols. Svo, Map and lliastrations, ZU^d 

By the some Author. 

TIBBT FOOTSTEPS IN EAST AFBICA ; or, An Exploration of 
Harar. With Maps and coloured lllustrations. Svo 18« 

PEB80NAL NABBATIVE OF A PILGBISIAGE TO EL MEDINAH 
and MECCaH. Second Bdition ; with numerous lllustrations. 2 vols. 
crown Svo 24« 

THE CITY OF THE SAINTS ; and Across the Bocl^y Mountains to 
California. Second Edition ; with Maps and lllustrations. Svo \%e 
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THE APBICANS AT HOHE : A Popular Bescription of Africa and 
the Africans, condensed from the Accounts of African Travellera from 
the time of Mun^o Park to the Fresent Day. By the Rev. R. M. 
MacBrair, M.A. Fcp 8vo, Map and 70 Woodcats, 7« 6d 

LOWEB BBITTANY AJTD THE BIBLE; ita Friests and People : 
with Notes ou Relisrious aod Civil Liberty in France. By Jahks 
Bromfibld, Author of * Brittany and the Bìble,' &c. Post 8vo 9« 

SOCIAL UFE AHB HANNERS IN AUSTRALIA ; Being the 
Notes of Eight Years' Expcrience. By a Resident. Post 8yo 5« 

IHFRES8I0NS OF BOME, FLORENCE, ANB TITBIN. Bj the 

Author of Amjf Herbert, Crown 8vo 7s 6d 

AN AGBICULTTJRAL TOUB IN BELOITTM, HOLLANB, ANB ON 
THE RHINE ; With Practical Notes on the Pecnliarities of Flemish 
Husbandry. By Robe rt Scott Bu rn. Post 8vo with 43 Woodcnts, 7* 

AWEEK AT THE LANB'S ENB. By J. T. Elight; assisted 
by E. H. RoDD, R. Q. Couch, and J. Ralps. "With Map and 96 Wood- 
cutsby the Author. Fcp8vo6s6d 

YlSrrS TO BEMAREABLE FLACES: Old Halls, Battle-FieLds, 
and Scenes illustrative of Strikin^ Passafi^es in Knglish History and 
Poetry. By William Howitt. With about 80 Wood Engravings. 3 
vols. square crown 8vo 25g 

By the sanie Author, 

THE BUBAL LIFE OF ENOLANB. Cheaper Edition. With 
Woodcuts by Bewick and Williams. Medium 8vo 12« 6d 

ESSATS ON SCIENTIFIC ANB OTHEB SUBJEGTS, contribated 
to the Edinburgh and Q^arterly Reviews, By Sir Hbnry Holulnd, 
Bart.. M.D., F.R.S., Physician-ìn-Ordinary to the Qaeen. Set^nd 
Edition, 8vo Hi 

By the some Author, 

MEBICAL NOTES ANB BEFLECTIONS. Tkird JEdiHtm, roTÌaed, 
with some Additions. 8to l&v 

CHAPTEBS ON MSNTAL PHTSIOLOGT ; founded cfaieflj on 
Cbapters contained in Medicai Notes and Reftectione, Seeond BdUUm, 
Post 8T0 8s 6d 

PSTCHOLOGICAL INQTJIBIES: in a Serìes of Essays intended 
to illustrate the Influence of the Physical Organisation on the Mental 
Faculties. By Sir Benjamin C. Brodie, Bart., &c. Fcp Sto 5s 
Part II. Essays intended to illustrate some Points in the Physical and 
Moral History of Man. Fcp 8vo 5e 
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Air THTBODTrcnOK TO MENTAL PHILOSOFHY, on the Induc- 
tiTe Method. By J. D. Morrll, M.À., LL.D. 8to 12» 

Bjf the tome Auikor, 

•RTiEMKNTS OF PSTGHOLOOT: Fart 1., containlng the Analysis 
of the Intellectaal Powen. Post 8ro 7# td 

auniHE or the ITECBSSABY LAWB of THOTTOHT: a Trea- 
tise on Pare and Applied Loffie. By the Most Rev. William Thomson, 
D.D., Lord Archbishop of York. Fifth EcUtion, Post 8vo 5« 6d 

THE CTCLOPADIA OF AHATOICT AKD PHTSIOLOGT. Edited 
by RoBBRT B. ToDD, M.D., F.R.S. Assìsted in the variousdepartments 
by nearly ali the most eminent Cultivators of Pbysioloflrical Science of 
the present agpe. 6 voU. 8vo with 2,853 Woodcuts, price 4^6 6t 

A DICnOITABT OF PBACTICAL HEDICINE : Oomprising General 
Patholoenr« the Nat are and Treatment of Diseases, Morbid Structnres, 
aod the Disorders especially iiicidental to Climates, to Sex, and to the 
dUTerent Epochs of Life. By James Copland, M.D., F.B,.S. 3 vols. 
8vo price JÉ^5 lU 

SEAT OOHSIDERED AS A KOBE OF KOTIOK : A Gourse of 
Lectures delivered at the Royal Institation of Great Brìtain. By John 
Ttndall, F.R.S., Professor of Naturai Philosophy in the Royal Instita- 
tion. Crown 8vo with lUustrations. [Just ready, 

THE COMPABATIVE ANATOMT ÀITB PHTSIOLO0Y OF THE 
VERTEBRATE ANIMALS. By Richard Owbn, F.R.S., D.C.L., 
Saperintendent of the Naturai History Department, British Museum, 
&c. With npwards of 1,200 Wood Engravings. 8vo [Nearly ready. 

VAH DEB HOEVEH'S HAITOBOOK OF ZOOLOGT. Translated 
firom the Second Dutch Edition. By the Rev. William Clark, M.U., 
F.R.S., &c. 2 vols. 8vo. with 24 Plates of Figures, price 60« cloth ; 
or separately, Vol. I. Invertebrata, 30«; and Voi. IL Vertebrata, 80f 

THE EABTH ANB ITS MECHANISK; an Account of the varìous 
Proofs of the Rotation of the Earth ; with a Description of the Instru- 
ments used in the Experimental Demonstrations ; also the Theory of 
Foncault's Pendulnm and Gyroscope. By Henry Worms, F.R.A.S., 
F.G.S. 8vo with 31 Woodcuts, price 10« 6d 

VOLCAHOS, the Gharacter of their Fhenomena ; their Share in the 
Structure and Composition of the Sarface of the Globe ; and their Re- 
lation to its Internai Forces; includine a Descriptive Cataloga of 
Volcanos and Volcanic Formations. By G. Poulbtt Scrofe, M.P., 
F.R.S., F.G.S. Second Edition, with Map and lUustrations. 8vo I5s 

A XANVAL OF CHEMISTBT, Descriptive and Theoretical. By 
William Odlino, M.B., F.R.S., Secretary to the Chemical Society, 
and Professor of Practical Chemistry in Gay*s Hospital. Part 1. 8vo 9e 
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A DICnONAJlT OF CHEMISTET, founded on that of the late 
l>r. Urk, By Hbnry Watts, B.A., F.C.S., Editor of the Quarterfy 
Journal of the Chemical Soeietfi. To be published in Moutbly ParU, 
uniform wìth the Nevr Edition of Dr. Urk's DieHonary of Art», Manujae^ 
ture*, and Mine*, recently completed. 

HANBBOOK OF CHEMICAL AHALT8IS, adapted to the Unitary 
System of Notation. Based on the 4th Edition of Dr. H. Wills' Anleitung 
zur chemischen Anaiyge» By F. T. Cominoton, M.A., F.C.S. Po»t 8vo 
price 7k 6<i 

COKINOTOirS TABLES OF QTrALITATIVE AKALTSIS, to acoom- 
pany in use his Uandbook of Chemical AfuUyns. Post 8vo 2« 6<l 

A HANDBOOK OF VOLUMETBICAL AHALTSIS. By Bobest H. 
Scott, M. A., T.C.D., Sccretary of the Geological Society of Dublin. Post 
8vo 4« 6d 

A TBEATI8E ON ELECTBICITT, in Theorj and Fractice. Bj 
A. De LA RiVB, Professor in the Academy of Geneva. Translated for 
the Author by C. V. Walkbr, F.R.S. With Illustrations. 3 vols. 8yo 
price jé^ 13f 

Air ESSAT Oir CLASSIFICATIOK [Tlie Mutual Kelation of 
Organised Beings]. By Louis Agassiz. 8vo 12« 

A BICnONABT OF SCIENCE, UTERATTIEE, AKB ABI: Com- 
prisiofi: the History, Description, and Scientiiìc Principles of every 
Brancb of Human Knowled^e. Eaited by W. T. Brande, F.R.S.L. and 
E. The Foarth Edition, revised and corrected. 8vo [In thepreu. 

THE COBBELATION OF PHTSICAL FOBCES. By W. B. Gboyb, 
Q.C., M.A.,V.P.R.S.,Correspondins: Memberof the Academiesof Rome, 
Turìn, &c. Fourth Bdition» Sto 7< 6d 

THE ELEMENTS OF PHTSICS. By C. F. Feschel, Principal of 
the Rovai Military College, Dresden. Translated from the German, with 
Notes, by E. West. 3 vols. fcp 8vo SU 

PHILLIPS'S ELEHENTABT INTBODTJCTIOir TO MIKEBALOGT. 

A New Edition, with extensive Alterations and Additions by H. J. 
Brookb, F.R.S., F.G.S. ; and W. H. Miller, M.A., F.G.S. With 
nunierous Woodcnts. Post 8vo 18« 

« 

A OLOSSABT OF UINEBALOGT. By Henbt William Bbistow, 
F.G.S., of the Geolog:ical Sur>'ey of Great Britain. UVith 486 Figrurea on 
Wood. Crown 8vo 12s 

ELEHENTS OF HATEBIA MEDICA AND THEBAPEUTIGS. By 
Jonathan Pereira, M.P. F.R.S. Third BdiHon, eniarred and im- 

eroved from the Author's Materials. By A. S. Taylor, M.D., and G. O. 
Lebs, M.D. With numerous Woodcuts. Vol. 1. 8vo 28«: VoL. II. 
Part I1.2U; Vol. II. Part II. 26« 
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OUTLINES OF ASTRONOXT. By Sir J. F. W. Hbbschiel, Bart., 
M.A. Fiftk Edition, revised and corrected. Witb Plates and Woodcats. 
8vol8« 

Bjf the sante Author, 

ESSATS FSOM THE EDINBUBGH AHD QTTABTEBLT BEVIEW8, 

with Addresses and other Pieces. 8vo ISt 

CELE8TIAL OBJECTS FOB COHMOIT TELESCOFES. By the Ber. 
T. W. Webb, M.A., F.R.A.S. Witb Woodcuts and Map of the Moon. 
16mo 7« 

A GUIDE TO GEOLOGY. By John Phillips, M.A., r.K.S., 
F.G.S.j&c. Fourth Edition. With 4 Plates. Fcp8vo5« 

THE LAW OF STORMS oonsidered in connexion with the ordi- 
nary Movementa of the Atmosphere. By H. W. Dova, F.R.S., Member 
of the Academies of Moscow, Municb, St. Petersburpr, &c. Second 
Edition, translated, with the Author's sanction, by R. H . Scott, M.A., 
Trin. Coli. Dnblin. 'Witb Diagframs and Cbarts. 8voi0«6d 

THE WEATHEB-BOOK; A Manual of Fractieal Meteorology. By 
Rear-Admiral Robert FitzRoy, R.N. Witb 16 Diag^rams on Wood. 
8vol5« 

OK THE 8TBENGTH OF MAIXBIALS; Containing varioiis 
orifcinal and useful Formuli», specially applied to Tubniar Brìd^es, 
WrouiBrbt-lrou and Cast-Iron Beama, &c. By Thomas Tatb, F.R.A.S. 
8vo5#6<{ 



1CAH17AL OF THE STJBXINGBOM C(ELENTEEATA. By J. Beat 
Orbene, B.A., M.R.I.A. Being: the Second of a NevrSeriesof Manu als 
of the Erperimenial and Naturai Sciences ; edited by the Rev. J. A. 
Galbraith, M.A., and tbe Rev. S. Haughton, M.A., F.R.S., Fellows 
of Trinity College, Dublin. With 39 Woodcats. Fcp 8vo 5« 

By the some Author and Editore, 

MANUAL OF FBOTOZOA; With a General Introduction on the 
Principles of Zoology, and 16 Woodcuts : Being the First Manual of the 
Serìea. Fcp 8vo 2t 

THE SEA AND ITS LIVIKG WONDEBS. By Dr. GEOnas 
Hartwig. Translated by the Author from the Fourth German Edition ; 
and embellished with numerous lllustrations from Originai Designa. 
8vol8« 

By the sanie Author, 

THE TBOFICAL WOBLD: a Popolar Scientifie Account of tho 
Naturai History of the Animai and Ve^etable Kingdoms in the Equa- 
torial Regions. Witb 8 Chromoxylograpbs and 172 Woodcut iiius- 
trations. 8vo 21# . , . 

FOBEST CBEATUBE8. By Chableb Boneb, Author of ' Ohamois 
Hantinc^ in the Mountains of Bavaria,' &c. Witb 18 lllustrations from 
Drawings by Guido Hammer. Post 8vo ìOs 6d 
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SKSTCHES OF THS KATUBAL HISTOBY OF CXTLON: With 
Namtives and Anecdotes illustrative of the Habits and Instincta of the 
Mammalia, Birds, Reptiles, Fishes, Insects, &c.,includinfl:a Monog^aph of 
the Elephant. By Sir J. Emerson Tbnnbnt, K.C.S., LL.D., &c. With 
83 lUiutrations on Wood. Post 8vo 12« 6d 

By the fame Autkor. 

CE7L0K ; An Account of the Island, Fhysical, Historìeal, and 
Topoffraphical ; with Noticea of ita Naturai Histonr, Antiquitiei, and 
ProdnctioDs. Fifth Edition ; with Maps, Plans, and Charts, and 90 Wood 
Eng^ravings. 2 vols. Bvo jt2 10« 

XABYEIiS AHI) ICTSTEBIES OF IKSTIHCT; or, Curiosities 
of Animai Life. By G. Garratt. Third Edition, revised and enlarged. 
Fcp. 8vo 7# ^ 

KIBBT AND 8PENCFS IKTBOBUCrnON TO EITTOKOLOGY ; 

or, Elenients of the Naturai History of Insects : Ckìmprising^an Account of 
Noxious and Useful Insects, of their Metamorphoses, Food, StraU^rems, 
Habitations, Societies, Motions, Noises, Hybemation, Instinct, &c. 
Seventh Bdition, Crown 8vo 5s 

TOTTATTS WOEK US THS H0B8E; Comprising also a Treatise 
on Draugfht. With numerous Woodcut lUustrations, chiefly from Designa 
by W. Harvey. New Edition, revised and enlarged by E. N. Gabribl, 
M.R.C.S., C.y.S. avo lOc 6d 

By the some Author. 

THE DOG. A New Edition ; with numerous Engravings, £rom 
Designa by W. Harvey. 8vo 6* 

THE DOG IN HEALTH AND DISEASE: Comprising the Naturai 
History, Zoologica! Classification, and Varieties or the Dog, aa well aa 
the various modes of Breaking^and Using him. By Stonbhbnob. With 
70 Wood Engravings. Square crown 8vo 15« 

By the same Author, 

THE GBETHOUND : A Treatise on the Art of Breeding, Hearing, 
and Training Greyhounds for Public Running. Withmany lUaatrationa. 
Square crown 8vo 21 « 

THE ENCYCLOFJEDIA OF STJSAL SPOETS; A Complete 
Account, Historical, Practical, and Descriptive, of Huntinr, Shooting, 
Fishing, Racing, &c. By D. P. Blaine. With above 600 Woodcut 
lUustrations, including 20 from Designs by John Lebch. 8vo 42« 

GOL. HAWKEB'S INSTBUCTIONS TO YOITNG SPOETSXEN in 

ali that relates to Guns and Shooting. 11 th Edition, revised by the 
Author's SoN. With Portrait and lUustrations. Square crown 8vo 18« 

THE DEAD SHOT, or Sportsman's Complete Guide ; a Treatise 
on the Use of the Gun, with Lessons in the Art of Shooting Game of ali 
kinds; Dog-breaking, Pigeon-shooting, &c. By Marksman. Tkird 
Edition ; with 6 ^lates. Fcp 8vo 5« 
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THE FLY-FISHEB'S SNTOXOLOGT. By Alfbed Bonaij>s. 
With coloured RepreBentations of the Naturai aod Artificial Insect. 
Sixth Edition, revised by an experienced Fly-Fisher ; with 20 new 
coloured Platea. 8vo lét 

THE CHASE or THE WILD KED DEEB in the Counties of 
Devon and Somerset. With an Appendix descriptive of Remarkable 
Runs and Incidents connected with the Chase, from the year 1780 to the 
year 1860. By C. P. Collyns, £sq. With a Map and numerous IIlus- 
trations. Square crown 8vo I6t 

THE HOBSE'S FOOT, AKD HOW TO KEEF IT SOJTSD, 
Sighth Ediiion ; with an Appendix on Shoeing: and Honters. 12 Fiata 
and 12 Woodcuts. By W. Mil&s, £sq. Imperiai 8vo 12« 6d 

Two Casta or Models of Off Fore Feet— No. 1, ShodforAUPurpoges; No. 2, 
8iod wUà LeatheTt on Mr. Miles's plan—may be had. price S« each. 

By the some Author, 

A PLAnr TBEÀTISE OIT HOSSS-SHOEIlfO. With FlateB and 
Woodcuts. New Edition. Post 8vo 28 

HIKTS Oir ETIQTTETTE AKD THE U8A0ES OF SOCIETT; 

With a Ciance at Bad Habits. New Edition, revised (with Additions). 
By a Lady of Rank. Fcp 8vo 2t 6d 

SHOET WHIST ; its Else, Progress, and Laws : with Observations 
to make anyone a Whist-player. Containing also the Laws of Picqaet, 
Cassino, Ecarté, Cribbage, Backgammon. By Major A. Fcp 8vo Z* 

TALPA ; or, the Ghronicles of a Cl&j Farm : an Agricultural 
Fraffment. By C. W. Hoskyns, Esq. With 24 Woodcuts from Desipis 
by G. Cruikshank. 16mo 5s 6d 

THE SAILING-BOAT : A Treatise on English and Foreign Boats, 
with Historìcal Descriptions ; also Practical Directions for the Rigfóng, 
Sailin(7, and Manaf^ement of Boats, and other Nauticid Information. 
By H. C. FOLKARD, Author of 2'he Wil^fotcl, &c. Third Edition, 
enlarged ; with numerous Illustrations. [Jutt retidy, 

ATHLETIC ANB GYHNASTIC EXEBCISES: Oomprising 114 
Exercises and Feats of Agility. With a Description of the requisite 
Apparatus, and 64 Woodcuts. By John H. Howard. 16mo 7« 6<l 

THE LABQEATOET OF CHEMICAL WONDEBS : A Scientific 
Mélange for the lostruction and Entertainment of Young People. By 
G. W. S. PiESSB, Analytical Chemist. Crown 8vo 5« M 

By the game Author, 

CHEMICAL, KATUEAL, AKD FHYSICAL MA0IC, for the 
Instruction and Entertainment of Jnveniles darìng the Holìday Vacation. 
With 30 Woodcuts and an Invisibìe Portrait. Fcp 8vo 3s 6d 

THE ABT OF PEBFXTMEET; being the Historj and Theory of 
Odours, and the Methods of Extractinc the Aromas of Plants, &c. 
Third Edition; with numerous additional Recipes and Analyses, and 
53 Woodcuts. Crown Sto ìOì 6d 
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TEE GSIOmST FIELD ; or, the Histoiy and the Science of the 
Game of Cricket. By tbe Rev. J. Pycroft, B.A., Trio. Ck>ll. Oxon. 
Fourth Edition ; with 2 Plates. Fcp 8vo 5« 

By the tame Author. 
TEE CBICEET TTJTOB; a Treatise exclusively Fraetical, dedicated 
to the Captains of Elevens in Public Schools. ISmo U 

TEE WASDEN : a Novel. By Anthony Tsollope. New and 
cheaper Edition. Crown 8vo Zs 6d 

By the some Author, 

BAXGSESTER TOWEBS : A Sequel to the JTarden. New and 
cheaper Edition. Crown Sto 5« 

ELUCE : A Tale. By L. N. Comtk. Post Svo 9s 6d 

TEE LAST OF TEE OLD SQUIBES : A Sketch. By the Ber. 
J. W. Wartbr, B.D., Vicar of West Tarring, Sussex. Second Edition, 
Fcp. 8vo 4s 6d 

TEE BOHANGE OF A BTTLL LIFE. Second Edition, rerised. 
Post 8vo 9e 6d 

By the some Author, 

MOBNINO CLOUDS. Second and cheaper Kdition, revised 
tbroughout. Fcp8vo5« 

TEE AFTEBirOOII' OF LIFE. Second and cheaper Edition, 
revised throughout. Fcp 8vu 5« 

FBOBLEMS DT SUlffAN NATUBE. Post Sto 5j 

TEE TALES AKB STOBIES OF TEE AUTEOB OF AlCT 
HERBERT. New and cheaper Edition, in 10 vols. crown 8vo price 
jff 1 \A8 6d boards ; or each work separately, complete in a single volume. 

AMY HERBERT 2*6d i IVORS S#6d 

GERTRUDE 2*6d I KATHERINE ASHTON .. 3«6<2 

The EARL'S DAUGHTER. 296d MARGARET PERCIVAL.. 6*0d 

EX PKRIENCE of LIFE ,,,, 2s6d ' LAN ETON PARSONAGE. . U 6d 

CLEVE HALL 3*6d ì URSULA 4#6rf 

*»« Each work roay be faad separately in cloth, with gilt edges, at 
One Shilling per volume extra. 

SBNSETS AKB SBNSEINE; or, Yarìed Aspects of Life. By 
Erskinb Neale, M.A., Vicar of Exning, aud Chaplain to the Earl of 
Huncingdon. Post 8vo 8g 6d 

un LIFE, AKB WEAT 8EALL I BO WITE IT ? A Question 
for Young Geutlewomen. By an Old Maid. Fourth Edition. Fcp 
8vo 6« 

BEAGONESSES: An Essay on the OfBcial Help of Women in 
Parochial Work and in Charitable Institutions. By the Rcv. J. S. 
HowsoN, D.D., Principal of the Collegiate Institution, Liverpool. Fcp 
8vo5« 
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ES8ATS nr ECGLESIASTICAL BIOGSAPHY. By the Eight Hon. 
8ir Jam bs Stephen, LL.D. Fourth Edition, with a Biofi^raphical Notice 
of tbe Author, by his Son. 8vo li« 

Bp the tome Author. 
LECTUSES ON THE HISTOBT OF FBAITCE. Third Edition. 

2 vols. 8vo 24« 



CSrnCAL ANB HISTOEICAL ESSATS contrìbuted to The Edin- 
burgh Review. Bytbe Right Hon. Lord Macaulay. Four Kditions, 
as foHows : — 

1. A LiBBABT EDinoir (the Tentò), S vols. 8vo SSs 

2. Complete in Owb Volume, with Portrait and Vignette. Square crown Svo 21a 

3. Anotlier Nbw Editiost, in 3 vols. fcp Svo 21« 

4. The Pboplb's Edixion, iii 2 vols. crown bvo 8t 

LOBB KAGAULAY'S MISCELLAKEOTTS WBITINGS : comprising 
his Contributions to KnighVs Quarteria Maaazine^ Articles contrìbuted 
to the Edinburgh Review not mcluded in bis Criticai and Bistorical 
Bttayt, Biographies written for the Encpclopiedia Britannica. Miscel- 
laneòus Poema and Inscriptions. 2 vols. Svo with Portrait, 2U 

THE BEY. SYDNEY SMITH'S MISGELLAKEOUS WOBXS: In- 
cluding his Contributions to the Edinburgh Review. Four Editións, 
viz. 

1. A LiBBABT EniTioir (the Fourth) ^ in 3 vols. Svo with Portrait, W» 

2. Ck>n)i)iete in Okb Volume, with Portrait and Vignette. Square crown Svo 21« 

3. Anotlier New Editiow, in 3 vols. fcp Svo ti» 

4. The Pboplb's Editiok, in 2 vols. crown Svo 8« 

By the game Author, 

ELEMENTABr SE:ETCH£S OF MOBAL FHHOSOFHY, deUrered 
at tbe Royal Instìtution. Fcp Svo 7« 

THE WIT ANB IjITISDOM OF THE BEY. SYDNEY SMITH: A 

Selection of the most memorable Passages in his VITritings and Con- 
versation. 16mo 7« 6«f 



ESSAYS SELEGTED FBOM GONTBIBUTIONS TO THE Edinburgh 
Reviete, By Henry Rogers. Second Edition. 3 vols. fcp Svo 2 1« 

By the tome Author, 

THE ECIIFSE OF FAITH; or, A Yisit to a Beligious Sceptic. 
Tenth Edition. Fcp Svo 5s 

DEFEHGE OF THE EGLIFSE OF FAITH, bj ita Author : Seiog 
a Rejoinder to Professor Newinan's Reply. Fcp Svo 3« 6<2 

SELEGTIOirS FBOM THE GOBBESFONDEHGE OF B. E. H. 
GRBYSON, Esq. Edited by the Author of The BcHpte ofPaith, Crown 
Svo 7« 6d 
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E88AT8 AHD BSVIEWS. By the Rev. W. Tehfls, D.D., Bev. 
R. Williams, B.D., Rev. B. Powbll, M.A., the Rev. H. B. Wilson, 
B.D., C. W. GooDwiN, M.A., Rev. M. Pattison, B.D., and Re?. B. 
JowETT, M.A. Fcp 8vo 5« 

ES8ATS AND BEVIEW8. Ninth Edition, in Sto price lOs Gd 

BSVSLATION AND SCIENGE, in respect to Bunsen's BiòUeal 
ReteareheMy the Evidences of Cbristinnity, and the Mosaic Cosmoipony. 
With an Exaniination of certaiu Statements pat forth by the remaining^ 
Anthors of Ettayt cmd Reviewt, By the Rev. B. W. Savilb, M.A. 8vo 
price 10« 6d 

THE mSTOBT OF THE STTPERNATirBAL IN ALL KOiEB AND 
NATIONS, IN ALL CHURCHES, CHRISTIAN AND PAGAN : Demon. 
Btratintr a Unìversal Faith. By William Howitt, Author of Colonua- 
tion and CkrUtianity, 2 vola, post 8vo INearfy readf. 

THE MI88I0N AND EXTENSION OF THE CHUBCH AT HOXE, 

considered in Ei^ht Lectures, preacbed before the University of Oxford 
in the year 1861, at the Lecture founded by the late Rev. J. Baroplon, 
M.A. By J. Sandford, B.D., Archdeacon of Coventry. 8vo price li» 



PHTSIGOPBOFHETICAL ES8ATS ON THE LOCAUTT OF 

ETBRNAL INHERITANCB: Its Nature and Character; the Resur- 
rection Body ; the Mutual Recogrnition of Gloritied Saints. By the Rev. 
W. LiSTBB, F.G.S. Crown 8vo6t6d 

BI8H0P JEREMY TATLOB'S ENTIBE W0BE8: With Life bj 
BisHop Hebbr. Revised and corrected by the Rev. C. P. Eden, Fellow 
of Oriel College, Oxford. 10 vols. 8vo £5 Ss 

HOSHEDTS ECCLESIA8TICAL HI8T0BT. The Bev. Dr. 
Murdock's Literal Translation from the Latin, as edited, with Addi, 
tional Notes, by Henry Soambs, M.A. Third Revued BdiHom, carefally 
re-edited and brout^ht down to the PresentTime by the Rev. William 
Stubbs, M.A., Vicar of Navestock, and Librarian to the Archbisbop of 
Canterbury. 3 vola. 8vo [In theprett, 

FA88INe THOUeHTS ON BELIGION. By the Author of Jmy 
Herbert. New Edition. Fcp 8vo 5« 

By the fame Author, 

8ELF.EXAMINATI0N BEFOBE CONFIBMATION : With DeTO- 
tions and Directions for Confirmation-Day. 32nio U ^ 

BEADIN08 FOB A KONTH FBEPABATOBT TO CONFIBIKA- 

TION: Compiied from the Works of Writers of the Early and of the 
Engflisu Church. Fcp 8vo 4tf 

BEADIN08 FOB EYEBT DAT IN LENT; Compiied from the 
Wrìtingfs of BisHOP Jeremy Taylor. Fcp 8vo 5* 
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A OOlTBfiS OF SFGLISH BEADIHG, adapted to eyeiy' taste 
and capacity ; or, How and What to Read : Vìith Literar j Anecdotes. 
By the Rev. J. PTCBorr» B.A., Trin. Coli. Oxon. Fcp 8vo M 

LEGEKBS OF THE SAINTS AND MABTTS8, aa represented in 
Christian Art. By Mri. Jambson. Third Edition, revised; with 17 
Etchings and 180 Woodcnta. 2 vols. sqaare crown 8vo 81« 6d 

By the Marne Anthor. 

LEGENBS OF THE K0NA8TIC 0BDER8, aa lepiesented in 
Christian Art. New and improTed Edition. heìng the Third; with 
many Etching^s and Woodcats. Square crown 8vo INearly ready, 

LEGENBS OF THE IIADONNA, aa represented in Christian Art. 
' Second Edition, enlarged: with 37 Etchingfs and 166 Woodcats. Sqaare 
crown 8vo 28« 

THE HI8T0BT OF OTTE LOED AND OF HIS FESCUSSOE JOHN 

THE BAPTIST; with the Personages and Typical Snbjects of tbeOld 
I Testament as represented in Chrisrian Art. Sqaare crown 8yo with 

I many EtchinKS and Woodcats [In the press, 

I CATS' AND FAELIE'S BOOK OF EMBLEHS : Moral Emblems, 
with AphorismB, Adagres, and Proverbs of ali Nations : Comprisin? 60 
circalar Virnettes, 60 Tailpieces, and a Frontispiece compoeed from their 
Works by J. Lbiqhton, F.S.A., and enp-aved on Wood. The Text 
trahslated and edited, with Additions, by R. Pioot. Imperiai 8vo Sl« M 

BVNYAN'S PILGEIIFS PEOGBESS : With 126 Illustrations on 
Steel and Wood, from orizinal Designa hy C. Bennett ; and a Preface by 
the Re?. C. Kingslbt. Fcp 4to 2ls 

THEOLOGIA GEEMANICA: Translated by Susakna WnnrwoBTH. 
With a Preface by the Rev. C. Kikgslby; and a Letter by Baron 
BuNSBM. Fcp 8vo 5s 

LTEA GERMANICA Translated from the German bj Oathbbike 
WiNKWORTH First Sbbibs, Hymns for the Sandays and Chief 
Pesti vals of the Christian Year. Sbcond Sbribs» the Christian Life. 
Fcp 8to price 5s each serìes. 

HTICNS FEOH LYEA GEEHANICA. ISmo Is 

LYEA GERMANICA. Fibst Sebtxs, as abore, translated by 
C. WiNKWORTH. With Illustrations from Orìfpnal Desi^i^B by John 
Leigphton, F.S.A., engfrayed on Wood ander bis superintendence. Fcp 
4to2I« 

THE CHORALE-BOOE FOR ENGLANB; A Complete Hymn-Booli: 
for Public and Private Worship, in accordance with the Services and 
Festìvals of the Church of Enerland : The tìpmns from the Jjjfra Germanica 
and other Soarces, translated from the German by C. Winkworth ; 
the Tunes, from the Sacred Musio^of the Lutheran, Latin, and other 
Churches, for Foar Voices, with Historical Notes, &c., compiled and 
edited by W. S. Bbnnbtt, Profi^ssor of Music in the University of 
Cambrid^, and by Otto Goldschmidt. Fcp 4to price 10«6d cloth, or 
IBs half-bound in morocco. 
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HTMNOLOOIA CHRISTIAITA: Psalins and HymnB for the Ohris- 
tian Seasons. Selected and Contribnted by Philhymnic Frìends; and 
Kdited by Benjamin Hall Kinnedy, D.D., Prebenduy of Lichfield. 
Crown 8vo iJtut ready. 

LYBA SAGRA.; Being a CoUection of Hjmus, Ancient and Modem 
Odes, and Frammenta of Sacred Poetry ; compiled and edited, with a 
Preface, by the Rev. li. W. Savilb, M.A. Fcp 8vo 5* 

LTBA DOMESTICA: Christian Songs for Bomestic Edification. 
Tranalated from the PtnUery und Harp of C. J. P. Sfitta. By Richard 
Massie. Fcp 8vo 4« 6d 

THE WIFE'S XAKUAL ; or, Prayers, Thonghts, and Songs bn 
Several Occasiona of a Matron*a Life. By the Rev. W. Caltbrt, M.A. 
Omamented in the atyle of Qtuen Elizabeth** Prayer ^Book. Crown 8vo 
prìce ÌOe 6d 

HOBNE'S INTBODnCTIOK TO THE CBITICAL STTTDT AKD 
KNOWLKDGE OF THE HOLY SCRIPTURES. Eleventh Edition, 
reviaed throurhout, and broug^ht up to the existint^ state of Biblical 
Knowledge. Edited by the Rev. T. H. Hornb, B.D., the Author, the 
Rev. John Ayrb, M.A., and S. P. Tregblles, LL.D. ; or with the 
8econd Volume, oii the Old Tettament, edited by S. Davidson, D.D. 
and LL.D. With 4 Maps and 22 Woodcuta and Facsimile». *4 vola. 8vo 
prìce JÉ'S 13« 6d 

HOSNFS COMPEHDIOUS INTBODUCTIOK TO THE STTIDY OF 
THE BIBLE. Tenth Edition, carefully re-edited by the Rev. John 
Ayrb, M.A., of Gonviile and Caias College, Cambridge. With 3 Maps 
and 6 Illaatrationa. Post 8vo 9« 

THE TBEASTJBT OF BIBLE KNOWLED0E: Comprising a Sum- 
roary of the Evidencea of Christianity ; the Principies of Biblical 
Crìticism ; the History, Chronology, and Geography of the Scrìptures ; 
an Account of the Formatìon of the Canon ; separate Introdnctions to 
the several Books of the Bible, &c. By the Rev. John Atrb, M.A. 
Fcp 8vo with Maps, Ensrravings on Steel, and numeroos Woodcats ; 
uniform with àlaunder^t Treaeuries. [Xearly ready. 

IHSTRIICTIONS DT THE DOCTBINE ANB FBAGTIGE OF CHRIS- 
TIANITY. Intended chiefly as an Introduction to Confirmation. By 
the Rìght Rev. G. E. L. Cotton, D.D., Bishop of Calcutta. 18mo 
prìce 2« 6d 

BOWDLER'S FAIOLT SHAKSFEABE ; in which nothin^ is oiided 
to the Orìgrinal Text, bat those woids and expressìons are omitted which 
cannot with propriety be read alond. Cbeaper Genuine Edition. complete 
in 1 voi. larjre type, with S6 Woodcut lUustrations, price 14« Or, with 
the same Illustrations, in 6 vplumes for the pocket, price 5» each. 

GOLDSXITH'S FOETICAL WOBKS. Sdited by Boltok Coilstey, 
Esq, lUustrated with numeroua Wood JSngravings, from Deaìfpia by 
Meiubert of the Etching Club. Square crown 8vo 2U 
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K00SF8 IBI8H MELODIES. With 161 Designa on Steel bj 
Danibl Maclisk, R.A., and the whole of the Text of the Songs eng^aved 
by BscKCR. Super-royal 8vo 81« 6d 

TENinErS EDITIOK OF HOOBE'S LALLA BOOKH. With 68 
Woodcut Illustrations, from Orìgfìnal Drawingfs, and 6 Initial Pages of 
Peraian Designa by T. Sulman, Jun. f cp 4to 2l« 

MOOBX'S FOEnCAL WORKS. Feople*s Edition, complete in One 
Volume, large type, with Portrait after Phillips. Sqaare crown 870 
price 12« 6d 

FOETICAL WORKS OF I2ETITIA ELIZABETH LAKDON (LE.L.) 
Comprising the Improvigatrice, the Venetian BraceleU the Golden Violetf 
the Troubadour, and Poetical Kemains. New Edition ; with 2 Vignettes. 
2 vols. 16mo 10« 

LATS OF ANCIEUT BOKE ; with Imy and the Armada. By the 
Right Hon. Lord Macaulay. l6mo 4« 6<{ 

LOBD MACAULATS LATS OF ANCIEirr ROME. With Illustra- 
tions. Originai and from the Antique, drawn on Wood by G. Scharf. Fcp 
4to21« 

FOEHS. By Matthew Abnold. Fibst Sebies, Third Edition. 
Fcp 8vo 5« 6<2 Second Series, 5« 

By the fame Attthor, 

MEROFE : A Tragedy. With a Prefacè and an Historìcal Intro- 
duction. Fcp Svo 5« 

SOUTHETS FOETICAL WORKS ; with ali the Author*8 last Intro- 
dnctious and Notes. Library Edition^ with Portrait and Vignette. 
Medium Svo 2U ; in 10 vols. fcp Svo with Portrait and 19 Vignettes, S6« 

By the tante Author. 

THE DOCTOR, &c. Complete in One Volume. Edited by the 
Rev. J. W. Wartbr, B.D. With Portrait, Vignette, Bust, and coloured 
Piate. Square crown Svo 12s 6d 

CALDEROK'S THREE DRAHAS : Love ikt» Greatest Enchantmenty 
The Sorceries ofSint and The Devotion o/the Croes, attempted in English 
Asonante and other Imitative Verse, by D. F. MacCarthy, M.R.l.A.j 
with Notes, and the Spanish Text. Fcp 4to 15« 

A STTRTET OF HTTUAK FROORESS TOWARDS HIGHER GIVI. 
LISATION : a Progress as little perceived by the multitude in any age, 
as is the growing of a tree by the children who sport under its shade. By 
Neil Arnott, M.D., F.R.S., &c. Svo price 6« 6d 

COLONISATION AND COLONIES: Being a Series of Lectures 
delivered before the University of Oxford in 1839, '40, and '41. By 
Herman Mbrivale, M.A., Professor of Politicai Economy. Second 
Edition, with Notes and Additions. Svo 18« 
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C. H. WniICffS POPtrLAJl TABLE8 for Ascertaining the Yalue 
of Lifebold, Leasehold, and Church Property, Reoewal Fiues, fcc ; the 
Pablìc Funda ; Annual Averaare Prìce and Interest on Consoli from 1731 
to 1861 ; ChemicaU Geog^raphical, Astronomica!, Triffonometrìcal Tables, 
ftc. &c. F^k SdUioH, enÌMtgeù, PostSyolOf 

THOKSON;^ TABLES OF IKTEBEST, at Three, Fonr, Fonr and 
a-Half, and Five per Cent., from One Pound to Ten Thousaad, and from 
1 to 365 Dsys. 12mo Zt 6d 

A DICnOKABT, PBACTICAL, THEOBETICAL, AND HISTOSICAL, 
of Commerce and Commercial Navifation. By J. R. M'Culloch, Eaq. 
Illnstrsted with Msps and Hans. New Bdition, containing^ mncn 
additional Information. Sto 50f 

By the tame Author, 

A DICnOKAET, eEOOEAPHICAL, STATISTICAL, AHD HISTOBI- 
CAL, of the Tarious Countries, Places, and prii^cipal Naturai Objects in 
the World. New Edìtion, revised ; with 6 Maps. 2 vola. 8vo 6it 

A XAinrAL 07 eEOORAPHT, FhyBical, Industriai, and FoHtìcaL 
By William Huohbs, F.R.G.S., &c., Professor ofGeogjaphv in Qneen's 
Colleg^e, London. New and thoroaghly revised £dition : with 6 coloored 
Maps. Fcp 8vo 7« M 

Or, in Two Parts : Part I. Europe, 3* 6<f ; Part II. Asia, 
Africa, America, Australasìa, and Polynesia, 4s 

By the game Author, 

TEE eSOGEAPET OF BBITISH HISTOEY; a Geographical 
Descrìption of the British Islanda at snccesaive Periods, from the Barliest 
Times to the Present Day; with a Sketch of the commencement of 
Colonisation on the part of the English Nation. With 6 fall-colonred 
Maps. Fcp 8vo 8« M 

A KEW BBinSH GAZETTEEB ; or, Topographical Dictionary of 
the British Islands and Narrow Seas : Comprìsing concise Descrìptions 
of abont 60,000 Places, Sesta, Naturai Features, and Objects of Note, 
fonnded on the best Authorities. By J. A. Sharp. 2 rols. 8vo j^a 16« 

A HEW BIGTIOKABT OF GSOGEAPHT, Deacrìptire, Physical« 
Statistica!, and Hiatorical: Forming a complete General Gazetteer of 
the World. By A. K. Johnston, F.R.S.E., fcc. SeeoHd BéUim^ revised. 
In One Volume of 1,360 pages, comprìsing about 50,000 Namea of Places. 
8vo30« 



I AK EFCTCLOPJEDIA OF dVIL EHGINEEBIirG, Historica], 
Tbeoretical, and Practical. Itlustrated by upwards of 3,000 Woodcuts. 
By E. Crbst, CE. Secand EdUiont revised and extendcd. 8vo 42m 

THE ENOnrEEB'S HAITDBOOK; explaining the Frìnciplea wfaich 
should guide the Young Engineer in the Construction of Machinery, with 
the necessary Kules, Proportions, and Tables. By a S. Lowmdbb, 
Engineer. Post 8vo 5« 
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TJBSSVL INPOBHATION FOS EKGUrEERS : Being a Fibst 
Sbribb of Lectnres delivered before the Working Èn^i^neers of Yorkehire 
and Lancashire. By W. Fairbairn, LL.D., F.R.S., F.6.3. With 
Platea and Woodcats. Crown 8vo lOs 6d 

SbcoxdSeribs: Containing: Experimental Researches on the CoUapse of 
Boiler Flues and the Streno^th of Materials, and Lectnres on subjects 
connected with Mechanical Engineering, &c. With Plates and Woodcuts. 
Crown 8vo 10« 6d 

Jl^ the same Author. 

A TBEATISE ON MILLS AND MILLWOBK. Yol. I. on the 
principles of Mechanism and on Prime Movers. With Plates and Woodcats. 
8vo 16« 



AK EKCTGLOPJEDIA 07 ABCUITECTUBE, Historical, Theo- 
retica], and Practical. By Josbph Gwilt. With more tl^ 1,000 Wood 
Engrayings, from Designs by J. S. Gwilt. Sto 42« 

LOlTDOirS ENCTCLOPJEDIA of Cottage, Farm, and Villa Arohi- 
tectare and Furniture. New Edition, edited by Mrs. Loudom ; with 
more than 2,000 Woodcats. Evo 63« 

THE ELEMENTS OF MECHAKISIC, designed for Studente of 
Applied Mechanics. By T. M . GooDsyB, M.A., Professor of Naturai 
Philosophy in King's CoUegre, London. With 206 Figures on Wood. 
Post avo 6f<ki 



TJBE'S DICnOKABY OF ABTS, HANUFACTUEES, AND KINES. 

Fifth Edition, re-wrìtten and enlarged; with nearly 2,000 Wood Enrrav. 
in^s. Edited by Robert Hunt, F.R.S., F.S.S., Keeper of Miuins: 
Records, &c., assisted by namerous g^entlemen eminent in Science ana 
connected with the Arts and Manofactures. 3 yoIs. Svo jff4 

AN ENCTCXOFJEDIA OF D0ME8TIC ECONOirT: Ck>mprì8Ìng such 
sabjects as are most ìmmediately connected with Housekeeping. By 
Thos. Wbbstbr; assisted by Mrs. Paekes. With nearly 1,000 Wood- 
cuts. Sto S1« Qd 

HODESN COOKEST FOB PBIVATE FAHILIES, reduced to a 
System of Easy Practice in a Series of carefully-tested Receipts, in wbich 
the Principles of Baron Liebig and other eminent Writers have been as 
mach aspossible applied and explaìned. By Eliza Acton. Newlyre- 
vised and enlaiged Edition : with 8 Plates, comprising 27 Figures, and 
150 Woodcats. Fcp Sfo U od 

A PBAOTICAL TBEATISE ON BEEWINO, based on Chemical and 
Economical Principles : With Formulse for Public Brewers, and Instruc- 
tions for Private Families. By W. Black. Svo price 10« 6d 

ON FOOD AND ITS DI0ESTION: Being an Introduction to 
Dietetica. By W. Brinton, M.D., Physician to St Thomas's Hospital. 
&c. With 48 Woodcuts. Post Svo I2g 
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HINTS IO KOTHEBS ON THE KANAOSKENT OF THEIB 
HBALTH DURING THK PERIOD OF PREGNANCY AND IN THE 
LYING-IN ROOlfil. By T. Bull, M.D. Fcp 8vo 5s 

THE HATEBNAL HAKAGEMEITT OF CHTLDBEIT IN HEALTH 
AND DISEASB. Fcp 8vo 5s 

LECTXJEE8 OK THE DISEASES OF INFAHCT AND CHILDHOOD. 
By Charlbs West, M.D., &c. Fourih £</f fion, . carefully revised 
throujrhout; with numeroua additional Caaes, aud a copious Index. 
8vo \\9 

THE FATENTEE'S MANUAL: A Treatise on the Law and Prac- 
tice of Lettera Patent, especially ìntended for the uae of Patenteea and 
Inventore. By J. John80N and J. H. Johnson, Esqra. Post 8vo Itòd 

THE FBACTIGAL DBAUGHTSMAITS BOOK OF INDUSTBIAL 
DESIGN. By W. Johnson, Assoc. Inat. CE. Second EéUtion^^vXKTt^^i 
coinpriainfp 20U Pagea of Letterpreaa, 210 Quarto Platea, and numeroua 
'Woodcuts. 4to 28« %d 

THE FRACnCAL MECHAinCt^ JOTTEHAL: Aii Illustrated B^cord 
of Mecbanical and Engfineerinfr Science, and Epitome of Patent Inven- 
tiona. 4to price \s monthly. Volb. I. to XV. price 14« eacb, in ciotta. 

THE PBACTICAL MECHAinCS JOURNAL BSCOBD OF THE 
INTERNATIONAL EXHIBITION OF 1862. A full and elaborate 
Illustrated Account of the Kxhibiiion, contributed by 42 Writera of 
eminence in the Departments of Science and Art. In One Volume, com- 
prisinfi: 630 Pa^es of Letterpreas, illustrated by 20 Piate Enfcraviugs and 
900 Woodcuts. 4to price 2b« od cloth. 

COLLIEBIES AND COLLIEBS ; A Ilandbook of the Law and 
leading Cases relating^ thereto. By J. C. Fowlbr, Barriater-at-Law ; 
Stipendiary Magìatrate for the District of Mertbyr Tydfil and Aberdare. 
Fcp Sto 6« 

THE THEOBY OF WAB ILLUSTRATED by numeroua Examples 
from History. By Lieut.-CoU MacDuuoa Libiate Superiiitendentof the 
Staff College. Third Edition, with 10 Plans. Post 8vo price 10» 6d 

FBOJECTILE WEAFONS OF WAB AND EZFLOSIVE COK- 
POUNDS. fiy J. ScoFPBRN, M.B. Lond. late Professor of Cbemiatry in 
the Aldersgate School of Medicine. Fourtk Edition, Poat 8ro with 
Woodcuts, 9* 6d 

SuppLBMBNT, containingf Neir Reaources of Warfare, price 2a 

A MANUAL FOB NAVAL CADETS. Bj John M*Neil Botd, 
late Captain R.N. Published with the Sanction and Approvai of the 
Lorda Commissionerà of the Admiralty. Second Edition; with 240 
Woodcuts, 2 coloured Platea of Si^als, &c., and 11 coloured Platea of 
Flags. Post 8vo 12t 6d 
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PBOJECnON AND CALGTJLATION OF TEE 8PHEBE. Eor 

Youiif^ Sea Officerà ; heìtìg a complete Initiation into Nautical Astronomy. 
By S. M. Saxby, R.N., Principal Instructor of Naval Bogineers, H.M. 
Steam Reserve. With 77 Diag^rams. Post 8vo 5« 

Bif the game Auihor. 

THE 8TUDT OF STEAH AKD THE MAEINE ENGINE. 7or 

Younfif Sea Officerà in H.M. Navy, the Merchant Navy, &c.; bein/j: a 
complete Initiation into a knowledge of Principles and their Application 
to Practice. Post 8vo with 87 Diagrams, 5« %d 

A TBEATISE ON THE STEAH ENGINE, in its various Applica- 
tions to Mines, Mills, Steam Navif^ation, Railways, and Agricultore. 
With Theoretical Investig^ations respectinfi^the Motive Power of Heat and 
the Proportions of Steam £n)rines ; Tables of the Right Dimensions of 
every Part; and Practical Instructions for the Manufacture and 
Management of every species of Engine in actual use. By John Bourne, 
C.B. Fifth Edition; with 37 Plates and 546 Woodcats (200 new in this 
Edition). 4to42« 

By the sante Author. 

A CATECHISH OF THE STEAH ENGINE, in its various AppUca- 
tionsto Mines, Mills, Steam Navigation, Railways, and Agriculture ; 
with Practical Instructions for the Manufacture and Management of 
Kugines of every class. New BéUtion, with 80 Woodcats. Fcp 8vo 6s 

HANDBOOK OF FABH LABOTTE : Comprìsing Labour Statistica ; 
Steam, Water, Wind ; Horse Power; Hand Power ; Cost of Farm Opera- 
tions; Monthly Calendar ; Appbndix on Boarding Agriciiltural 
Laboorers, &c. ; and Index. By John Chalmbrs Morton, Editor of 
the AgrictUturai Gazette, &c. lómo U 6d 

By the eame Author, 

HANBBOOK OF DAIBT HUSBANDST: Comprìsing Bairy Sta- 
tistlcs; Food of the Cow; Choice and Treatment of the Cow; Milk; 
Butter; Cheese ; General Management of a Dairy Farm; Monthly 
Calendar of Daily Operations; Appendix of Statistics; and Index. 
16mo U 6d 

CONVEBSATIONS ON NATURAI FHUOSOFHT, in which the 
Elements of that Science are familiarly explained. By Jane Marcbt. 
13/A Edition ; with 34 Plates. Fcp 8vo ìOs Qd 

By the eame Author, 

CONVEBSATIONS ON CHEHISTET, in which the Elements of that 
Science are familiarly explained and illastrated. A thoroughly revised 
Edition. 2 vols. fcp 8vo 14« 

CONVESSATIONS ON LAND AND WATER. Revised Edition, with 
a Coloured Map, showing the comparative Altitude of Monntains. Fcp 
avo 5s 6d 

CONVERSATIONS ON FOLITICAL ECONOMT. Fcp 8vo 7^ 6^^ 

BATLDON'S ART OF VALUINO RENTS AND TILLAGES, and 
Claims of Tenants npon Quitting Farms, at both Michaelmas and Lady- 
Day. Seoenth Edition, enlarged. 8vo XOe^d 
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AK SFCTCLOFJEBIA 07 AGSIGULTUBE : Gomprìsing the Theory 
and Practice of tbe Valuation, Transfer, Layìnfir-oat, Iroprovement, and 
Manasrement of Landed Property, and of the Cnltivation and Bconomy 
of the Animai and Ve^etable Prodnctions of Agnricnltare. By J. C. 
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